
THE PRINCETON COLLOQUIUM 


Lectures on Mathematics 


DKrjvKUKi) kkptkmukk ir>Tn 17, 1!)09 , hkkouk 

MKMBKUH OF TIIK AMKUIOAN MATIIKM ATICAO 
HOOIBTY IN (H)NNK<TION WITH TIIK SHMMKR 
MKKTINO UKKI) AT PUINOKTON UNIVF-USITY, 
nUNCKTON, N. J. 


II Y 

(ULBICRT AMES BLISS 

AND 

EDWARD KASNER 


NKW YORK 

I'lIULlSHKl) HY THE 

AMEHK'AN xMATIIKMATK’AL SOCIETY 
501 Wkht lUVrii Stukkt 
iui:i 



Pl»f8» 

Thi n«w g«A pRtNf««a Cfum****? 

uwcA9Triw Pa 



PREFACE. 


Soon after its expansion in 1894 into a national organization, 
the American Mathematical Society inaugurated the series of 
Colloquia which have been held in connection v/ith its summer 
meetings since 1896, at intervals of two or three years. These 
Colloquia consist of courses of lectures delivered by specialists 
on selected chapters of their fields of work. Their purpose is 
to enable the members of the Society to keep in touch with the 
most recent advances of mathematical science and to stimulate 
a wide interest in its development. 

The list of Colloquia thus far held is as follows: 

I. The Buffalo Colloquium, 1896. 

(а) Professor Maxime B6chek, of Harvard University: Linear 

Differential Equations, and Their Applications.^^ 

This Colloquium has not been published, but several papers 
appeared at about the time of the Colloquium, -in which the 
author dealt with topics treated in the lectures.* 

(б) Professor James Pierpont, of Yale University: Galoises 

Theory of Equations.'^ 

Published in the Annals of Mathematics, series 2, volumes 1 
and 2 (1900), 

II. The Cambridge Colloquium, 1898. 

(a) Professor William F. Osgood, of Harvard University: 
^"Selected Topics in the Theory of Functions. 

Published in the Bulletin ofth'e American Mathematical Society, 
volume 5 (1898), pages 59-87. 

*Two of these papers were: “Regular points of linear differential equa- 
tions of the second order,” Harvard University, 1896; “Notes on some points 
in the theory of linear differential equations,” Annals of Mathematics, vol. 
12 (1898). 
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(6) Professor Arthur G. Wkustkiu of (Hark I nivorsity: ‘''rin* 
Partial Differential Equations of Wave' Propa.i'ation. 

III. Thk Ithaca (ima.oQiTrM, liiOl. 

(a) Professor Oskar Uocza, of tlu' rniversity of < ’IiicaK" : “ 'Hk- 

Simplest Type of Prohleni.s in the (’aleulus of \'ariatioiis." 
Published in amplified form under the title: la-eture:. on the 
Calculus of Variations, Cliieago, Ifid l. 

(b) Professor E rnkst W. IliiowN.of Ilaverford (’olh%'e: “Moii- 

ern Methods of Treatinjr Dynamieal Prohleins, ami in 
Particular tlie Problem of 'I'hree Hodii's." 

IV. Tuk Boston (’oi,i.ooru M, ItiiK!. 

(a) Professor IIknrv S. Whitk, of .Northwestern rniversity : 

“Linear Systems of Curves on Al^eliraie .Surfaees.’’ 

(b) Professor Fuiodkrk'k S. Whtons, of tlie .Massuehusetts Insti- 

tute of Teclmology: “ Forms of Xon-Em’lidean .'spuee,” 

(c) Professor Edward B. Van Vi.kck, of Wesleyan I'ni\ <*r .it\ : 

“Selected Tojyies in the 'I'heory of DiverKtuit .'series and 
Continued Fractions.” 

This Colloquium was published for the .Society in the volume: 
The Boston Colloquium Lectures on .Mnthenmtie.'i, .New ’iiUrk. 
Macmillan, 1905. 

V. Tio; Nkw IIavkn Coi.i.oqiu m, liiiiii. 

(а) Professor Eliakim II. MoouK.of the Cniver.dty of ( 'liicHco: 

“On the Theory of Bilinear Funetional Operatioie..” 

(б) Professor Ernest J. Wii.czynski, of the rniv<T>ity of ( ali- 

fornia: “Projective Dilferentiul Geometry.” 

(c) Professor Max Mason, of Yale rniver.Hity: ".Seleeted 'ropi<-^ 
in the Theory of Boundary \ alue Problems of Differential 
Equations.” 
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PulilisluHl hy Yal(‘ T'^iiiversity in the volume: The New Haven 
Mathematical Colloquium, New Haven, Yale University Press, 
1910. 

\ l . The Prinokton ('olloquium, 1909. 

(a) Professor (Hlukrt A. Bliss, of the University of Chicago: 

Fundamental Existence Theorems.*' 

(h) ProfesHiir Edwahd Kahnku, of Columbia University: ^H>iU 
rerentiaI«(l<*ometri(‘ Aspects of Dynamics.’* 

This Colloquium is puhlisIuHl here in full. 

The C’olhKjuia of tln^ Soei<dy are to an extent comparable with 
tlie H'ports regularly pres(mt(»d to Section A of the British Associa- 
tion for tlu^ AdvaiH‘ement of S(aenee and to the Deutsche IMathe- 
matiker-Vereinigung, and in st^ far play a rfile complementary to 
those of the Hulhfm and TratfmciiofhH, The Society will doubt- 
less adopt the custom of |>ublishing the lectures of eac’h Collocpiium 
in a corresponding voIumt\ 

The Seventh Colloquium will bt‘ liehl in connection with the 
twentieth summer meiiingof the Stmiety at Madison, Wisconsin 
during the week SeiitemlaT S Pi, l!)Pi, Courses of lectures will 
be given by Pridessor Lkonaud E. Dic^khon, of the University 
of <'hi<‘ago, and ITofessm' William F. Ohoooil of Harvard 
University. Thus for tlie first time an interval of four years has 
elapsed between s!UTt\ssive C<dloc|uifU As a suitable reflection 
and desirable stimulation o! the matliernatienl aetivity of this 
country, it wcudd seem desira!>k* that tlie ('ollo<|uia should l>e 
Itehi (dtener. To avoid eollisiou with tlie meetings of the Inter- 
iiatamal Congress of Matheinutieiiins, the CoIIoquia might \>vv- 
haps lie arranged for every odd mimbere«l year. 

E. H. Moork. 
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INTUOin^CTIOX 

I1ir tliritriiUH fa v\ Iiifh tln'si* lUT tievtited 

hH\‘T hriii thr r^uhjtni uf it HrqtiinuR* of invrHtigiitiotis 

oxtriidiiiK from tltt’ tiiur itf C*itttrhy to tin* prt*si*nt dny, nn<l 
hiivr fmiiid iB thr Ln^in uf n variety of mafheiiiatii'al 

itH’tudiiig. itH iiuportiiiUT, tlu‘ tlnairy 

Iff ii!g«’hriur fttiuiinu*. iiiut iIh‘ ruhndtiH of variations. If n single 
sohitiiili Lf; /m uiu O;, m,,; /s.«» of a .s(*t of 

<‘quatious 

/S'xo .r., - - .0,,; //,. ih* * ■ 't //n) « (o « I» 2» ' • *. n) 

i.H koou‘ 11 . flirii io n iirightiorhooii of Li : h) tlirro is oih* iuhI only 
oitt* oflirr ‘solution rorros|ioiitjiiig to rarh srt (d viiluos .r in a 
jirojMniy rho'aoi nriglil»orhi*oci of thr vahtrs o, and in tin* tt^tality 
of sohitioii^ i.r ; in so drfinod thr varialdos y arn Hinglo-vidnod 
and rontiiHioos fnnnioiiH of tin* .r*s. If a M*t fd initial tsnistants 
UX i|t» " • ■ » 1’^ tto’n in a urigldairhootf of thosr values 

flit*re tM line mid htil out* ronfitnioits are 

- l» 2» * - . a) 

sitttHfyliig tin* diifi*rriitiii! eijtmtioiis 

fi |i 

r'^ ws (ijx, i/i. ^2. * * *» |/«l 10^ - 1, 2, » • - , a) 

dx 

find jiiissiiig tlinnigli tlir iiiitiiil viilues i| ivltrii x ~ 

2 I 
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THE PRINCETON COEEOQrH'M. 


The formulation and first satisfactory proofs of these theorem-., 
at least for the case where only two varialdes .r, // are iti\o!\e(i. 
seem to be ascribed withnnaniinity to (huiehy. h'or the iinplieit 
functions his proof rested upon the assumption that the fuiielioii 
/ should be expressible by means of a power -.erii-s. and the 
solution he sought was also so expn'ssible, !i restriction which 
was later removed with remarkable insight hy hini. For a 
differential equation, on the (dlier hand, t'am-hv assium-d only 
the continuity of the function (j and its first lierivative for i/, 
and his method of proof, with tin* wt'll-ktiown nlt<Tatton due to 
Lipschitz, retains to-day n'cognizcd advantages user lho-.e of 
later writers. 


In the following pages (§§ 1, It!) the two theorem-, -.tatetl 
above are proved with such alterathms in the tistnil method-, a-, 
seemed desirable or advantageous in tin' present eomu'etion. 
The proof given for the fundamental theorem of implii-it function-, 
is applicable when the independent variahles .r are rephn cil In a 
variable p which has a range of much more general t\pe than a 
set of points in an w-<limensional .r-spa<'e.'^ It is not nceessarv 
always to know an initial solution in order that other, may he 
found. In the treatment of Kepler’s etpiation, for example, which 
defines the eccentric anomaly of a planet moving in an ellipticid 
orbit in terms of the ob.servi'd mean anomaly, one starts with an 
approximate solution only and determines an exa<'( solution by 
means of a convergent succession of jipproxiinations. 'Diis 
procedure is closely allied to a method of n|iproximation due to 
Goursat (§ :i), suggested apparently hy I'icard’s treatment of the 
existence theorem for (lifferentiul e(piations. 

One of the principal purposes of the paragraphs whiefi folh.w , 
however , is to f ree the exi,stence theorems as fur as (.os-dhle from 


* The notion of a general range Jaw twea .•lueiilnloi l.v 'll,,. S.-w 

Haven Mathematical Oolhaiuium, page 4, the npeeial i-naeM whi* h lie jiaro. • 
ularly considers being enuna-rattsl on page Itt, .\a »ppl„.aii„„ 
of § 1 of these lectures when the range of p w a wt of eoniiiiium.. . orvi ^ I,,,, 
been made by Fiseher, “A generalisation of Vollerras,l.rna..ve..f otoom,.,, 
01 a line, Diasertatioxi, ChicaKo (11)12). 
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the often inconvenient restriction which is implie<l by the words 
“ in a nei|>:hborh()od of,” or whicli is so aptly expressed in German 
by the |)hrase im Kleinen.” It is evident from very simple 
examples that the totality of solutions (.r; y) associated con- 
tinuously with a |»:iven initial solution of a system of equations 
/ — 0 of the form des(‘ril)ed above, (‘an not in |]jeneral have the 
property that the variables y are everywhere single-valued 
functions of the variabl(\s .r, and the result of attonpting, 
p(‘rhaps un(‘onscionsly, to pnnserve the single-vahu'd character 
of the solutions has betm the rtsstri(‘tion of the r(‘gion to which tlie 
c^xisten(‘e theHu*ems apply. In ord(‘r to avoid this difficulty and 
to (‘hnraeterize to some (‘xtcmt the totality (d* solutions asso(‘iat('d 
(‘ontimumsly with a giv<m initial oiu‘ in a region spe(‘ili(Hl in 
a(lvanc(% tlu^ writ<T has int roduct'd {§ o) the notion of a parti(*tilar 
kind of pennt set (*alh‘(l a sh(‘et of ptnnts. In a. suitably (‘hosen 
n(‘ighborhc»od of a point (u; h) of th(‘ sluH't ther(‘ corn^sponds 
to <‘vt‘ry set of vulu(‘s .r sufficiemtiy luair to the values a exactly 
one point hr; y) o( th(‘ slund, and the singl(‘-vuhted functions. 
y so chdtTmimal art* continuous and havt* continuous first d(*- 
rivatives. 'rins ctmdition <loes not at all imply that there are 
no tdlicr points of tin* sht*t‘t outside the specified neighborhood 
of tlie point (a; h) and having a projection x near to a. With 
tin* help (d the notion of a sheet of ptrmts it t^an be con(‘luded that 
with any initial stdtition fa; h) of tin* (a|uations / — t) th(‘re is 
lisscH'iated a uni(|ue slua't S of solutions whose only boundary 
points are so-eiilled exc^eptional points where the fuiudions / 
either iiciually fiiil, itr elst* are not assumcsl, to have the continuity 
and tUher properties wliic'h are demandcsl iri tlie pr<»of of tlu^ 
well-known theonun for tin* existence of solutions in a neigldior- 
hood lui initial om*. It is impeatunt ofttmtimes to know 
wlietlicr or not a sheet of sidntioiis is a<*tually single-vuhu'd 
throughout its tmtire extent, and a eriterion sufficient to ensure 
this property has also he«*n derived (§ 7). 

On tlie hasis of these r(‘sults sonn* important theorems eon- 
(Trning the triuisformiition of plain* regions into regions of 
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another plane by means of equations of the form 

yd< -I’a = Min- 

as in the theory of conformal transformation, Inive been (hsiiK-ed 
(§8). If the functions rp suitahle conlimiify proiuTtics 

and a non-vanishing functional determinant in the interior of a 
simply closed regular curve B in the //-plani', and if li is trans- 
formed into a simply closed regular curve ,1 of th<‘ .r-plnn<‘, then 
the equations define a one-to-oiu' correspondeiiee l»et\veen the 
interiors of A and B, and the inverse functions so defined have 
continuity properties similar to those of \pi and 'I’liis is huf 
a sample of the theorems which may he stated. Others are also 
given (§ 8) which apply to the transhtrination of regions ii«tt 
necessarily finite, and to systems containing more than two 
equations. 

The theory of the singularitie.s of implicit futtetions is of con- 
siderable difficulty and iias been but incompletely devi-loped, 
For a transformation of the form above in \vhi<d» the funeiions 
xpi, are analytic, the singular ])oitit to be studied, at whieh the 
functional determinant D = y-A vanishes, as 

well as its image in the .r-i)Iane, may both without h*ss of gener- 
ality be supposed at the origin. The most general eas<- under 
these circumstances is that for whieh the determitinnt U di*es 
not vanish identically and the ecpiations i). ti l,j,ve no 
real solutions in common near the origin except the values 
2/1 = 2/2 = 0 themselves. It is found that the brnnehes of the 
curve D = 0 bound off with a suitably chosen eireh« about the 
origin a number of triangular regions. Mneh of these regions is 
transformed in a one-to-one way into a sort of Uieuiunn stirfaee 
on the x-plane whieh winds about the origin and is bounded bv 
the image of the boundary of the triangular regiim (see § 11, 
Fig. 6). If the signs of 1) in two adjacent triangular regions 

are opposite, then their imagi's overlap along the 

boundary; otherwise they adjoin without overlapping. .\t any 
point of one of the Itiemann surfaces the inver.se functions defineil 
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by the transformation are continuous and in the interior of the 
surface tl)(\y have everywhere continuous derivatives. These 
results are obtained by means of applications of the theorem 
des(‘ribed above for the transformation of the interior of a simply 
closed curv(^ B; and the same method of procedure would un- 
doubtedly be of service when the curves \j/i = 0, = 0 have 

real bran(*hes tlirough the origin in common, which must occur 
whenever they have common points in every neighborhood of 
the values yi = ?/2 = d- The case wherc^ the determinant J) 
vanishes identically is also considered (§ 12). 

For the singnlariti(\s of implicit functions defined by a sys- 
tem of ecjuations / = () there is a generalization of the prepara- 
tion theorem of Wcaerstrass (§ 9) suggested to the writer by 
some remarks in the introduction of Poincare’s Thesis, and 
by a study of the elimination theory of Kronecker for algebraic 
e(iuations. The tlua^nun is presented here (§ 13) for two ecjua- 
tions and two variables i/i, in tin* form originally given at the 
time of the Priiuadon (’olhxjuium, but the method of proof is 
similar to that of a later jiaper”* and applies with suitable modi- 
fications to a. systiun containing more e(|uati(ms and independent 
variabl(‘s. Thes<' results can not by any means be said to afford 
a. C(unpl<‘te chaructcTizatiun of the singularities of implicit 
fumdions, but it is ho])ed that they may be useful in paving the 
way for resenrch(*s o! a more (’omprelumsive (‘harac'ter. 

The writer published s<une years ago a paperf concerning tfie 
«*xtensibility of the solutions a system of differential e(|uations, 
of tlu‘ form specified above, fnun boundary to lamndary of a finite 
c'losed region R in whi(*h the functions are supposed to have suit- 
able ctuitinuity properties. In thelast chapter of these lectures the 
vlmmvtvr the region has been generalized so that no restrictions 
as to its finiteness or closure are made, and it is slmwn tlnit the 
apiuoximations of ihinvhy converge t(» a sc^ution over an interval 

* Ki^e in 73. 

t “ llie rtilutbuH of ciiflrrentiiil ecjuiitions of the fin^t order as funetionH 
tlieir initial vfdues,’* e/ MaihimaikSf 2«l series, vol. i\ (.UKI4|, page 49, 
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in the interior of which the limiting cum* is contimiotis and 
interior to R, while at the ends of tlu' interval the only limit 
points of the curve are at infinity or else an' on t he l)oundar\ of t he 
region. The solutions so defined are eontinnoiis aial dilFert-nfi- 
able with respect to their initial values, a property which oni'e 
proved is of great service in many of the ai>pIieations of the 
existence theorems. One situation in which tlu'se results ha\e 
an important bearing is related to a partial difb'reiilial eijiiation 
of the first order 

F{x, y, z, dz/d.r, dz/dy) 0. 

When this equation is analytic, any analytic curve which i, 
not a so-called integral curve, defiiu's imi<iuely an annlyli<' surfa<-e 
containing the curve and satisfying the diirerentialtapiut ion, 'rite 
uniqueness in this case is a c(tnse(pien('e, in the first phn*-. of 
the fact that an analytic surface is eotnph'tely determined when 
an initial series defining its values in a litnit<‘d region is gi\i'n. 
and, in the second place, of tlu' theorem that at a given point 
and normal of the initial curve f satisfying the difreretifial eqnn- 
tion there is but one series defining an integral surface inchaiing 
the points of C and having the given initial normal. It is not 
self evident in what senst^ a .solution of a non-anaI\ tic ispuitiott 
is uniquely determined by an initial curve, as tmiy he seen hy \ er> 
simple examples. An initial curve which is laif an integral < urve 
will in general have associated with it, however, a strip of nor- 
mals which .satisfy the {lartial tlifferential «'<iunfion. ami whose 
elements as initial values determine a one-parameter familv of 
characteristic strips simply covering a region of tlie .rv-piam- 
about the projection of the initial curve ('. 'n.Vre is one and Imt 
one integral surface of the <iifr.>reutial equation with a lamtim.- 
ously turning tangent plane and eoiitimmus curvature, wliieh is 
defined at every point of the region /f,, „nd 
curve C and its .strip of normals (§ ip). 



CHAPTER I 

ORDINARY POINTS OP IMPLKTT FUNCTIONS 

§1. Trk Fpndamfntal Tukorkm 

The futiclainenta! theonan of the iinplicnt fuiu'tion theory 
states tlu^ existeiua^ of a set of fiui(‘tions 

lU ^ . »^V*) {a = 1,2, • - , n) 

which satisfy a system oi ecpiations of tlie form 

(i) J\U'u i/u // 2 , - Vn) = 0 (« = 1 , 2 ,--, *^0 

in a neighhorhocycl (yf a givcm initial solution (a; h). Dini's 
metliod,* for th(‘ <*ase in which the fmicti(yns/ are only assimuHl to 
he ('ontimious and to have (‘ontimuyus first diuavatives, is t<y 
show tlu^ (‘xistiuna* of a solution of a single ecfuation, and then 
to (‘xtend his ri\sult hy matheinati(*al induction to a system of 
tin* form givim ahoV(\ a plan which lias lanm followed, with 
<mly sliglit alterations and improvements in form, hy most 
writi'rs on tlie tli<*ory cyf fumtions of a rt^nl variahle. In a more 
na*ent papcrf (omrsat has npplieil a imtlnKl of successive ap- 
proximations which cmahled him to do away with the assumiRion 
of tlie existence* of the dcunvatives cjf the functions / witli resfiect 
to file independent varialiles »r. 

Out* can hardly he dissatisfied with cntlicT of these methods of 
attac’k. It is true* tltat wlien the the*ore*m is statexi as preeasc'ly 
as in tin* folh»wing paragraphs, the determiniition of the nenghhor- 
hootls at the* stage* wlieii the induetion must he made is ratlice 
inelegant, hut llte diffic’ulties em*ountere*el are not se*rions. The 
introduetion e»f HUC’e*e‘ssive approximatieyns is an interesting step, 

* Aiiiiliwi infiaitmiimlis vol, Reliiip. IS. Fta historind rriiiiirkH, 

OfigiMHl, drr limtheinntisrhiai WimriwrhaCtea, II, li I, § 4-1 

iitai ftMiiticui* ao. 

t fiuiiriifi dr In Smirii^ mttlhrmntUiw dr Fmner, vol. ai ( 11103 ), fmgi* IHe. 

7 
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though it does not simplify tlio situation ami imii-cil due, nuf 
add generality with regard to the assuiiipf ion-' on the 
The method of Dini ean in fact, l)y only a '-light modiiioation. 
be made to apply to eases where the fiiiietiou- ilo not havi- 
derivatives with respei't to the variaides .r. 'I’lo- proof Hhieh i . 
given in the following paragraphs seems to have .miv atitage . in 
the matter of simplieity over either of the other.. It ajiplie; 
equally well, without induetion, to one or a s_\ .tmi of eipnition .. 
and requires only the initial assumptions which < lour at mention , 
in his paper. 

Where it is possible without saerifieing elearne-. .. the rov\ letter-. 
/, X, y, p, a, h will he used to denote th<‘ system . 

f (/ij/iii ■ ■ .r ~ {.rj, .I'j, ' ■ ■ , 

y = iyi,y 2 , ■■■, y,,), a - (a,, a... • • • . a...). 

^ , fOt)* /I “ (an ' * * , a,.) ; /»] . /* ,. ■ - , , /no , 

In this notation the equations (1) havt' the form 

/(r; //) 0, 

the interpretation being that every element of / i- a fum tion of 
*1, a’2, • • •, Xm] yi, ?/2, ■ ■ //„, and every /, is to he set equal to 

zero. The notations a„ (>, represent respeetiseh flu- neigh- 
borhoods 

I a: — a I < f, | y — fj | j ; y I, . , 

of the points p, a, b. 

With these notations in mind the fundainent.d theor.-m «hieh 
IS to be proved may Ix' stated as follows; 

Hypotheses: 

1) the functions f{x; y) arc contiiiuints, and liurr first unrtud 
d^nmhm with respect to the mriuhles y which are nb,'. r„uiun.,n. 
in a neighborhood of the point (a ; h) which will h, dr noted U uv 

2) /(a; 6) = 0; ’ ‘ ‘ 

3) tU ddcmmmt 1) - J,/,. 

' } yn) IS different from zero at p. 
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(U)ncln*Hions: 

1) a neighborhood ean he found in which there eorrcsponds 
to a given value x at mod one soluHxm {x; y) of the c(piations 
f(x; ij) = 0; 

2) for any neighborhood p^ with the property jud deserihed a 

eondant 5 * € ran be found such that every x in a$ ha,H a^wwiated 

with it a point {x; y) which miti^JieH the efpuitionfi f(x; y) = 0; 

2) ike funetionH y(xi, Xn, *•*, .r^) m) found are eontinuous in 
the region 

For tiu‘ iici^iihorlHKxl let one be chosen in which tlic 
('ontinnity properties of tlie functions / are preserved. If 
(4*; //) and br; //) are two points in p,, it follows, by applying 
Tfiyh^r's formula to the dilTerences /(.r; /) — /Cr; //), that 

f\{x; i/) — ftix\ y) ” (yf yi) + * • • + (Pu — ?/«), 


»/') —fnO;!l) ~ ini' - !h) + 


-4- (,/ ' ■ 


l/n)t 


whm* tin* urKiiiurntH «>f (lie derivatives df^ difu liave tlie form 
.!■; ;/ + Dji/* “■ //). nml t) < t?,. < 1. Tlie (let<‘rmiiiaiit of those 
derivatives is different from z<*ro wlnm (x; (/') = (-r; //) = («; h), 
and lienee innsf remain different from zero if p, is restricted so 
that in it the fnnetional ileterminnnt D remains iliifereut from 
zero. It is then imjaissihle that (j", (/) an<i (.r; //') shouhl both 
he solnthins of the e«imitions/(j-: //) -* 0, if !t is distinet from }/'. 
Jn the eorresjMiiulinft region h, tiie function 

V'(«: i/) '■ 31) +/3''(«; //) d +/r.'d«; //) 

has a minimum for p h, since for that value it vanishes and 
for every other it is jMisitive. In particular 

ipin; 1)) — «^{«; f') > »i > d 

when t} rmiges over the elm’d set of points n ftirining the boundary 
of /(., on iimumt of the continuity of ip, and the inequality 

p) — ip{jf, b) > m 
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refflciins true for ull viilues J' in u suitnl>l\ duDuiiii n.s. 

Hence for a fixed ;r in as the miiiininm <>f ntfaineti af a 

point y interior to b,. At such a poinf. lu.wrver. 


dip _ . d/i 'Of'! I 

2dyi ^'dyi^-Sui 


1 /. 


0 /.. 

(hi I 


(I. 


1 dp _ . d/i d/a 

2 d? 7 „ ‘^'d.v,. •'“df/,. 


4 4 /.. 




tt, 


and can happen only wlunt all the ehiuenf <»f J an* /tTn, 
since the functional detenninant dtllVroni /rru in 
It follows that to every ptmit .r In ftierr nirre in 

a solution (.r; y) of the ecjuations/(,r; i|l n. 

The functions ?/(.rn •••, /„,) dehned in thi* \\u\ t»\rr fhr 

region are all continuous. * hor tHUtsidrr fin* \idtif‘« i/ ujtd 
y + Ay corresponding to two points .r and j i A.r. Il> nppl> 
ng Taylor’s formula it folhnvs fnnn tlie relittioir. 


f{x; y + Ay) - /(.r; y) = /(.r; // + Ay) *• /i.r f Jkj-; i/ I .!ii/ 


which arc true because (.r; //) am! (.r f // j Jo/i Itufh niuhi* 
/ = 0, that 


f 4!„ + f'A,,+ 

dj'i ' d (/2 •'* 


d/. 

d//„ 


A// n 


/ifj-: // 4- Ai/) •' /,!.r t Jt.r, a } .iv>. 


( 2 ) 


*f”A?/i 4 - A;/.. + . . . 4 - 

“ /«(•'■■•// 4 A//1 ' /„!.)■ i A.i;.v i A»/t 


where the arguments of tlie derivatives d/, di/^ lan e jhe f.irta 
®; 2/ 4~ daAj/ (0 < da < 1). The deteriiiiniiiit nf tlie>e derii- 
atives is different from zero on aeenuut of the wny in wltlelt 
was chosen, and the second members of the .•qmition. Hiiproaeb 
zero with A.t. Hence the same must he true of tlie (jimntitir. 
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A//, and tlins the functions y(xu Xm) are seen to be 

(»ontinuous, 

A sinnlar applicuition of Taylor's formula leads to the con- 
<*lnsion: 

If the funvtionH f have derivative,^ of the fir, nt order with respeet 
to Xk lekieh are eotithnioa,H la the neighborhood (f p, .vo have al,w 
the fiinefion,H y(xu To, •••» in the region a^; and if the fs 
have all derivatives of the nth order continuous, so have the funeimuH 
y(Xu Xn, * • Xrn)* 

For HUi)p(KHe 

Ati d" 0,, A.rt‘ - A.ra — • • • = = d* 

Then hy applying Taylor's fornmla to the seeoml members of 
tHimiticnts (2) it hdlows that 

a/i Ay I (fi I^!h 1 , d/i Ai/n . dfi_ 

d//iA.ri dy^*Axi djin Axi dxi 

ttffiApi . dffiAy^* ^ (tjfiApn j 

dy\Axi dynAxi <h/„A.ri Bxi 

wluTi* the argunumts of the derivntivt^s Bfi^Bx\ have* the fc^rm 
;r h fl«'A.r: // f A//. Hen(*e as A.ri approaches '/ero the (|Uoti(mts 
Ay^^Axx approat*h limits By^ Bxi \vhi(*!i satisfy the (Hpuitions 

Bfi Bin ^ Bfi Bit ^ ^ ^ Bfi Biu , Bfi 

d//id.ri By»Bxt BpnBxi Bxi 

(:ii 

Bfn Bpt , Bfn Blh , _ , I t Bfn _ 

Bii\Bx\ By>iBxt BynBxi ' Bxi 

where the firgiiiiieiits of the tlerivatives of / are now (x; y). 
A similiir eoiisideriifitm shows the existent^e of the first deriv- 
atives with rt\Hja*et to the vnrinhies .r#* x^, •■•t *r». The ex- 
isteiiee of the higher derivatives follows frtirn the observation 
thiit the Holiitions of eijiiiitioiis (M) hu' the ctuotienlH dfJBy^ are 



12 


TIIK PHINCKTOX < HiM T M. 


differentiable — 1 times with rt^speet to tin* \iiriitlih*s *r, uit 
account of the assumption that tlu* ftnulions/ nrv diflrrmit inhlr 
n times. 

§2. Equations in wnicn tuk Kr\( Tn»\s uu: A\ua rn 

It seems necessary to proceed dillVrcnily in (*nirr I u pru\ i* that 
when the functions/ in eciiiations (I) areanalyfic ttifli rorfliidcntH 
and variables permitted to assinncMmaijinn ry \ ahmn 
y = .To, • • V, T,») are also analytii* funetituis nf thr \iiriuIileH 
X. The following!; tIu‘orem can first la* proved : 

WIi(m>tlw fwnctiofU' f are formal serins inikf rariatflr.^ .r; i/ with 
literal co(ffi(dcirf^^ and haring no runsiani Irrwi.v, ibni ikrrf 
one and but one set of series 

( 4 ) l/a = !/J-ru.r-:. 

for the varlahleH ;/, U'hirk rruihk iritli l/ir .r .1 xtitixf i, iilnitir.illi/ 
the equations j{.r; ?/) = 0. Knrh roifflnnit in ihr sirir.i 1/ i,i 
rational tn a, finite nnntln'f oj thosi' nj (hr j imr! imis f, tin- mtli/ 
denominators occurring being potrers of the ilrtmnin.int H of lb, 
coefficients of the linear terms in ij. 

To prove this let the etiiinfioiis / « (I he written in th.< h-nn 

+ «i2//3 + • • • -f" n\„;tn </!, 

«ni!/i + «„3,V2 + • • ■ + «„„(/„ f/i. 

where the functions g have no linear fenin* in //. !U ninliipiv in« 

these equations by proper factors ainl a.l.liiiK'. f lu-v muv tie nnole 
to take the form 

Ur 2 , ■ 

where the series h have still no litu-ar terms in «n,l )»a e e.iefti- 
cients which are rational in those of the fnneti.mH /. tl,.- onlv 
denominators occurrinR being the (letenniiuint U. ' \u\ -.eries 
for y which satisfy formally the original .•cpn.lioiH must .nti.fv 
the last equations, and vice versa. 
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Consider now a set of series (4) in which the coeflScients are 
indeterminates c. If they satisfy the equations (5) identically, 
then by comparison of coefficients on the two sides it is seen 
that any coefficient Cy of a term of degree p must be equal to a 
polynomial, with positive integral coefficients, in a finite number 
of the coefficients of the functions h and in the coefficients Cy—k 
of terms in the functions y of lower degree than v. For there 
are at most a finite number of terms on the right of any given 
degree v, and since the functions h have no linear terms in the 
variables y it follows that wherever the term containing Cy 
occurs it is always multiplied by a y or by a power of some of 
the variables x, and hence Cy can only appear in terms of degree 
greater than v. Since the coefficients of the linear terms in the 
functions y are equal respectively to corresponding coefficients 
in the functions li, it follows by an easy induction that every 
coefficient in the functions y must be a polynomial with positive 
integral coefficients in a finite number of the coefficients 
of the functions h. There is evidently but one set of series (4) 
of the kind described satisfying formally the equations (5), or 
what is the same thing, the equations / = 0. 

For any numerical choice of the coefficients of the functions f in 
the domain of real or imaginary numbers for which the series f 
converge and the determinant R = [ | is different from zero, 

the series (4) for y will also he well-determined and convergent. 

For, a set of equations 

(6) ya = y) (a = 1, 2, • - , n) 

can be constructed whose coefficients are all positive and greater 
numerically than the corresponding coefficients in the functions 
h, and for which the corresponding series y = Y(xi, X 2 , • • 
converge. The coefficients in the functions Y will be greater 
numerically than the corresponding coefficients of the series 
y{xi, X 2 j • * *, Xnt), and hence the series y will also converge. 

To show this suppose that p is a positive constant smaller 
than the radii of convergence of the functions h{x\ y). Then 
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the series h(p-, p) are convorKeKt, umi ein't) fiTiii i - uuiiii-rirjtlly 
smaller than a constant M chosen ^renter than )lir .niu nf the 
absolute values of tiie terms in any otic uf the >cric. iiifi.fi). 
The eoeffieient of any term in /n.r; //) is h-< ■ (lian .1/ where »■ 
is the degree of the t(Tm. 'I'he scries 

.1/ 


'W; y) 


/ ^ 

i \ / 

!h 1 >! ■ f ■ 

1 //., V 

V p 

A 

P 

/ 


M M ■ 


!lt 1 >1; } 


>> 


are similar to the series /H.r: //) in the mailer uf mi ■ ini'; terius. 
and dominate them in t!u> manner <ieserihed alnoe. im e tin- 
coefficient of any term of degree r is .1/ f>' t.r greater, 

The unique series satisfying ettualiniis (I'u will e\tihiitl> he 
convergent if a convergent serh-s u in .r ean he tleiermuied 
satisfying 


u 


.1/ 



•I'l + •'■•r 4- • • ■ T .r„, ^ ^ j 


, 1/ .1/ . 
nil \ ,, 

P / 


for then every series // ean he |»ui eqnnl fu that eri. . u. '|■h,• 
latter equation is however a qinnlratie in n and lia . ilm ...imiuii 


•> 

P- 


2n(p"f* Mu) 1 


4 


\Mn{p\ Mm 


i 


•r, i .r . i 

P 

■r\ I ■( : i 


vanishing with x. This will <■.•rtainIy I.e n-iire .entahh- h> a 
convergent series in x provichal tliat 


/»(p + ^Mm’- 

since then the second term under the riidiea! i . imriietieall> 
less than unity. 
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The two theorems whi(‘h have just been proved enable one to 
inakt' the followiiiji: statement eoneerning. the solutions whose 
(‘xist(‘iH‘e was proved in § I : 

// the fiinrtmm f(.r, //) arr nnahjtie in the region then the 
.'loliition.'t ( 1 ) of the efiuotions fi.r\ ?/) = 0 are anali/tie at every point 
of the region 

It is only nena'ssary to transform the origin of coordinates to 
<h<‘ particular point (x; g) of the solution which it is desired to 
investigate. 

Furtheriuon^ wlnm the domain in which the e(iuations/= 0 
are to Ih^ studied is tin* domain of (‘omplex numliers, a theorem 
analogous to tlnit of § I may he statc<l. 

// in the domain (f eomplex number.^ the fnnefiotm f(x; y) are 
analijtie at a point p(a; h) (tf whieh 


fin; h) = 0 , I>{a; h) 


r<nfuh.-^jn) 1 

IMuu //„ 


then there exi^h a neighborhood p, in tehieh anyx eorre^npondn to at 
moat one mtution (x\ y), either real or eomplex, of the e(iuat{oto^ 
fix; y) 0. For any ^nneh ehoiee o/ p^ a neighborhood (5 €) 

ran he found aueh that erery point x in a^ tnoH aH,Hoeiafed with it a 
mdution (x; y) if the egnatlon,^ f - 0 in p,, and the valneH y for 
thvHe HotutioihH are defined by a mi tf fnnetion^^ 


iL - yM*\* ‘ A») (<t - I, lb • * % //) 

ivhieh are expremihle an mrien in the dijferenren x — a nnirergent 

in the region n|. 

'Fhe vxlstvnvv of tla^ neighhorluaHl p, is provable by the ar- 
gument used in § 1* sinee for any two points (x; y) ajid {x; if) 
In tin* common chunuiii of (amvergcnct* tif the functions /, e(jna- 
tions of the form 


fjx; !f}-fjx; //) 


* * * + — //«), 

(a = 1 , n) 


hold, where the eoeffieieiit .1^^ is a ciuivergent seric's in the dif- 
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ferences x — a, y — b, y' — h with cotisfaiit tcrtti (■(jual tu 
The existence of the coefficients .1 <-iin In' es(uiili>lu'(l hv 
sidering two analogous terms in /(.r; //) and fix: ;/'i. '('lie 
difference of such a pair of terms will always he lim-ariy expre . dhle 
in terms of the differences 

(y/ - bj - (y„ - bj ~ )/„' -■ //,. { <. I a t 


Furthermore for (;r, y, ?/') = (a, b, b) the derivatixe uf the fir%t 
member with respect to //^'reduces Uxi^h, while that of the '.e<ain<! 
is the constant term in /!„«. Hence for these \ahie^ of the 
variables the doterininunt | | reduces to iHn, /<) f (i. 

By transforming the origin of coordinates t<i the poini i<t. In 
and applying the first two theorems of this section, it folh.w ■, that 
there exists a set of (‘onvergt'nt s<'rit*s (7) sjitisH ing the eijiiafions 
/=0 identically: and for a snffieieiitly small region u,. the 
points (a:; y) which they define will all lie in the neighhorhood 


§3. Gouusat’s iMetkoi) ok Aim*i{omm \hon 

The method of ai)proximation which is to he pn-enieii in the 
following paragraphs is of interest iirimnrily heeaUMe it alh.rd-. 
a direct method of finding the values of iiujtlieit fniietion .. ami 
justifies computations soimdimes us<>d in the application > of 
the theory. In order to exhibit this method suppoa- again that 
the functions / have the properties deserihisi in the principal 
theorem of § 1, ami consider tin* folhiwing set of eipiatioiei 
suggested by Taylor’s formula: 


fi(x > y) "I” ouini j/i) "f” iiiify-/ ~ !/;) I ■ ■ ' 

,p. 1 "inf//.,' //„j tl. 



fn{x ; y) + <ini(yi — ;/i) + a„t(y-/ ~ y..) j . . , 

i "»*(.!/,.' - //., s It. 

m which the wcfflcict 

When solved for the variahlc, ,1.,,,. 

I !i) Uk 1^2, ’ ■ *. Ill, 



FUNDAMENTAL EXISTENCE TIIEOKEMS. 


17 


aiul one verifies readily by substitution of tliese expressions 
in equations (H) tliat the functions ip and all of their first 
derivatives with respect to the elements of y are continuous near 
/u and at the point 7^ itself ip^ has the value while all of its 
derivatives with resjieet to the vanish. 

A sequence of systems * • *, beginning 

with the set 

if - b), <p->(x; b), - • b)] 

can now be defined by means of the recursion formulas (9), which 
are equivalent to 

O = i, 2, * * % /O* 


IwCt be any neighborliood of p in whi<‘h the continuity pro5)erties 
of / are rctaiiUHh and in which the dm’ivatives of ip remain nu- 
nuTically less than 0 /n where 0 < 0 < 1. If the values of .r are 
r(\stri(‘ted to a region (X^{d f () so small that (‘very element of 
the s(‘t if satisfi(‘s the ineiiuality 

(Id) i !L' - lu\ < €(1 - 0). 

th(‘n the iioints will all li(‘ in tlu‘ n(‘ighborhhood p, 

and will approach uniformly a limiting pcant (*r; //) wliicli is a 
solution of th(‘ (‘C|uations (1). 

To prove th(\se stut(*ments one niaals only to apply siu'trssively 
the im‘quality 

I 1 - I I 

*■" I I + ! 

+ •** + 

w!uc*h follows readily by an application of TiiylorV h^nmiliu 
Since the iiHH|ualities (Kb h(»hb the last formula siuaa^ssively 
applied shows that 

i - »)• 

('onsc(|uentIy the sum of the first k + 1 terms of the series 

( 1 1 ) K+ iyf bJiHiim'' — * • • 

3 
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differs in absolute value from K qinuitity whirh is loss thnii 
€(l-0)(l + 0+e^+ + - HI - f. 

Hence the points (x; y) all lie in the lunKhhnrtHHHl /i., am! tlie 
series (11) is imiformly eonvergeiit in th<‘ neiKhlairhiHHl n,. 

The limiting point (.r; i/) evidently satisfies tin* rquatiuns 
/ = 0. For at every stage the values (*r, //, y*) tx. //' ■') 

satisfy the equations (8), and the first memhers uf t he a* rquii ! iuih 
approach uniformly the values /(*r; //). 

The process of detennining tin* solutions <lfHerihi*d nhovi* is 
evidently one of trial and error. I'ht* \alttes y h being lir'^U 
substituted, the equations (!)) (hderuiiut* a|»pru\inmf i‘l\ flu* 
correction ?/ — h which nuist he added to h in order to idifnin n 
solution for any value of x near to u. For t Im valuer ho cnirrerted 
the equations (9) give again a new correction y** y\ and ho nn, 
It is ordinarily presupposed that an initial solution in ; //i in gi\ inn 
hit the procesfi may aho lead to the dlneovery of a la nmr only 

an initial point which approximately satisJir^H the i> known, 

To show this suppose that the funetions/are etuitintiotiH and ha\ ** 
continuous first partial derivatives with rvspwt to tin* variabh^* 
y in a closed region R of iKunts ix;y) in width the ftintlit»nnl 
determinant /) (a:; ;i/) is different from zero. The fuinlittn ^ v" in 
equations (9) arc to he tlumght of ns ih‘pentiing upon i.r. i/y 
and also upon the variahles (n; h) w!d(h enter in tfjr derivitfiu* i 
a^^. Then the expressums ip(x, //, a, h), y, a, li| lire emo 
tinuous when (a*;;?/), ia;h) lie in H, and all of flu* derivainrH 
(py vanish identically when (*r; //) - (a; /H, Ttie \iiliie of 
<p(aj 6, a, b) is not necessarily h, however, whtm in; In in ntii a 
solution. Two positive constants, 6 < I and f. ciin In* drier- 
mined so that 

I <pyix, I/, a, h) j < ff/a 

whenever (a;h) and (x;y) satisfy the inecjuiditirH 
I a: ~ a 1 < €, I j/ - li j < #. 

If now there exists a point p(a; b) for which the iiidglitMirhoiHt |i. 
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is entirely within R, and such that 

I <p{a, h, a, h) — 6 | < 6(1 ■— 6), 

then the sequence defined converges uniformly as before 
in a neighborhood of the point a and determines a solution 

On ?/). 

As an example consider the equation 


(1^) 


y — e sin y = x (0 < < 1), 


which in tlie theory of elliptic orbits determines the value of the 
eccentric anomaly y in terms of the mean an()maly x. Tlie funo 
tion (p is in this case 


y, a, b) 


e(sin y — y cos h) + x 
I — e (‘OS b 


and (fy rernaitis less than 6 when 


1 I < 0 ' ^ ' = e. 


For any given x = a, a valut* y = b (‘un be det(‘rmined, l)y graph- 
i(‘al methods for (‘xample, so that 


I tp(a, 1), a, b) — h\ = 


b — esin b — a 
I — e (‘OS b 


< e^n-e). 


1110 procH'ss des(*nb(‘d above* then‘for(* conviTges in a suitably 
chosen neighborhood of x — a, and a solution of e(|uation (12) 
can be found when an approximate solution only has lieen do- 
tennined in advancT. 


§4* Bolza'h Extension of the Fundamental 
Theohem^ 

The neighborhood of a set of points P in the spac^e (x; y) 
is tlie totality of points (t; y) whivli satisfy ine<|ualities of the 
form 

1 * - H 1 < <, 1 // - /; I < <. 

* Vorlasungem tibiT VariiUion^mlinung, rtiige ItIO: also MaihmmiMm 
Anrmkn, vol. 63 (IIKMI), page 247. Hie th«irem waii provwi incie|>endent!y 
by Ma»oa and Bliw, ** Fidds of extrenmk la TmmaeUmm of th§ 

Ameriemt Maiketnaiiml vol. 11 (HHO), page 3211, 
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where (a; b) is some point of P- Tlu‘ s(‘ts ol points i/M and i/n 
which belong to points (aih) of P an* tin* projrc-tions (4‘ in 
the x- and ^/-spaces, and will deindcMl I)y .1 and //, rt'Npo(‘ti\ rl\ . 

The fundamental theorem of § 1 remains' true if in its shtinumf 
the single foint p is replaced Inj a set of iKtints I* lehieh is Jiniif 
and closed, and which fartherm(ar has the ja'opertp that nu imt 
distinct points {a\ h), (a'; //) of P hare the same projeciinn o' #i. 
According to the conclasions of the theorem there rxists ihta n 
neighborhood P^ in which no two solnfi(fns of the egnatitms fi w ; // 1 1 1 

have the same projeefian x, and a neighborhood . 1 ,^ in adiirh erenj x 
surely belongs to a solution (.r; ?/) in P,, The simjle-rataed Jnnetn.Ns 
yi^i, ‘^ 2 , * * *, ^m) so defined in A,s are continuous, and if the fnnr-^ 
tions f{x; y) have continuous deriratirrs if the n4li unler in a 
neighborhood of P, so have the functions yij’i, j\>, • • •, in .1,. 

To prove the theorem sui)p<hs(‘ first that a Mainnna* of podfiu- 
constants (/j = 1,2, •••) approaching '/ero hu> Inam rlrotod 
arbitrarily. If the first part of the tln*on*in wt*rc luU true, fht ii 
in any neighborhood P,^ then* W(»uld bt* tuo distinct .olnfi»»n . 
(^'^y)k and Or; ?/)a' of tin* (‘((nations /(.r; //i o. uldoh \u.idd 
satisfy, respectively, im‘(|ualiti('s of the form 

I .!•- CV I < I )/ - ti .• 

I .r - cv' I < ti; j //' - X 1 <: ti 

with two points («; mid (a'; Xh of tlu- svt /■, Sii.rr /’ i. 
finite and dosed, the .seipnniee of values (n, ti. n'. .j'l, ha a 
point of condensation («, h- X. //) fur whieli in; In and i.h, I,', 
are both in P. From the iiieipialifies (i;!i it fulhiw . (i,n« 
(a, b; a', b') is ^dso a point of eondeiisation fur the si ijiieni ■■ 
(^) yi y')k, and therefore a and a' naist l»e tiie -laine 'riu 
values b and b' must also he identical siin-e /' eunfniii-. md^ uui- 
point p(a; h) with the projection a. Aeeurdin,; lu the urimmd 
statement of the fundamental tlieorem in § 1. a m-iK'ld..,rhuud /. 
can be chosen in which no two solutions uf tl.e e.,naii.„.'. 
(x; ^) = 0 have the same projection .r. flritee the evi .im. e 
of the sequences (.r; t/), and (j-; j,'h with the ..umiuon point ..f 
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coiKlensation (a; h) is (‘oiitradicted, and it must always he 
possible to select a neighborhood 1\ in which (listin(‘t solutions 
of the ecpiations / = 0 always have distinct j)rojections 

A similar argument shows that a neighborhood can be 
S(^k‘cted so that to any ])oint of it there (‘orresponds a, solution 
of the ecpiations / = 0. Otherwise to (^ach 5 a- of a secpumce of 
constajits aiiproaching Z(To, there would correspond a point 
(.r)A- in the region which would belong to no solution in 
To each (,r)A: there would correspond a. point Uv)a- in A satisfying 
tlu' inecpialities 

1 .r — a 1 < 5 a- 

with the value's (.r)A-, and tlu' points Py)a- would have a imint of 
(‘ondensation a in which would also b(‘ a pcTint of (‘omh'usation 
for tlu' s(‘(|uenc<' (.r)A, sinc'c* .1 is finite' and chest'd wlu'ii P is so. 
But by th(' original tht'ore'in of § 1, agaim it is known that a 
nt'ighborhood <»f R <*an Ix' cluKstm in wlut'h t'Vt'ry point .r han 
associatc'd with it a solution (a*;//) in /\, wlu'H' p{(t\h) is the 
point of P having tlu' projt'c’tion tt, C’onst'cpu'ntly tlu' ('xisteiU'C 
of tlu' s('(pi('n('(‘ (.r);. is (’ontradicte'd. 

If now tin' n'gion P, is so r<‘s(ri(*t<‘d that tiu' functional de- 
tn'rminant J)(.r; i/) re'inains diO’t'nuit from z«'ro throughout it, 
tlu'U tlu' original tlu'orem of § I can bt' appHt'd to show that tln^ 
fmu'tions //{.ri. •• •,.!%,) art' continucuis at any pcTmt of tin' 

rc'gion /b ^^^^d posst'ssas many continuous th'rivativt's as art' }mkh- 
scsst'd by the functions /U*; //). 

§ o. The rxup’K Sheet of SoLETnevs Associated with an 
Initial Soli tdcn 

Tlu' points of tlu' spact' (t; //) may !h' divi<i<*d into twe* 
(U'dinary points and cxe*t*ptimial points, with respi*el to the func- 
tions/. An iirdhutry is one' at wliic'h thv first and third 

liypothese'S of the t!n‘on*m c»f § 1 an* postulated, tliat is, oiw lu'ar 
winch the functiems/ ami their first elt'rivatives with respect to j/ 
are continuous and tlic' fum'tiomil determinant P — clf/ 1 ,/ 2 , • • 
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/„)/a(2/i, 2/2, • • •, yn) is different from zero. An (>.rrrplli»tnl point 
is one at which some of these conditions are not fulfilled or art' 
not presupposed, 

A sheet of points in the (?/?.+ spu<’i‘ (.r; 
may be defined as a point set 8 with the property that for any 
point p(a;6) belonging to the set a neighborhood p, <*nn always 
be found such that no two points of 8 in p^ havt^ the same pro- 
jection x. In other words, the variables p nrv single-valutMl 
functions y(xu X 2 j ,t^) in the neighborhood of the point /n 
for points of the sheet. 

If for any neighborhood b, of tlie kind just deserilaal, a region 
as (5^ e) can be found in which every point x belong,s to a 
point of S in then p is said to be an inferior point of tfie shet*t S, 

A boundary point is a limit point of points of tht‘ slnai, wltieh 
is not itself an interior point and may not evtm la^long to N. 

A sheet is said to ho connected if evt^ry pair (.r';/K 
t)f its interior points can be joined by a (‘ontinmnis tmrvt* 

X = x(t), y = y{t) it' " t “ ’ V'h 

consisting entirely of interior points of the slie(*t. 

In the following pages it is alwaiys to be understood tliiit the 
sheets considered are continuous aiul hav<‘ <ontinmni.H fir -if 
derivatives, or in other words at any interior point of tme of tlieiii 
the functions yi:Xu xt, Xm) mentioned alaivc* have fbeHt* 
properties. A sheet will be said to be(*ome infinite near a point 
x' if x' is the limit of the projections of a sequenet* of points f .r : tj) 
of the sheet for which one at h‘ast of the varialiles y appmaelies 
infinity. 

With the preceding agreements as to nomeiu’liitiire in mind, 
it is possible to prove the following theorem: 

If a point p{a; b) is an ordinary 'point for the fnneliom f am! 
satisfies the equatiojis f 0, then there passes through p one hfhI 
only one connected sheet of solutions of these egimimns^ ttiik the 
properties: 

1) all points of the sheet are ordinary points of the fumiimm /; 

2) all points are interior points; 
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3 ) the only boundary points of the sheet are exceptional points for 
the system f. 

The set of points 

i Xm) ^ - ^ * * *; ] 

defined over the region by the principal theorem of § 1, is a 
sheet Si of solutions of the equations / = 0 which satisfies all the 
requirements of the theorem just stated except possibly the last. 
Its points are all interior points since the region is defined by 
inequalities only. If any boundary point 7/ (a'; I/) of Si is an 
ordinary point of the functions / it must satisfy the equations 
/ = 0, since the /'s are continuous and is a limit point of points 
on Si. ( Jonsequently the theorem of § 1 (‘an be applied in the 
neighborhood of and the sheet S' so determined near p' 
forms with Si a new s(‘t This process may be repeated any 
number of times, and the totality of points whi(*h can be attained 
by a finite number of siu‘h extensions, (‘onstitutes the slu^et S 
r(‘(|uir(Hl in the tlu'onun. 

The s(‘t of points S so (h‘termined constitutes a sheet, since 
any point q of it is an ordinary point and a solution of the ('(jua- 
tions / = 0, and a(‘(*ording t(^ the theorem of § 1 the solutions of 
tlu'se ecpiations in the neighborhood of r/ have the pnqKTty which 
is (‘hara(‘teristi(* of a sheet. From the manner of its constnulion 
th(‘ sh{‘et is evidently (‘«)nne(‘t(‘d and consists entirely of interior 
points. If any boundary pt»int q of S were an ordinary p(nnt of 
th<‘ fumiions /, the slu'ct (a)uld he extemhHi to include e/ as an 
interior point by the prcic«‘ss described in the preceding paragraplu 
There C(mld not la^ a H<‘(*ond sheet ^ (containing a ptant r 
not in S and having the properti(‘s stated in the theorem. For 
there would in that case be a (‘(mtinuous i*urv(‘ 

.r - xii), y = yiil < t ^ /,) 

in 2 joining p witli w and consisting entirely of t>rdinary points. 
In a neig!il)orhcHHi of i * /j all of the pcants defined mt the eurvi* 
would ids(^ be points of *S\ sima^ the solutions of the ec|Uations 
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/ = 0 near the initial point p of the curve iin‘ all in N. Thv vuhtvH 
of t defining points on the curve and in wtudd thercture luive 
an upper bound r ^ t 2 such that r would (hdine t»ii the liirve a 
boundary point of S. But this is iinpossilde mwv all <it tlio 
points of the curve are ordinary points. 

If the functions/ are known to he (‘ontinutnis aial luivi*e<io* 
tinuous derivatives in a region R, then it hdlows r«*iidily from 
what precedes that through any (ordinary solutitui of thi* 
equations/ = 0 interior to H there passes tmv and tmly one s|it*rf 
of solutions having the proi)erty that the cudy hoiiinliiry jiniiilH 
of the sheet arc boundary points of /f, or interior point h of H at 
which the functional detenninunt vanishes. If It is finite and 
closed and consists entirely of onhnary points the fuiietioiis/* 
then there can not he more than a fuiitt* number poiiit'^ of 
the sheet on any ordinate a*. Otherwise the pt»ints eoinimm fo 
the ordinate and the sheet would have a point tjf <’ond<msation p, 
also in R. Since p is an ordinary point there <‘an he at intr4 one 
solution of the equations in a properly chemen neigldairhond p,, 
It is interesting to <ietermine a eritt'rion whitdi shall <’hiiriieieri/.e 
a sheet which is at most single-valued on any ordinate. Smdi ii 
criterion is derived in §7 in connection with a iheoreiti dm* 
originally to Sehoenflies, and afterwanls pn»ved hy Ongiiufl. 
The proof of it involves the auxiliary nofitms destTthrd in § fl 
and the following corollaries to the preeetling tfieormn: 

If the initial point of a eontinuouH arr 

Xi = Xi(i) (/ ^ 1,2, • » m’J* < i T’l 

in the x-space w the projection of a milutUm i/\ ttf ihr n/iiiilffni# 
/ = 0 which is an ordinary point for the fnmiimM /, ihen liitrr w 
associated with the arc one and only ttne eoHiinuitus nirre 

{Cxy) Xi=Xi{t)j 1 | 2 , • • /a; 1 , 2 . • * % iii 

passing through (x'; |/') for t « t\ with the proprriitM: 

1 ) all of its points are salutions of the e(pmimm / ai. |i fiml 
dinary points of the functions /; 
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2) it u dvjhied either orer the udiole interval // ^ t //', or else 

an an interval t < r t") mch that as t approaches r 

the only limit points of the curve (\y are at infinity or are excep- 
tional points of the Junctions f, 

'I1ie truth of this stutenient is readily deduced from the eou- 
sideratious whi(‘h precede, or by the following argument. The 
fmtdanumtal theorem of § I can he api>li(‘d at the point (.r';?/')* 
If tlu‘ are (\ is entirely within the region then th(‘ existence 
and uniciuemess of the curve tVw is evident. In any case there 

will he some intervals f f t ti in whi(‘h curves (\y are dedined 

having all the properties descrihed in the theorem ex(‘ept possibly 
2). Suppose that r is the upper !)ound of the end values fi 
for such intiTvals. Tlum there is a curve well defined in 
th(‘ intcTval // t < r, and no limit point (a ; /i) of tlie curve 
as / aj)proach<‘s r cam h(‘ a finite ordinary point for the func- 
tions /. For if ((V ; ft) W(‘r(‘ such a point, it would also satisfy 
tlu‘ (‘(juations/ — 0, on account of the continuity of tlu' functions 
/, and th(‘ tluauaun of § I (*ould again luMippIical at (a ; ft). A 
curve with all tlu‘ pn>p(‘rties of th<‘ theorem, except possibly 
2), could then bt* d(‘fin(‘d ov(‘r an intervad in<‘Iudiug tlu‘ interval 
f < / < r in its iutcTior, whitdi contradicts tlu‘ assumption that 
T is tlic upiHT bound of such intervals. 

There c<mld not be two (uirvesf ass(K‘iati‘d with tlu* projection 
Tx, having the properti(*s descTilxai in the tIuH»n*m, and having 
distinct points and corresponding to the same 

vahu* /;». For if so, tlu*re would be an interval fn < / " in 
whi(‘h tlu* curv(*s would be* distinct vvliilt* at t — /a tlu*y c<rincidc. 
d'his is, how(*V(‘r, impossible sinca* in a neighborhood of the point 
c*orrc‘sponding to fi\ tlu^n* can lu* but (Uie solution of tlie etjuations 
/ () c’orrc*spcuiding to a given set of vahu\s j\ 

Sujipose that a eantinuum X of pidnfs C,ri, .r-j, * • .r,„) contains 

no projection ({f a houndary point of a sheet K of sidutions of the 
eipiutlons f ^ H, and no point near lehich the sheet becomes infinite. 
Then if X contains the projectitm of a point on the sheet every other 
point of X It ill also he such a projection, (hi the tdher hand, if 
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contains a point xchich is not a projrrfion of tnii/ point of the sinri. 
then no point of X can be. a projection of a point of .S’. 

These statements follow readily with the lu'lp of the hist 
theorem. For suppose that A’ eoutuias tlie prujeetioii .r' of 
an interior point {x'\ y') of a sheet of soluthms of the eciuafit.ns 
/ = 0, and let x” be any other point of A'. .Since ,V is a rout inutim 
there exists a continuous arc f * entirely interior to A Joining 
x' and x", and the corresponding continuation curve inust he 
defined over the whole of the are Vf Hence x" is also the pro- 
jection of a point of the sheet of solutions through (.r'; i/l. 'I’he 
rest of the theorem follows at once. 

If the curve Cxv in the last theorem hnt one is ilrftnnl mrr the 
whole arc C*, and has initial and end points // and /<", res pert i nip, 
then there always exists a positire constant p such that any curve !’, 
lying in the p-neighhorhood of the enrre (% and joininij x' to x", 
has a unique continuation c.urre also joining /»' and )>'. 

The curve 

(F*) X = ^iC») (i = 1, 2, ' u ■ u'‘\ 

is said to lie in the p-neighhorhood of Vt'd there exists a eoutiniious 
function 

(14) t = t{n) («' ■ H ■ »” ) 

taking the values t', t" at the ends of the M-interval, and siu-h 
that the point a on F*, defined hy any value of a. lies in the neigh- 
borhood ttp of the c(»rrcsponditig point a of (\ deterininei! by 
the relation (14). 

It is possible to choose two constants, « and 5 • #, .ho that the 
neighborhoods p, and n, have the propertie.s dcHcrilwil in the 
theorem of § 1 uniformly for every i«)int pin, h) on tlte are 
If not, there would be a sequence of laaiits p* (ui f with a limit 
point TV, for which the largest po.ssible constants n have the 
limit zero. But for the point tt there is an elTei-tive constant 
€ > 0, and the constants €* could not therehtre decrease iiuleh- 
nitely in size. A similar argument shows the existence of the 
■constant 8. 
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Suppose now that the interval u' ^ u ^ is divided by 
values Uk (k ^ 2^ • ' ‘ , v) into sub-intervals so small that the 

points of any arc ak-^iak, corresponding on Tx to the values 
tik^i £ n £ Ukf all lie in the |5-neighborhood of the point ak^u 
and further so small that the same is true with respect to the 
point U/b-i of the arc ak^itik of Cx corresponding to au^iak by 
means of the relation (14). The constant p is supposed to have 


a '' 



Fui. 1. 


been ehos<‘n <^quul to .j5, so that the curve V lies in the |S- 
neigliborluHx! of (\ Then the four-sitled (*losed curve formed l>y 
tlic two straight lines dk. lak i and and the two arc’S ua -iUa 
and otk lies entirely within the 5-neighborhood of tlie point 
(tk u Tlu^ two continuation curves in the .r//-spa<M% starting with 
tlu^ point pk I on and having ns prelections the arc's cu 
and jcvA respectively, lead to ihv same' point wi corre- 
sptuiding to the point in the *r-spaci\ 

It is possible to iirgu<% them, that the point tti on the c'ontimi- 
ation curve' cd the arc* u'o} is the* same as that of the continuation 
curve for tiUiiau since the tm*s o'ot and riViiO’i lie entirely within 
the* 5-nciglilH»rhoc»d of the point ui. Similarly, the point wt 
fcjr the arc* is tlie same as that fc^r iht* continuation curve 
idoiig ii'tPjtPi* And finally tlie point must coincide with p'\ 
provided always tliiit the initinl points w' and // t»f the c'oii- 
tiiiiiiitioii curves are the same. 
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In fartmdaT if the curve /.v deUnvtl uirr the lelitiir arr 
as described above, then there e.vhh a peli/gun ir Ike jidninfj 

a' and a" in the p-neighborhood of (\, mid alamj irhlrli itifrr i’,f n 
continuatum (uirve in S also joining // and ji*\ The /in/i/i/n« rrm 
be so chosen that no tieo adjacent sides hair more than an uni puini 
in common. 

To show this, let the interval T ' / * T* he liiviileil in uuy 
way by means of points of division t\ mid Irt 

the corresponding points on the enrve f hi* 

*•*, 0^"; iT')* The straigiit lim* f iiie. thi- 

equations 

= t.CAO 4. ^ t 

‘I' i Si ,1 iVsi SI * ’* t»®B» »M|J, 

— tf; 

Since the funotionH (lefiniiiK {\ arc I'ntitimntiis. ainl ihiTi f.iii- 
uniformly contimuniH, in t' t • I", it U {m^til,!,- t<. mkr tin- 

points of (livisioti f, ti, /a, t" so <-|oh<- foK<-t!t.-r that t In- 

differences .r - for any point .r on tin- an- “ '■ ..f r„ an- 
uniformly less than an arbitrarily as-iij'rn-d |io'4ti\i- t-oii'itanf A; 
and the preceding theorem shows tliat tin- c-nrM- C,.^ ami iln- 
contimiation curve along the polygon b..f!i h-ad from // f.. i, \ 

If the sides ^**'f** * 0 1 n^a t •! u,,,!-,. jlum j p,. 

in common, then one of the two would be im-lnd.-.l .-tnirrl> 
w.thin the other, and tlie eontimiation eiirve aloiu; ( ' > * ' 
would have the same end [mints as that along the two .net 
sides. Therefore, by reidaeing adjacent side-* by a -angle om- 
whenever the two have more than .me eml point’ in .-ouimnn, i, 
polygon as described in the theoretji can be f.miid, 

§6. Auxiliakv Tukokkmh and lh;i-tMrtoSH 

In this section it is proptwed to reeonl stune tbei.n-nii wbi. h 
will be of service later, espeeially i„ fh.- j, roofs of the theorems of 
§ 7. In the first place let it be agreed that a regnhir .-iiru- in 
the plane shall mean one which is eontimioiis and has « well- 
defined tangent at all excel, t IHissihiy a finite munber of [,oinl 
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at each of wliiclo however* the slope of the tangent api)roaehes 
<leflnit(‘ limits as tin' point is approac'hed from either side. 
Analyti(‘ally this mcains that the functions 

- Hf). y - y{t) it' r) 

defining a regular <‘urve are ecmtimious in the whole interval 
f < / < they are differentiable and satisfy the ine*quality 

(15) (V/.r/r//)“+ {(tyldtf + 0 

at all ex(‘ept possibly a finite immlaT of values of /. At an ex- 
ceptional value t = r, wluw th(‘ denvative\s are not well defincHl 
(^r wluT<^ the expn'ssion (15) vanishes, the* angle v"' defiiunl !)y the 
eciuations 

(Lridi . (hi! (It 

(»os « ■■ - ^ ^ sm = -7- 

VbAr/W/)'*^ + {dy!(lt)'^ >l{dx!diy^ + idy!dtf 

has nevertheless a uniciue limit ns t api)roaehes r on the right, 
and a imiciue limit as t approa<‘hes r tm the left. Thest* two 
limits are not mn’cssarily the sanu*. 

It is ktmwn that a simply ehised rt^gular (‘urve f' in an .r//- 
plane divichvs tlie plane into two continua, an exterior and a 
finite interior.* Any two interior points (‘an b<‘ joincsl by a 
regular curve every point of which is an interior point, and a 
similar statement Indds for exterior points. Any (‘ontiimous 
eurv(‘ Joining an interior and an exteri<»r point must liave on it 
at h*ast one point of the eurv(‘ (\ and any point p on (d (‘an la* 
join(‘d with an inti‘rior point by a regular eurvi* \vhi(‘h lias in 
common with f’ only the point jk 

Thv uitvrinr aj a situ ply (*lasrd mjtdar vurvv 

.r - .r(n, y - y(l) (d "" t f') 

mil hr diridrd hy ti jinitr nHtnhrr uf srtjmrnls tif sirniijht lines intn 

•‘Sin.* ffir rxiniinh* UnicotHi. <l«’r Faakf it»iif‘Uth<Ha‘ir, C*lijtptt*r V, 

ill Blw, *‘A proiif iht* faiulHini‘utnl uf MtiiH,*' Huilrliu 

ttf ihr Amrnmn XfuthrmnUml Sm'itiy, vul. 12 cHMWi, pngi* ailfi. 
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regions each of which has a maximum iliamrfn less than an ar- 
bitrarily assigned positive ronstant t.* 

Let the maximum and minimum vnlm's of y in the interval 
t' £ t ^ t" be ?/i and ?/ 2 , and let pi nnd /<;• be two poiiit-^ of (’ 
at which y has these values. It is desired t<) show that there is 
a segment p'p" of the horizontal line y t//i I .a.-' - whii-h 
forms with 0 two .simply closed regular <-urves. p’p\j”p ami 
p'p<ip"p', each containing one of the points /o nnd /».•. 

The points pi and can he Joined by a regular curve /> w hieli, 
except at its end points, is interior to f'. 'rwonresuf /> adjoining 
Pi and Pi, can be marked off in such a way that they do not ent 
the line y = (.ViH- J/a)/-- The remaining are J)' of 1) i*. entirely 
interior to C and can be rephu’cd by a <'ontinuous polvgon Ii" 
with a finite number of .sides, having the same end points and 
consisting also of interior points of (' only. .\ny side of /)" 
which has an end point in common with the line // tin j - 
may be rotated slightly about its other end point, and in this 
way it may be brought about that P" has only interior points 
of its sides on the line y — (in + .VaV'-h and a<'tuul!y crosses tin* 
line wherever they have a point in common. 

The polygon 1)'' must inter.sect y (t/i d- i/a)/- at least once, 
say at a point p, since one end point of P” is above and the other 
below this line. There will be a segment p'p” of y tin \ y-it ”, 
containing p and such that p' and p” are on the curve f* while 
every other point of the segment is interior to 'riiere can fa- 
only a finite number of such segments p'p" i-ontaining point -i 
of D", since D” has at mo.st a finite number of interseetioii't with 
the horizontal line. There must be at least one segna-nt on 
which D” has an odd number of intersection points, since utfn-r- 
wise both end points of D” would he on the same side of 
y = iyi+ yi)l2. If p'p” is such a segment, then it forms with 
C two simply closed regular curves p'p\p''p' and 
one of which contains p\ and the other m- h'or after its last 
intersection with p'p” the polygon P” and hence p^ is entirely 
exterior to the curve p'p\p”p'. 

* For a simaar theorem see Osgoo<!, loe. pit., Chapter V, f «. 
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For tlu' moment that jiart of a curve which does not lie in a 
horizontal line may lie called the effective arc^ of the curve, in 
vi(*w of the fa(‘t that the altitude of the curve can not be more 
than one ludf the length of this so-c^alled effective part. If the 
altitude of any curve is ^ €, the effectivt' length of either of its 
two parts after subdivision by a horizontal line segment, as 
deseril)ed above, will be < L where L is its effective length. 

If the altittide ?/i 1/2 <>f greater than €, then the effective 

ar<‘ of eitlier p'pip^'p^ nr p'p^p'^p^ will be greater in length than €, 
and the effective length of ea(*h will also be U^ss than L — €, 
wlu're L is the perimeter of (\ If the curve p'!)\p''p\ for example, 
has still an altitude greater than €, it may be sul)divi(led by a 
Imrizontal segment as before, and the effcidlve ar(*s of the two 
new (‘urves so found will be less than L — 2€. By a continu- 
ation of this process tht^ interior of ('^ will be subdivided finally 
by (nirves whose <dfectivc‘ lengths an^ less than 26 and wdmse 
altitudes are therefore less than 6. 

In a similar manner the regions so formed may be subdivided 
l)y vcTtical segments into others whcme brcMidths are less than 6, 
and the theorem folhm\H at once, 

A set of points in an a*ia* 2 -plane is aonneeted if any two of its 
I)oints can be Joined by a continuous are wliose j)oiuts all belong 
to the set, and it is further said to he .nimplp mnneeted if every 
simply closed regular eurve in it has an interior which also 
consists only of points of the set. 

It is more difficult to set down a satisfactory dctinition of 
simple (‘onnectivity for sets of points in an w-dimensional space. 
In the following sc'ction of these lectures, liowever, a specnal type 
of simple <*onnectivity is iuhmIchI wliieh may he defined by means 
of some simple^ atixiliary eonerptions. 

A normal nulmpaa* 0 / two dimemHiotm in a region X of iioints 
i^u ‘Ta, • * *, Xm) is a totality of points defined by ecpiations of the 
form 

jTi ~ a*j) — 1 , 2, • * “ , 7a) , 

where 
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1) the values (//i, nuv^v over n siuii'ily eoiuirfirti return 

2) no two (Hstiuet sets of vahu^s a define the .HiMiie }iiiiiil .r; 

3) the fiiuetioiis (p are eontiiunuts mid tuive c-oiitiiiiiiiie'^ lir^ 
derivatives in U ; 

4) the dcterniiiiants of thc' s(H*ond e»f the «»f 

derivatives (i -- K wi: Ic ■ L it th* ia»t nil 

vanish sirmiltaueously at any point of T. 

A simply (‘onneeted regitm in two dinieiiHiuiiH defiiini ithti\t\ 
and a connected region A" in a spaei* of point i.ru •f’u * 
has a definition (}uite similar to that for Uvo diiinitHiniiH. In 
order to specify eonveiinmtly the prtipertie?^ of ii regimi X tvhieli 
is simply connected, tlu^ team elrmriiiiirii rurrr will hr le-inh 
By an elementary cnirve in A' is meant it dimply eloHnl riiiiiitiyoiei 
curve which either lies in a normal stdwpaer of two diiiiiii autri 
entirely in the interior of A\ or else tsstirh that iiir%t*r\ iieigtihor* 
hood of it there is a simply closet! c'ontiiinoiis ctir\'r hiniiig thi'^ 
property. It is thus seen that \vluh» an elemeiititr^ rtirir nni) 
not itself be imbedded in one of tlie two-dimmiMtuiii! iinriiiiii 'Uilo 
spaces interior to Ah it (‘an neviTthcdess he iipjiro^iiiiiitnt 
closely as may l>ed<‘sin‘d by one whieh thms, I'hr word iirighhitr- 
hood is here used in the sense deserilmd in ronnerf iofi willi the 
fourth theorem of § 5 (see pagt* 2hl. 

If a region A' is eonneetial, then any simply ehi^^eil etiiiiinmni'-, 
curve in its interior may he developed into two sneli etirve 4 h\ 
an auxiliary are joining two of its ptnnts. and tlir prm'r^^% of 
development may he eontinued on thi* two iires no fnriiirii. 

If a TC[ii()7i A is such thai an// titmtil tofiiin mrrr in 

its interior is an ekmenUinj rurrr, ur mttn hr ifrrrlif|irff miu a 
number of eleineftUtry carves hy mrnm of atiailitirii tirrs, as jusi 
described^ them X itS said to hr simply ctmmrird* 

* For a discuBsion of the conneetivit ,v c»f lilglier Pirnrit »tit| Hrnmn . 

Thdorie des FouctioiiH alg^d,>riquw da deux Vfirliililei liniilUr 

n, in ^particular §§ 11 ft. If (»vary winply rtiiiliiitiuii-fi riiri-'P iiimraif 

to R lies in a normal subspaca tjf twt> diuiaiwltiiw iiilerior in II, iiiir UiOi- 
itively that a second neiM:hhoring Bulmpare of the mine kiinl ran In'* 
through the curve. I he cloned tw‘tM.finien#iiiiiii| wili^inwe nii fiiitiiimt r# 
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§7. A Criterion that a Sheet of Solutions be Single- 
valued 

Consider in the first place a set of equations 
(16) X 2 ; 2/1, 2 / 2 , • • •, 2/n) = 0 (a = 1, 2, • • n) 

in which there are but two independent variables x. 

If Cl conuected sheet S of solutious of eguatious ( 16 ) coTisists only 
of ovdiuciTy 'points of the functions f ^ and fuTthevniOTe has a simply 
connected projection X in the XiX^-plane such that no interior 
point of X is either a point where S becomes infi?iite or the pro- 
jection of a boundary point of S, then the sheet S is single-mlued 
over the interior of X, 

Suppose, in contradiction to the theorem, that over any 
interior point of X there were two points, p' and p", of the sheet. 
Since S is connected there would be a continuous curve 

^1 ) ^2 ^2(1)) yo. ~ Voff) 

{f ^t^ a = 1, 2, . . ., n) 

consisting entirely of interior points of the sheet and joining p' 
with p" in the space (x;y). The projection 

(Cx) Xi = Xi{t)j X2 = X2(t) (i' ^ t ^ t'') 

of this curve would necessarily be a closed curve in the a:i:r 2 “plane, 
and by the second theorem of § 5 the arc Cxy is the only one 
associated with Cx in the sheet S and having the initial point p'. 

The curve Cx may be simply closed and regular; but if it is 
not, there will nevertheless be a curve in the region X having 
these properties, and for which the continuation curve analogous 
to Cxy is not closed. For, in the first place, from § 5 it is seen 
that the curve Cx may be supposed to be a polygon no two ad- 
jacent sides of which have more than an end point in common, 
provided that it is desired only to secure a continuous curve in 

separated into two parts by the curve, and hence the number which Picard 
and Simart designate by pi is equal to unity for a simply connected region of 
the kind defined in the text above. 

4 
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the sheet passing from ;/ to //'. Let tin* <‘orncis of fiiis polygon 
in the x-plane be denoted by $i, la, • • •, I,., wliorc *. is a sytiiliol for 
a point (a:i, .ra). The side |„|i tonehes at its ciui [loint ;.t. 
and it can be argued therefore that there will be some fir^t siile 
IaIa +1 which touches some one of the preceding sides elsewhere 
than at its initial point l'<‘t the side so tonebe<i by 
be where «+ 1 ia necessarily less than X, and let the first 

point of IaIx+i which lies on be |. If the portiim of the 

curve Cxy which corresponds to the polygon 

(17) I, Ia. I 

is not closed, then the polygon (17) itself is a siin[i!y closed eiirve 
in X of the kind desired above, tluit is, one along which fheia* 
exists a continuation curve in the j'//-spa<'e wltose end points 
are different. 

If the portion of which corresponds to (IT) is closed, then 
that part of O^y which belongs to the polygem 

(IS) •••, l«, I. sAii. L< ii 

is also continuous and leads from ji' to //'. .'^inee », } i . x 
the side at least is missing in (bS), ami tlie nmnber of 

sides is at least one hsss thati that of the orignnii ptdv gon, H\' 
an alteration of the kind suggested in the proof of the last theorem 
of § 5, which also reduces the mmiher of sides, it can he brought 
about, if not already tnie, that the polygon dsi „(i|l has no 
two adjacent sides with more than an end point iti eoininon. 

_ By continuing this proee.ss one must eotn.- at some stag.< to a 
simply closed regular curve in the j'-plane with a <-om-sponding 
continuation curve in the x//-.spaee wliieli is not <'Iosih 1. In order 
not to complicate the notation too much it may he '.tipposed 
that the curve 0^ itself is such a curve. Kverv point of in 
an interior point of the region J .sinee th,. <-orresponding point 
ot Cxy IS an interior point of the sheet .S'. 'Hie interior of 
is therefore also composed entirely of interior points of .V. .inee 
X is simply cormeoted. If the interior of (', in snb.!ivi,|e’d into 
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two i)arts by a segment of a straight line, as described in the pre- 
ceding section, the dividing segment will also have a contiim- 
ati(m (‘nrve on the sheet S throughout its entire length, by the 
second theorem of § 5. For its initial point on the curve Cx 
(‘orrespotids to an interior point of the sheet S and, by the hy- 
pothesis of the theorem which is to be proved, none of its points 
(‘an be a point where S becomes infinite or (‘an correspond to a 
boundary point of S- Ilcmce one of the simply closed curve's 
formcMl by the curve 6^ and the dividing segment is a curve 
retaining the property that it has a (‘ontitmation cnirve on 
the sheet S which is not closc'd. Suppose that Cx it^ this curve. 
By (‘ontinuing tlie pr()(‘(‘ss a secpience of curves {fy^'^},with 
diameters approac'hing zcto, (‘an he found, (‘a(*h lying in the 
interior of Cx and having an un(‘los(‘d continuation curve 
on S. 

If a point is s(‘Ie(‘ted arbitrarily on the curve Cx/^\ the 
s(Hjuence 1 (/t= 1,2, • • • , oo ) will have a finite point of (‘onden- 
sation 7r(a; jS) in the .ry-space which is an interior point of tlie 
sh(‘c‘t For the projections of the points all lie in the in- 
terior of (^x and hen(‘e must have a point of condensation a. Fur- 
thermore the points of thesc'ciuence whose projectiojus are in the 
ru'ighborhood of a can not become infinite or a|)proxu‘h a boundary 
|)oint of the slu^et, since a is interior to A". They must tlurt'fore 
have at least one limit point tt which is an interior point of the 
shc‘et, and wnth which there are asso(‘iat(‘d two neigliborhoods 
TT, and by the principal tlu'orem of § 1. Some of the points 
lie in ami have (‘orresponding curves in cva. F<»r 
such points the continuation curves also li(‘ in tt, and vim 

not be unclosed, sin(‘e to aixy point x in there (‘orn^sponds in 
TT, at most om‘ solution of the (‘(puitions / = 0. Tlie original 
assumption that S is multiple-valued in tlie interior of A" is 
th(‘n‘fore (‘ontradictcaL 

The theorem remnim true for any ay^iem of equation^H of the form 
(HO ^ 2 . • ' 1 / 1 , yu, • • % ttn) =0 (a = 1, 2, - • a). 
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With a continuous curve C joining (?//, 712) to an arbitrarily 
chosen point (7/1, 7/2) of U there is always associated a continu- 
ation curve of solutions of the equations ( 21 ), having the initial 
point pi/ and defined throughout the whole of C, since any such 
curve defines a curve in the .r-space interior to -Y along the whole 
of which there is a corresponding continuation curve for the 
ecpiations ( 19 ) in the sheet IS. lienee there is a unique sheet 8a 
of solutions of the equations ( 21 ) whose projection in the 7/17/2- 
spa/H'; is U ; and no interior point of U is a point where the sheet 
becomes infinite or corresponds to a boundary point of the sheet, 
since the same is true of 8 with respect to -Y. The preceding 
argnuient can therefore be applied to show that the sheet 8^ 
is single-valued over the region U, and the existen(‘e of the curve 
(■uy with th(^ distinct end poiids p/ and p,/' is contradi(‘ted. 
Hence ( can not have distinct end points p' and ]/', and the 
theorem last stated is proved. 

§ S. Tmansfoumations of n Variables and a Modification 
OF A Theorem of wSiuioenflies 

It is interesting to de<lu<*e by nutans of the prcH’cding theorems 
some coiuhisions (‘onctaming a system (»f ta|uations of the form 

(22) /J.r; //) = .q, - \{/Jpu • •%//«) = 0 [a = H 2, * ■ *, a)* 

dlu' functions ^ ar(‘ oiK*e for all assumed to be single-valued, 
continuous, and to have <‘(mtimious first <h‘rivutives in a con- 
tinuum r in which the functi<mal determinant 

I) - d(ypu ‘ » !fn) 

is /lifferent from zenn Ily a continuum is meant a set of points 
consisting only of intericir iioints any two of which can l)e eon- 
nc'cted hy a continuous curve lying entirely within the set. 
The boundary points of Y will be denoted hy B, and A" will 
represent the set of points in the .r-space winch corresponds to F 
by means of the ec|uations ( 22 ). 
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Any sequence <>f points O/i'*', •••, 

(k = 1,2, Y, which approaches infinity or has a point of 

B as limit point, defines a corresp<m<lin>r secpnnH'c of points 
inA^. The set of points of <-ondensation for such sccjnetices 
will be denoted by .1. 

The totality of }>()hitionn of the viiitatioiix (22) nirrisjinnilintt tn 
points of the contimvum Y form o siiiylr faumvtrd .shu t S wfinsr 
only boundary jminis hare projrrlioii.s j- and y In tin .srt.s .f nntl H, 
respectively. 

For suppose that (a-'; y') is a first solution niui i.c”: y''i any 
other. The points ;;/ and y" can be joined by a eontinuoiis 
curve interior to T 

ru = !lait) («--l,2, ■■■.«; ('• t- t"). 
and the corresponding curve 

!/„~yJI). 

defined by equations (22), is a curve interior to the sheot N and 
joining (a:'; y') to (;r"; y"), so that .S' is .‘vhlently connect ed. Any 
boundary point (a;/?) of .S’ must be the limit of a se.pienee of 
points for which the projections y are in 1'. 'rite limit d 
of the sequence y® can not be in K, .since tiieii (n; dt. f.y iln- 
theorem of § 1, would be an interior point of .S, Ifeiiee d nni-.f 
be in B and a in A. 

One may say further that if /;**’ is a se(|Uenee of points (.r’* t 
in S for which the sequence a-'*’ approaches infinity, then the 
only finite points of conden.sation possible for the sc«iuen<e 
y^’‘^ are in B. The statement is true when a- and y are ittter- 
changed, on account of the dcfinitit.n above of tin- set J. 

If the points of the set A are disthiet from those of the imayr .V 

of y, then X is a single conthiuim udume only houmhtry fmlnts 
are points of A. 

To prove this, consider an arbitrarily chosen point y' of }'. 
None of the points in a suitably cho.Hen neighlKirhcKHl of the 
corresponding values x' are points of A. .since by the fumiiiinetUal 
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tlicortTii of § 1 all such points correspond by means of equations 

(22) to points of ly and are therefore points of X, Consider 
now the continmnn .Y (‘onsisting of all points x which can be 
joined to x' hy (‘ontinuons curves containing no points of 

a (!ontinuuni to which the neighborhood of ;r' certainly belongs, 
as has just been shown. 

All the points of A" are in the continuum X, since the solutions 
of (‘(juations (22) corresponding to points of Y form a single 
conn(‘c?tc<l slu'ct The curve in S joining (a’'; y') with any 
otlu'r point (.r''; y") of the shec't has therefore a projection in 
the .r-spa(‘e joining .r' with .r" and containing no points of the 
set A. 

All of the points of A" are points of A". For any set of values 
X in A' <*an lie joimal to x^ hy a continuous curve lying entirely 
in A' and containing therefore no points of *1. By the second 
th(M>r(un of §5 th(‘ (corresponding continuation curve (Jxu must 
extend along tlu^ imtirt* an* sin(*e otherwise the values of y 
for points on (\y would approa(‘h infinity or else have a limit 
point on the boundary H of and some point of Cx would in 
that case necessarily he a point of A, It follows that x, like x\ is 
the image (d sonu* point y in 1'. 

From tin* initial tliconun of tlu* last section, for the case when 
tluTt^ are more than two variables, it follows that 

// A u dktinct front X, and X in nimply connevied in ihe nenne of 
§fi, then the nheet S in ningle-valued. In other leordn the (xmiinnum F 
in tratiformed in a ontAo-one way into a eottiinuam X hy vieann of 
the equafionn (22), and the fnnetionn 

(23) • s (of = 1/2, - - , n) 

no defined over X are ningle-mlued, continuom, and have continuous 
first derivatives. 

The character of the functions (23) near any point of A" follows 
at onee from the theorem of § 1. 

Lei it be supimsed that the set of points A divides the x-spaee 
into exactly two eontinua A', S such that every point of A is a hound-^ 
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ary point for each of them, and mipiioec fiirthirmari- that tfit-rr i.i a 
particular point ^ in S which doc-t not correspond hy mrnn.'i of the 
equations (22) to any quant of Then the imntje X of V ix 
distinct from A and coincides with A'. If X is siniply cnnneetnl 
the other conclusions of the last theorem fnllutc at once. 

In the first place it can he shown that if any point (.'of 
corresponds to a point of Y then every other point i," of 
would also have this proi)erty. hor and ran he joined h\ 
a continuous curve 

•f« = ■i*a(0 («“■ 1, 2, •••,«;/' ■ t • t”) 

entirely interior to S. The eorrespomling eontinuation curve 
•fa = .f«(0. .'/« “ 

of solutions of ccpiations (22) must he <Iefine<i hIoiik the vvliole of 
the interval t' ^t ^ t", since <*therwise as t approiiehed any 
upper bound t of the values t which could he renehed hy eon- 
tinuation, the corresponding points y of the curve wouiii have 
to approach infinity or else have a point of eondensaf ion on the 
boundary of F. But this is impossible, since for a setpienee of 
points a; corresponding to a se(pience of points in )' n|»proHehing 
infinity or a boundary point of F, the only limiting points pos-dl.le 
are at infinity or else in the set A. It follows at otiee, on n<-eount 
of thehypothesis of the theorem, tliut no point of Z can correspond 
to a point of F, and neither can any point of ,f. since in any 
neighborhood of such a point of .1 there are points of Z which 
in that case would also corre-spoud to values y in V. 'Pile image 
of the region F in the a--.space is a .single eotifinmitn w hose <udy 
boundary points are points of A. According to tim preceding 
argument it cannot be Z and it nmst therefore l»«< A*. 

A modification of a theorem of Hchoenflics can Iw t!e.hn-ed 
readily from the results which precede. 1’hc theorem has to do 
with a pair of equations of the form 


( 24 ) 


^1 = 'hAyi, Vi), 


jTj ». ypAyi, yA 


III III 
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in whi<‘h the fniu'tions are single-valued, continuous, and have 
continuous derivativt^s on a simply closed regular curve B of the 
y-plane aiul in tlu^ inttu'ior Y of B, The functional determinant 
I) =: !h) is supposed to he dilferent from y.ero in Y, 

If f hr curve .1 in the x-plaNc fonncd Inj frauftfornting the shujdy 
eloml regular curve B ui the g-plane, by iueauHof the ecpiatiorh^ (24), 
UH (lf\HiiNct fnuu the Image X af the ulterior F of B, then X is a 
simply riNuieeted roNtiuuum whose ouly houNdarg points are 
pinnis of .1, and the eorrespondenee defined between X and Y is 
onediMNie, The single valued functions 

//i - jh = !hUu 

so determined in the region X, are continuous and have continuous 
first derivatives,*^ 

From tin* preceding tlu'oreins of this section it follows that 
the comph4(' iinag(* A* of }' is a singh* finite (‘ontinuum whose 
only hotnulary points nw points of A. It remains to sliow that 
A' is simply (amiua*t(‘d and that the correspondeiuT hetwecn 
and Y is one-to-one. 

If any simply ch^scal regular curve (\ is drawn in A\ its interior 
must c’iuisist entiri4y of points (»f A'. Otherwise there would 
net*t*ssarily la^ a houndary point c»f X, a point of the curve A, 
int«n‘ior to 0,. and there would also l>e points of .1 exterior to 
Hince A' is finite, llcmct* there wcmhl necessarily he a point of 
the continuous cnirve A on fh itself, whicdt ec»ntradic‘ts the as- 
sumption that A and A' are distinct. It hdlows at once fnun 
the first paragraphs <if § 7 and the siujple ecmneetivity of A^ just 
provi*d, that only one point y in (‘corresponds to a given j* in 
X\ aiut*hy the tliccjrem of § 1 it may he seen tliat the functions 

* SrliiMmflii*s iimiiaeti only tin* continuity of t!ie furiciioiis adding, 

however, that the ettrrei<|Maait*nef» ilefmeil htUwien the rr^gions A* and F of the 
tw*o planes is to l»e one^tiMine, In the theorem hen‘ provcnl and are 
Mihjeetwl fo further eontinuity rest riet ions, hut the eorrwpondenee m prcwtsl 
to be uiiitpie. 8rlio«»nllif^, ** llelaT einen Hat 2 der Analysis Hitus/^ 
itiUimgtr S'uthrtrhkn ClHIliU, page 2H2. The thecjrem wiia lat(*r provtal by 
OsgtMKi and lieriwteln in tlie siiiiie Jcniniii! CUMH)), piig« 114 and ilK, ri*s|H!etively. 



42 


THK PIUNCKTON COl.Lnqrn M. 


(25) have the eontimiity proixTties <h\s<TilH*d in thv thvimnn in 
the neighborhood of any partienlar point x. 

Another theorem, slightly dillVrent in form, ma\ br lati'd a . 
follows: 

If the wiagcfi of the poluin of thv simplij rlasnl rvonlor fi/ri# /i 

inthey-pla7ieallluu>7ia.Himpti/H rvijiihir runr J in ihr r 

then the etpiatiom (24) (Irjitiv a onr-to-onv nirrvsptonlt Jtrv itrin-mi 
the mterior X of A and thv Intvrior Y of IK ami ihr (umiifois i 
so defined ham the same eontinuitij properties ns fnlorr. 

In this case it can first be shown that tin* imagt* of an\ ptiinl 
y' in Y must be distinct from and tlie re^4 td thv pronf i . titr 
same as before. For, if .F were a point of J. tmin |Htint td 
a properly chosen neighborlmod of would alno 1 h* flti- itnane 
a point of F, since at {x'; //) tin* finirtiomtl drtormiuant of 
equations (24) does not vanish. It wtndd folh^w ihm. h) r»m« 
tinuation, that every point exterior to the (‘urvr J uoidd jil .o 
be the image of a point of }\\vhi(‘h is impossilde sinee itnduiietn*HH 
^ are finite. The (‘ontinuiim A' is tlienditre idonlintt wifli tlir 
interior of A, by the prece<ling theorems, and tlm oorro .poutlrnoi* 
between X and Y is one-to-omn 

An example applying some of the tlmoreniH «d §§ o, s i , ulwu 
at the end of § 14. 



CHAPTER II 

HINCUII.AU POINTS OF IMPI.IOIT FUNCTIONS 


T1h‘ th<‘(>reins which have been developed in the preceding 
pages of tliest^ l<‘etnr(‘s have to do with the behavior of impli<‘it 
functions at (n*dituiry points, or in regions which have no singular 
points in their intt*ncn*s. For singtilur points where the functional 
deternnnant vanishes tlu‘ theory is much more complicated, and 
no mc‘tho<ls which <'an Ih^ comprehensively applied have so far 
been denn'toptni. are, however, many special eases in 

wddt'ly differimt helds \vhi<‘h have l>etaii studied with sue(‘ess, 
and it may not be <mt of place to glanc*e at a few of them before 
I)ro<‘(H‘ding to the fnrtlier tlu'orems with which these |)ages are 
primarily (Huieenuah 

Pt'rluips the most <Munplcde single tlieory which has been 
developed is tlint which Ims to do with the singularities of an 
algehraie function // of i determined hy an e(piati()n of the form 

(1) PU, I/) t), 

where is an irredtu*ihle polynomiiil in the two varialdes *r and y. 
KuppcKse fc»r eonvenien<‘e that the singular point to l>e (considered 
is at tlie origin, and that the polynomiu! /^((h y) has a lowest 
term of dicgna* n in |/. Then it is known that for each value of 
X ill a sufficiently small neighborhood of x = t), there exist exactly 
n solutions |/ of ec|uation (1) in the neigliborhood of y = 0, and 
the values of these Holutions are given hy k cycles of the form 

(2) 1/ * + • • • (j = 1, 2, * ' • , A-), 

wliere the mimbers p are positive integers satisfying tlie 
relations 

pi + pt+ » • • + pk “ n. 
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The series is one memlH'r of the cycle; the other s itrc finuui hy 

replacing by K 2, - lb ulinv is u 

primitive root of unity. The ntnnht‘r hin^ iiu fiMiur in 
common with the exp()ncnts Mm (Hht^rui rthfrxpaiibt.n 

would be in terms of a root of ,r <»f InwtT <n‘drr than /«,. 1dm i 
there are in all n series in fruilumal ihovcth uf .r wbirh drtino tin* 
roots of the algebraic ecpiutitm in tlu‘ iirighborlmntl uf thn ctrigin. 
The coefficients of the s(‘ncs may be eoinimtrd 1>\ nieaiiH i»r tin* 
well-known Newhm polygom^ <»r by metht»t!s due tn llnin- 
biirgei’t and Brill. $ If tht* substitution »r i * nun It* in the 

series (2), the points U\ //) which it tlefiiie. ina> be e\t»n-M.ed 
in the parametric repn^simtatitm 

X = f"', ?/ = + o-//**’’ • ’ ■ ! t » 2. 

All the solutions of the ecfnation f 1) in the neigtdiorliond of the 
origin evidently belong to a finite nniuber of. ^ueh itriiriflie-e 
With the help of the preparation flietireiu td Weirrum-^n 
which is to 1)C sttidied in tht‘ folhnving page*, r** u!t . »iiniliir tt» 
those just giveti may l)e proveci b»r tlie sjthiliims nf jm f”i|natit»n 
P(^Xy y) = 0 in the vicinity ol any point wliere F i-i aiiiil} fie. 

The singularities of a surface 

F{.t\ //, z) d 

at a point where the function F is luutlytii’ have iib*o hri*ii ev« 
tensively studied. The pchnts of ttie surface in the nriglilMir- 
hood of a singular point are determined by inritUH uf n liniti^ 
number of expansiouH of tlie ft>rm 

a: = Piu, r), // Qm, n, 

where P and Q are analytic in the piiriiiiielerH n and r,§ 

* See Appell and Goureat, Thforie di*s Feiirtieiw |i|* ff. 

t Weierstrass, Werke, vol 4, Kiipitel 1. 

XMUnchemr Ikrichle^ vol, 21 (IKiH), p, 2t)7. 

§See Black, “The parametric repremaitation of the nri^.hlHirli*»*«i uf n 
singular point of an analytic surface,”^ o/ yiwrfifiifi 

of Aria and Sdencea, voL 37 (UK)2), p, 281, 



FUNDAMENTAL EXISTENCE THEOREMS. 


45 


III tlH‘ calculus (if variations the (‘onstruction of “ fields of 
extnunals '' in the plane recpiires the study of the real solutions 
of a syst(un of eciuations of the form 

(H) ip{f, a), y = yp{t, a). 

The (‘xtriunals an^ tlu' curvi\s in the .n/-plane defined by these 
ecpuitions for dilhuxuit values of u. Suppose that the parametric 
valiu's 

(4) ■ f iu a - uu 


defim* an an* K whidi do(‘s not intersect itself and which consists 
entirely of points wlu*re the fuiu’tional d(‘terminant 


(n) 


A{/. (t) 


^( v^ t/^) 

c) 


is diHVr<'nt from y.vnu d'hen to any point (j\ y) in a prop(*rly 
cliostni neiKhhorhood of K there (‘orn*sj)onds hut one solution 
(/, a) of (apiations (d), in the neij^hhorhood of the values (4); and 
the functions 

t ’ f{j\ y)* a - a{.r, //) 

so d(*fin(‘d liavt* (’ontinuity [properties similar to those of ip and 
^ tln‘ins(4v(*s. * Tin* mdglihorhood thus simply ('overed hy the 
extnmials (Mi is tin* “fH4dd* and is [lerliaps th<* simpl<\st example 
of tin* notion siiua* it consists only of non-singular solutions of the 
e(|Uations fhh 

When it is desired to find an arc (* whi<*h ininimizt^s an int(*gral 
witli resiMal to variations lying entirely on onesideof T, a field of 
a ditfertm! sort can la* (*onstructed,t "rhe ecpiations of the 

'rhr iimllPiiiiiOriii ('ojarriMsl witli tin* siagularitt(‘H <tf a <’nrv«* 

(if nnrhm\ |wrf irtilarly thi'ir tma^fonimtion into miuplcr h vary largv. 

The rvitdiT y oTrrrisI to Fitseal, l{ejM*rtt>riuai tier hcUaTen MiUheaiatik, 2d 
wlilaai, vet. 2, erste |)|a 2UI fT; and Kneydapadie ih»r ^latiieniatwefien 

WissJSiMehiiffeiii, II H 2, p. I IU* aial 111 (' 4, pp. 205 IT. 

* lit dxiU Vurlertinictai alter Variiititm.Mreehnuag» pp. 240 11. 
t “ Hnllieieiil eiiailitkaw fetr a aaaiiautii witli r(*spt*et to entHHid<‘d 

viirialiuir-i/* Tmunmiumn ttf ihr Amtrimn Mnihrmuimil Narirp/. vol 5 (lIHUi, 
|». 477: IOiIm, “ HxiKteiire prmd for h field of exireaialH tangent to a given 
eiirve," iiiitL, vol. H tlWlTn [i. 2U0. 
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extremals (3) can be taken s<» that for t - l) flicy nil iiitrrsn'f (' 
and are tangent to it, and the ecinations 

X = ^( 0 , a), !/ ■ (() 

will then be the equations of C. If f he eiirviitiirf . i.f the twojires 
at their point of eontaet are always ciilferent. then the extreiiiai 
arcs E simply cover a portion of tin- plane ,V mt .ni.' -.i.ie of (’ 
and adjacent to it. In other words, (he e(in)ttions (.n define a 
one-to-one eorrespondenee between the point , of a reyiun ad- 
joining the axis t = 0 in (he /n-plane, shown in the aeeotnpany iu); 
figure, and a certain neighlKwhooil .Y on one side of (h«- are 



Kni. 2. 


In the interior of the region A' the fnnetiiiiis hx. j/t, Inne 

continuity propertie.s similar to tlnw of y" and 4 them. eh e.. 
It IS easy to sec that this is a ease in vvhiii the fimt tiona! de- 
terminant (5) vanishes along the boiindnrv t I) of the region to 
be transformed, since the curves (' nwl E are „lwa> . tangent, 

In a paper published since these leeturcH were gi\en. I>r. l i, ,f 
Mdes* has consid ered the transft.rnmtion defined hy the e.pnttion ] 

* “ The absolute minimum of a definite inn-Kml m .i„, ...i n. i i / . 
Odum of the Ammcan MathtnuUkal Society, vnl. la t .i ' if 
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(:i) when the curve C to which the extremals E are tangent has 
a cnsp, a situaticm corresponding to still another problem in the 



calculus of variations. In that (*ase a point (tu ui) and a curve 
r througlj it are transformed into a point (.rj, i/i) and a curve C 
as shown in tin* figtire. One portion of a neighl)orhood of 
(t\, aO is then transformed in a one-to-one way into the leaf jS, 
and tin* otlier pmiion il' into the leaf *S’'. At any point in the 
interic^r of one ed the leaves, the variahh*s i and a are single- 
valueel fuin*ti<ms (»f *r, // having «’ontinuity properties similar to 
theme of ^ ami I'ht* transformation is singular along the 
<’urve r. 

Tin* tliree examphm winch have been Just descnlmd are only a 
few of the many proeds for the existence of fields involving trans- 
formatiems with singular pc»ints which might he cited,* Nearly 
all (if tliesc liiive to do with singularities of transformations of 
the form 

(0) .r - r), ff - r). 

^ “Till* roimtnifiif»a of a ra*l«i of ejctnaoiils iihoiit^. ii givcai 
BuiiriiH (if the Amtrimn Muthrmniical voL l.'l cliKMI), p. 47; Miwm 

fwicl 1IH«, “ Fit4«Is of extreroiilH in sparis” Tmnmirtkfm ttf thv Amrrimn Maihe- 
fmttimi *SVico%, vol. It (HUO), p, 325; Bill, “The <*oriatrurtion of a npare 
fielci of extreinidii,“ Huilrtin nf the Amrrimn Muihtmuiiml Bneiriy^ vol. 15 
(inOK), p. .174; “Htir Textr^intile qui joint deux |Hant« ilonn^s,” Maihr- 

wmtiwhr Ammkn, voL 71 CHII2), p. 1B0. The methcKl iweil by Belles is cpiite 
elfmely thill Ilf mid Bliwi in the ptt|«*r ineniiontHl iihove. 
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or 

X = (p(^u^ V, w), !/ = \^(/^ i\ 

which have been studied also in a series t»f papers of nmn^ rvvvnt 
date presented as dissertations for tlu* dc^gree c»f dortnr <d’ 
philosophy at Harvard ruiverslty.* Tlw tutUlicHls wliirh Iiii\r 
been used in the dilferent eases have differed \vidrl\ . ntul it dtn-s 
not seem possible at present to formulati* a t!iet>ry whirh itiehides 
them all. It is the intention of tlu* writer. !io\vr\er, in nIihw in 
the following: pages how the transfonnntion fluau-eiuH pru\rd 
above in § 7 may !)e applie<l U) throw mueli light oti the nature 
of real transformations of the form (td iit the neighborhuud^ of 
singular points. In the sei’tion of the leettires iuinu'diately 
following this introduction a simple algebrnii’ proof t»f the 
preparation theorem of Weierstrass is givt*n. not <!e|H‘nding 
upon the theory of functions <^f a complex variable. A gmend- 
ization of it is given in a later sedion vliieln lii what might fte 
called the general ease, enahh'S mu* to desi’ribe the beha\lor of 
the solutions of a .system of etpiations of tlu* form 

‘ ‘ » »t*M» jiu * ' * » //«! d ( ^ i , ■ ’ * /n 

in the neighborhood of a point where the fmietiomd deiermimuif 

Hfuh. 

d(//n //'», * * • , //«) 

vanishes. For these ecpiations the variables .r luul 1 / are per* 
mitted to have eomplt*x values.f 

*Urnor, “ Cortmn HingukriticH of point tmitHforamf sufin m r .a' ilsrrr 
dimensions,” Tramadiomof the Ammvan Muihnmtiimi ^*4 |a , lol'i,. 
p. 233; Clements, “ Implieit fimetioiiH <Minol hy »H|n.Hnuiin mill 
Jacobian,” to appear in the same jtmnml. I>e<lerhi,in n p3i|wrriit!f|i’4 " ‘I'hr- 
solutions of an equation in two real vnrinldesnt n %%Unv IihiIi ihr imttml 
derivatives vanish,’’ Balk/oi of the Amrrmm MtHlirfmihrol Shu- h,, uil ir, 
(1909), p. 174, hasdiscuHsed (hesingukritii^of u mrve of flii* ftiro, i ii 
with the help of a sort of generali^iiliori of tlie \Veieir»toi#%i 4 prrpufiiiiiiii 
for a function which is not necesHarily nnnlytie. 

tThc proof given in thc^e pag(*H f(»r the litiimnenfifiii«| thn-imn m f*ir tlir 
case of two variables y. For n vnrinldc^s see the refererirr m lin' I 11-4 
to § 13. 
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§ 9. The l^tEFAitATioN Theorem of WEiEiusTKAas 

Th(‘ ilwimnn which is to l>c proven! may l)e stated in the 
following form: 

/(Ti, jv, • • • , //) tJ vomrrijvnt .nerirs in the variahln .r, y, 

and .vncA that the Hvrivs fii), (I, -•,()» //) bryln^s with a term of degree 
11, Then f is faelorahle in the form 

/(ti. Tts ‘ , .o„, //) - . . • + a„)(^(*ru T2» * • //), 

where ou h-j* • • •» eirr eonrergvnt power series in X], x^, • • s Xm 
which vanish for Tj ^ - .r.i - . . . ^ (}^ a power series 

in Xu X’^, — Xm, // a'A/VA //h,v a constant term different from zero. 

In th(' HnUetin de la Societf Mafhcmatiipic de France"^ Goursat 
has calhnl attention t(^ the fact that th<‘ pnn^f whi(‘h Weierstrass 
gave of this iinpcniant tla^orein, as well as the later proofs 
wliich (H'cur in tlu‘ lit(*rattiret, make tise of the notions of the 
fnnetion tlunay, while the* theorem itself is (‘ssentially of an 
algehrai(’ <*hara(4c‘r. In tin* paper r(*fcaTtnI to he has given an 
elegant and (^hmumtary proof of the theorem which is in ontline 
as folhnvs: 

By imnins of tin* suhstittition 

the* stn’ies / <*an hi* rtshiccii to a polynomial P of degree n — 1 
in //, wlnwe n inadhcicnts are eemvergent series in au n> 2 , 

Rfl* To Tn, * • - , Xm, By tin* usual tht*orems of implicit fmu'tion 
theory it is .shtnvn tluit tin* n ecjUiitiims fotmd hy putting tln^se 
ccHdlicimits infual to 7.ert^ liave uniijue soluticms fi»r rii, ri«i, * • n„ 
as powiT series in Xu As ’ * * , which vanisli with Xu A» • * ■ , Am. 
If the values m found are substituted in tin* formula 

if — •••—«« + // 

* “ D/aaoiwtriitioa /*k'ani*ntiun* tFuu tWHarnu* tie Weierstrass,” vcl. M 
ClimH), |i. 2(HK 

t Htnn f(»r exaiafile, Pieiirti, Traits ti*Aaa!ym% vol. 2, p. 243; CSoumai, 
Coura <FAfiii.lyiii% voL 2, p. 2H4. 
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and the series/ again reduced, a polynomial Pi of liegrce n - I 
in y will be found whose eoeflieicmts are seri<'s in .r,, .r.,.. ■ • ■ . .r,,,, fx. 
On account of the way in whieh tin* fiim-tions uj, a... ■ • a„ 
were determined, this polymunial /’i has a factor /.<, ami licuce 
/ has a factor (//” + ai.;/”"' + ■ • • -f a„l. 

Since the paper of (Joursat appeared two further proofs of the 
theorem have been i)uhlished, one by tlu- writer* ami the other 
by MacMillan, t each of whieh seems even nmn* direct tlian that 
of Goursat. In the proof winch follows use is madi* of the very 
concise and elegant method of MaeMillan f<tr iletennining the 
coefficients, while the rest of th<‘ proof is similar to tliat of tin- 
earlier paper of the writer cited above. 

The theorem may he stated in a diil’erent form as follows; 

Suppose thatf(xi, .rj, • ■ - , .rm, y) is u series with litem! nirffirients 
such that /((), 0, • ■ 0, y) begins with the term a,,//". Then there 

is one and hut one series bUu .r-i, • ■ ■ . .r„. (/) whieh sntis/ies JnnmtUy 
the relation 

(7) bf ~ ]), 
where p is a polynomial 

p = at,;/'' + «!//" ' 4 f a„ 

whose coeffieients a^A, .r.,, j-Jik « i, a] „re series 

vanishing with the .r’.v. 

Each of the coeffieients in band the a’s is a rntiimnl ftinetinn nf n 
finite number of the eoeffieients of f with deniiininntnr ti /mwer *</ 
«o, and the constant term in b is unity. 

If the coeffieients inf are ehosen nnmerieiilly m> that f emirerges 
andao + 0, then the series b and an (A- « 1 , 2. • ■ • , /i ) also nmrergr. 

The functions/, h, p may he written in the forms 

/ = noy" ~ y« i % -/,-/,- . . . , 

(8) 5 = 6o 6) -f- ha -f- • • • , 

P = aey^-pi- Pi - 

* Bulki%n of the American Malhenmiical Soriety, vti!. Hi (Umt), p. aw 
tibid., vol. 17 (1910), p. 116. <i • 
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when' /*., hit, pk are homojjencous ('xprossions of degree 7c in 
^• 1 , .r^, ■ • • , .r„, with coefllt'ic'ntM which are Kcries in ?/. It ia desired 
to determitu' h so that the identity (7) holds, and so that the 
('xpressions pk hav<' co('ffi<'ients which contain ?/ only to the degree 
7( — 1. 

By suhstif uting the expn'ssions (K) in the identity (7) and 
c(puiting terms of the same <l('gn'e in the j^’s, it follows that 

hiiito ” ?//«)//” ~ /Jn/i — pu 

IhUtii — ///«)//" ~ /'ll/a + hji — p-i, 

hkiitt) ~~ ///ii)//" /'i/n + /'lA- I 4" * • • + hk-ifi + hk-ifi — Pk, 


Thes(' equations ari' to h<* identities in .r and </. The first one 
det<'ruuncH bn uni<piely with constant term unity, and further- 
m<»re so that each eoenicient is a ((Uotient, in fact a polynomial 
with positive integral coefficients in a finite number of the coef- 
ficients of /, divided by a power of «o- la the second ecpiation 
pi must b<‘ chosen eipial to the terms of hnfi which contain y 
to the ilegree « — I or less, after which 7h is uni(piely determined. 
Similarly in the A-th eipiation pk must first be cho.sen to cancel 
tlu' terms on the right of degree n — 1 or less in y, and then 5* 
is unique. 

It only remains t<* show that the series b and ak are convergent 
in any numerical ('use for which / converges. There is no loss 
of generality in assuming that the series / converges in the domain 

1 X. ] < 1, I y I IS I (f * 1, 2, - • m), 

since this can always Im' effected by a substitution of the form 
X, = p.x/, y ^ oy' (t * I, 2, • • •, to). 

Supimse thei» that K is a Jiumber greater than the absolute 
value of any term in the st'ries/fl, 1, • ■ 1, 1), that i.s, greater 
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than the absolute value of any coeflicient in /. If .hi is the 
absolute value of flo. the scries 


where 


„ . A'//”'* K 




dominates / in the sense that every eneffleitnit exee|)t five first 
has a numerical value equal to or ^u'(*at(T than K: aiul tlie series 
B satisfying the relation 

BF-- jUf^+Ai!r^+ ••• 4 An 

analogous to (7) has coeffieients nuinen<*nlly greater than the 
absolute values of those of Ik Henee if /f (*(»nv<Tges the same 
will be true of 6. 

But it is easy to show that tlu' sericss B (‘onvtu’givs* It will 
certainly do so if convergent series <\ I) c'un he foiuai satisfy- 
ing the relation 

because then B would have tlie vahu* 


f h/ 4 B 


On comparing the coeflieients of tlu‘ two higlu*.Ht terms in i/ 
in the next to last equation, and for (‘onvenienee demiting li\ n 
the constant value 

do 4 K 

« « - - ■ 

An 

it is found that 

C = ado» » 1 — j. 

By comparing the other powders of ami sulistitnting t viilnrs, 
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we have 

Ai + rv/lo/l'i = 

J 2 + = aAiA2 

“4“ fV/lo/lrt = C'^/l 1/1 

1 fj, “™* CX * i 1 4’ 1 fi J\ JSk . « 

But th('s<^ (‘<|uatiuns huv(* linear terius in Au -lat ***, An with 
func’tiniuil determinant difl’erent from zero, and hence have 
solutions, hy the theonuus of § 2, which are convergent series in 
♦ri, T-it ’ • % *rfn ami luive no eoitstant terms. 

It is evidtuit, in any numeri(‘al ease for which / is convergent, 
that a m‘iglih<^rIiood of the origin may he chosen in which the 
series h is t'vta'ywhere diflVrent from zero. In such a neighbor- 
hood all of the valiu's (tj, As » • *, //) whi(‘h make/ vanish are 

reacts of th(‘ (*{|uation j) — 0, and vi(T versa. 

If /(•rt, 0» • • ' , (h //) has its t<*rins of lowest degna^ homogeneous 
and of ilegrei' n, tlum the polynomial p(xu d, • * 0, y) has the 

sanu* initial t(*rms. since tlu' first <‘<»efficient of the factor series 
b is unity. 

§ Kb The Zehoh <u** ifin , r)» <>h tiikik Functional 

1 >KTKUMINANT 

('onsid<T a funeti«)n tfiu, v) whose valu(‘s in the neighhorliood 
of t!i(* cjrigin in tlie nr-plane are given by a (*onvergent series in 
u ami r which vanishc*H for u — r — d. If the series contains a 
factor H in every term it may be written in the form 

(d) ip{u, r) - f/aMKa, r), 

wliere a is a i'lmstant ililTerent from zero ami r) is a ctm- 
vergent stTies for which #(d, r) has a first term of the form 
with <a»efrHient unity. Aeeonhng to the results the preceding 
Hcetion, all of the roots cd r) inn neighlmrhood of the origin 
will be roots of a certain polynomial 


(Id) 


p a fW 4- ^ + • • * + 
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where the coefficients ak are series in v having no (‘onstant tvnm. 

The polynomial P may be equal to the product of two poly- 
nomials of similar form, 

h{)V^ + ^ -p . . . »}« 

where the coefficients h and c are convergent seri<\s in a, hi 
that case the product must be idcmticadly unity, am! by 
dividing the first polynomial l)y 60 and multiplying the second 
by the same series, the two factors will havc^ tlu^ form 

The coefficients P and e' are now' series in u without <'oiistant 
terms. Otherwise the product P would have a ttTin of lower 
degree than with a eoeffieient series w’hose ecmstant term 
would be different from zero. 

It is readily seen from this that the polynomial P is eitluT 
irreducible in the sense that it can not be ihssmiposed int<» a 
product of polynomials of the same sort, or else it is the pnaltni 
of a number of irrediieible polynomials of lower tlegree. 

Suppose that Qin, v) is a polynomial of the form (10) which is 
irreducible in the sense just dcscrihcd. TIicu its discrimitiiint 
with respect to v is a series in v w'hidi iloes not vanisli ideiiticidl\ , 
since otherwise Q and would necTssarily have a <'ommon factor 
of the form (10), and Q would not lie irredmnble. Iliere is a 
neighborhood 0 < m ^ ui in which the tliscTiminiint h every- 
where different from zero, and for any value a satiHfying tlieHe 
inequalities the values of d making Q - 0 art* all tliHiiiHi, 
According to the results whicli have been stated iiliove in the 
introduction to this chapter of the lectures, the values of r wducit 
make Q vanish for different values of a w'ill be tlefinet! by m 
series of the form 

(11) V =s + a*u*^*’^* -f • • * ; 
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and tln^sr hvtw^ mmi all he distinct since for sufficiently small 
vahu\s u 4 0, as has heen scen» the roots of Q are all distinct.* 
It is (‘vidi'ut then that «dl tlje roots of (p{u, r) in the neighbor- 
hood of the origiiL including those which correspond to the fac- 
tor in iHiuation (!)), are given by a finite immber of elements 
of tlie form 

f/ - at^\ V — bt^ + 

wfiere a and h <lo not vanish simultaneously, and //, /x', 
ar<^ positive intt^gers having n<» (‘oinmoti factor. 

4410 prcHluet factors of the form 

(12) Ir — — • • • I, 

eorresptmding to the eltunentsof a <*yele, is a polynomial Qi(:n, v) 
o! tln‘ form (10). For the prodtuT Q\ is a .series in and v 
which is unchanged when is replaced by and Qi must 

therefore <*ontain only i)owers of whose exponents are multi- 
ples of p, that is, pi^sitive integral powers of a. 

On the otlnn^ luind an irrethuible polynomial Q possesses only 
a single cy<’le of elements of the form (12). Each element of a 
<‘ycle belonging ia gives rise, in fact, tc» a factor Qi of Q of 
the form (10). The number of elements in the cycle could not 
be grtaitcT than the degrea^ of Q, and neither could it be less, 
.since Hccortliiig to the argtnnent of the lairagrapli just preceding, 
Q mmhi then In* divisible by a fatdor of the same form eorre- 
.spcunling to tlie prodmi <if the fnetors (12) belonging to the cycle. 

By c’cunbining these two results, it billows that the produd of 
the fttritim of the fttrm (12) earreHp(mding to the elements of a eingle 
eyete is an irredaelhlr polgnomutl of the form (10), and etnirereely 
the flemrnis if an irreducible polynomial of the form (10) form a 
Mingle f|/rlr, 

Tlie Weiersirassian p<ilynomiul Po! any funeti<m ^ is a |)roduet 
of irredncable fatT<irs of tlie .same form, .some perhaps repeated, 

Hifahiwi fiC prcMif for thin utateiiieat ia the riwe of a iKiIynoinial P 
k prtwlsi'ly thill, of tli«» of idgebraie fuart'ams. the reference alaivc 

(jMige 44) to A|i|«4l mid (hiur^it. 
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to each of which there correspoiKi.s a cycli' of elements. By the 
order of an element of <p is meant the munher of timt-s its factor 
(12) is repeated in the product 'Tln^ order is evidently 

equal to the multiplicity in of the irredneihh* factor to which 
the element belongs. If tp possesses oiu' ehmient of a <'\'clc it 
must possess the whole cycle. For th(> polynomial /’ la'Ionging 
to (p has then a common factor with the irrc<lucihlc polynomial 
Q of the cycle, and so must be <livisihlc by Q. 

Suppose now that v) and ^(m, r) are two fnnctioiis of the 
form described above, and that the functional <h'terminant 


( 13 ) 


/Hu, V) 





does not vanish identically. 

If p andyj/ haw an e/cvmit in commnn, thru thi i/ fmvr in mniinrin 
the irreducihle folynomitd () of the form (10) to whirh the rtfiinnt 
belongs, and Q is also factor of I). 

The first part of this statement follows from the [ir<*<H'ding 
paragraphs, .so that p and \p may be supposed to have the forms 

p = QA, xh = (HI. 


When these expressions are std)stitnted in the functional d«'- 
terminant (l.'l) the presence of the factor is at once evident. 

A similar argument shows that if p has an dement with cor- 
responding factor Q of multi plicitu k, and has the some dement 
and factor with multiplidUi I, then I) contains the dement and its 
factor with multiplicity k-\- I — 1 at least. 

There is a sort of converse to these statements to the ctTect 
that when p and 1) have an dement and its factor (} in common, then 
the element and Q are either mnltiplc. in p or else arc cominon to p 
and 

To prove this let 


P = (Hi, I) = (H\ 
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and snppnsi* iH>t a multiple factor of Then 

Qu^t + Q^iu (hA + (hU 

and it follown r«*adily that the determinant 


(14) 


i Qn Q. i 

4^u 4^p\ 


has tlie fnc’tor Q, sinc'e *1 ean not have any element in common 
witli t/. Otherwise it would contain the whole irreducible factor 

SiiU‘e (/ is irreducible, its dist'riminant. n series in u, ean not 
vanish itlenti<adly. iiml there is an interval d < u < U\ in which 
it is dilTerent from ‘/ero. For any vahie of u satisfying these 
inecpudities tlte pi4yntuniids (f ainl have no (‘ominon root. If 

(la) // - .r ar d-' + - * 


is the parametric bunn c»f mu’ td the elements of Q, then Q{u, a) 
vanish<‘s ideiitic’idly in t wln*n these expressitms are substituted^ 
and Qri E. rl is not i<ieutt«’idly '/,ero in i along the (4ement. Hence 
tlierc is an interval i ^ in whieh is dilferent from zero. 
SinetMlic' detiu*mimint tit) has the faclttr (/and therefore vanishes 
ideiitieitlly almig the curve tloj, it follows that 



is an identity in i, Hvidenfly ^'{a, t) must be camstiint ahmg 
the element, and its value is everywhere zero sim*e it vanishes 
for i - ih Hence has the element (15) in common with (/. 
and imisi havi* (/ itself its a factor since (/ is irrethieilde. 

The ri*al points iw, r) where tme or another of the functions 
if, /) viinislies play an important rdle in the investigiition 
wdtieii follows. Ill the diseussion of them whieh fc»llows it will 
always be tmderstooil that wlien u is real and positive the symbol 
id ^ stands for the mil iiml positive /ith root of u. 
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If the function tp has no factor u, and if (‘acli of its cleuu'nts 
when written in the form 

( 16 ) v = 4 - • 1 

has at least one imaginary ooellicient, then in a n<‘iglihorlmo<l of 
the origin no real point (w, t) with u > 0 satisfit's the «‘<juation 
(p{u, v) = 0 . 

To show this, suppose for the inoinent that a is imagiiuirv . 
Then for sufficiently small positive values of it the absolute vahu* 
of _j_ ... than the absolntt' value of the 

imaginary part of a, and the parentlu'sis in the expression (U>) 
will also be imaginary. A similar argument wotihl show r to Ite 
complex if one of the higher eoeffieients wiTe tin* lirsf not rt'al. 

On the other hand, if the eoeffieients in the expression are all 
real, then for positive values of u the values of r are real, and tlu- 
points (w, «) so defined lie on a real are of the form 

u 4- • ■ • {<)■/• fi). 

If the elements of <p are written in the form 

( 17 ) V = uY'” 4 - 4 - ■ ■ ■ . 

where 6 is a fixed pth root of — 1, then an argument similar to 
that just given shows that ip = 0 is satisfied by no r<‘al points 
in the neighborhood of the origin with negative values of u, 
unless at least one of the expressions (17) in (— has all of 
its coefficients real. On the other hand any smh element with 
real coefficients defines points («, v) on a real are 

u = -P', p = jS/s is'C* 4- • ■ ■ (0 • f 

By combining these results it follows that all of the mil In n 

neighborhood of the origin, which satisfy (p{n, r) (I. an- tin- 
points of a finite number of distinct elements of the form 

( 18 ) u = aP, ® in's ^ ^0 .* I . 
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■U'hofir cocffiricnfn are real and such that a and h arc not both zero. 

It »my l)(' <»f interest to note in i)aHsing that if an element of cp 
of the form (I(i) has real eoeffieients, then the irreducible poly- 
nomial Q \vhi<'h belongs to that element is real. For Q is the 
product of 

1 )’ — - j 

an<l tlu“ other factors which arise from it by r('i)lacing n''^' by 
0. 1,2, ■■■, p- 1). The coefficients of the product 
ar(‘ therefore rational integral functions with real coefficients 
in th(‘ or's and the pth roots of unity, and symmetric in the latter. 
But symnu'tric functions of the /dh roots of unity are real. A 
similar remark holds true for the real elements of the form (17). 

Two real elements of the form (IS) are said to be distinct if there, 
is an interval 0 < f ' * ti on which the points (u, r) irhich they define 
are all distinct. Any two elements are either distinct or else coin- 
cident throuyhont. 

lad the two elements have the ecpiations 

u = at<\ r = 6/“ -1- f//"' + • • • (0 ^ f ^ fi), 

u « cto, r = dr -f dr’ ■+■■■■ (0 ^ t ^ h). 

If « =3 f ss 0 then the elements are distinct unless b and d have 
the same sign, in which ease (‘ach dedines the same half ray from 
the origin along the r-uxis. If « = 0, c 4= 0 the elements are 
distinct. If a and c are both clifTerent from zero then the elements 
are <listinct unle.ss the expressions 



are identical in fractional powers of «, in which case the tw'o 
elements coincide. 

It can readily be seen that if two functions /p and ^ have a 
real element it» common then they must each contain the irreduci- 
ble real factor w'hich l)elong8 to the element. 
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§11. Singular Points of a Heal Thansfokmation ok 'IVo 

Vakiahles 

In this section it is projjosed to study the sinuniar points of a 
transformation 

( 19 ) = >p{u, v), 1 / = \f,{u, r) 

for which ip and \p arc convi'rj'cnt si't'ics in u, r witii la-al <'in‘f- 
ficients. It is jircsupposcd that the fniu-tional deterniinant l> 
of <p andi/' docs not vanish identii-ally, and tiial the reni elements 
of <p and ^ descrihcd in § 10 are all distinct. 'I'Iktc is an interval 
0 ^ t ^ for which the (‘hnia'iits of <p, \p, and /J whieti are 
distinct have only the point (a. r) ~ (0. 0) in eotnnion. Some 
of these elements may hclonj; to Ixtth v" and /). or to 4 ami It, 
but none are common to ip and 4/. By farther restrietin>' the 
interval if neccs.sary, it can Ik' eHVcted that the railim. 

p = v’lr' -(-■ r 

constantly increases mi I'ach elenunit as t inereases from (• to 
For p is a series in t whicli (ha's not vanish identically, and its 
derivative has the same charneter. .\n interval 0 • t /, can 
therefore always he sch-cted on which latth ,> and dp >ll remain 
greater thtin sccro. 

It follows immediately that u constant p, cun l.c .>clccted s<. 
that any circle about the origin of radius p, or less is inlcrsiTtcd 
once and but once by each of the elmnents in (inesti.m, 'I'l.c 

real elements of ip, 4/, and I) may therefore he reprcsrntcii as 
shown in Fig. 4. 

If the mlm of pi in propnli/ mtriHnl thn, uiii/ mr of thr rnjlonn 
S shown in the figure is iransfonnvd in « oiir-fti-iiur wup hi/ thr 
equatiom (19) into a region adjoining the origin and Iging 
entirely in one quadrant of the nj-plane. The niugk-ndurd umme 

functions 

~ ^)> (’ " g(x, y) 

so defined are continuous over all o/iS and nnatytie in its interior. 
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To prc»vo thin Tioisidor tlio fiinotionn r(//, v) and a)(a, v) defined 

jjy |j^* tH|uationH 


r Vv'" ■4- 


(‘OS 0? 


V" 

r ' 


sin o) = 


r ’ 


If th(‘ nnliiiH pi is proiit‘rly restn(’tt‘d, tluni r and w (modulus 27 r) 
are well dtdimal at every point of the <nn‘le with the exception 
(d the (U’iicin. siiu’e and ^ have no real roots in (‘oininon aside 
frmii (a, r) "■ ■ (th IH. 

The vahn* of r inen‘ases nionottmieally ahmg any analytic* cnirve 
a ftti 4 ^ 4 '- ’ • - fni 4 "’ 1*’/'' d" * * *» 


for wliieh a and r art* not identically r.ero, as may he seen hy 
reasoning: 'similar tt» that applied ahovt* ftjrp, after noting that the 
series fttr v’^ ttnd can mt! vanish identicadly in /, In particular 



if Pi IH fiiiOirU-ntly ,hu»i 11 . thru r hn.'* thi^« ijroprrty iiIoiiK thr himiul- 
arirn OKi niul OK^ uf .s\ nmi nluiiK ati auxiliary arc OH clujscti 
arhitrarily fur purposcH of proof lictwccii the two elciueiits Ohi 
atitl OH’i- 

Suppose iHiW that A't is the utinimum of r along the arc HiHt, 
aiul Helect arbitrarily a value k l>etween 1) and A'l. Ihe first of 
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the equations 

(21) r(u, v) ~~ /;, win, r) 

is satisfied at a unique poiiif /*!»„, i',,! im flic an- OF. and the 
eorrespondiux value of : may he tietmted hy 'flie fuin-liotiul 
detenniiuint of r and u has the value 

(Hr, w) Ih II, ri 
d()/, (’) r 

and does not vanish anywliere in tlie inferior of S. 

The domain in whii-h the i-qiiatioiH (21 1 are to he tudied is 
that consisting of points (//, r, ;) for which in. n i, in N. aiiil z 
has. any real value. AeeordiuK to (he fir4 theoreui of g and 
the results of § 2 the equations (21) define two anal\ (!<• fnnetions 

(22) «“//(;), r rci 

which take the initial values u„, r„ when and whii h may 

be continued over an interval ‘ a . <le ei ihed in § .n 

If is the value definiiiK the lur>;e-.t onh infeiwal, the points 
(m(z), v{z)) eorrespondiiiK to interior p.tinf . of the inteiwal will 
all be interior to »S', while ns ; appmuehe. the onh limit 
points of the values iiHz), r(:)) must lie on th.- boundary of .s'. 
Otherwise the curve (22) could he continued he>ond the udue T'. 

The lenjtth of tht‘ interval in ' s « j.. eertaiidy less than 

7r/2, since in the region .S’ neither sinw imr eo..e .-iin vani.h. 
The curv’e (22) can not intersect itself, since the sann* values of 
(?q tj) must define the sanit* z by means of tin* second **f eiiuatit.ns 
( 21 ). 

As 3 approaches ^ , tlu* point tmsi, ri'ij approjtehes a unique 
limitinK point on fl/C, or OH,, 'rids follows heeau se at any 
limit point the value of r(«, r) would have to he k, and this <-an 
happen at one point /», only of 1%. and at one point H, only 
of OEi. The curve could not have both H, and /', as linut 
points a.s z approaches f". sinee then it would neecarily cross 
the arc OE at the only {Hiint /’ where n,,. n k, an.l so would 
intersect itself. 
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A sitiiilar iirKuiiictiJ shows (fmt tlu' o(niati<>iis (2!) (iefine an 
arc witlionl (iiuihlc jntiiit over an interval < z ■ ' Sn, joining 
/’ with thiif one of the points f',. /’j which was not; the end of 
the first are. For l■lmvenienee it may l>e assnincd that is 
the value lielongiiig to /’i. ami T' tiiat for /’•> The preceding 
ine((nalities f<ir s would oidy he reversed if tin* opposite were the 
inisi\ 

Tlu*rr iirr iir» othrr poiaf.s in the rrginn «S at wIh<‘!i r) = k 
lirsidrs ihmv of fin* an* /^/\» whic^h has just Inani ilt^finecL If 

thrrt* wvrv tnir not on wtnilfi rise to a stH’oiu! rurve 

of iho Niunn sari juinini^ lltit this lunv ctirve wtnild 

innTssarily iutt^rnri’t tin* am OK at l\ and hnnet* Jinint cniiuade 
with thn uriKitnil an* l*\I\ fhrnu^hnnt. 

For any valun K < k thrrr is a vnrvo siiniliir t(» on which 
all of tht» point. s fa, r) making rfa, r) K lii‘. 

By tnrans of th«*Mc rrsnlts it can mnv !)c shown that any two 
distinct pinnts of the r«‘|^ioit arc transformed into two 

distiiH't points of the .r//-plHm\ For if (/F, F) and {u'\ a'O 

<lcfincd the saino point i.t\ i/) they w<njhl l»otli i^ivc r = 
the sami* value k\ and Inmcc innst lie on the same curve P\Pt. 
But in that «‘fisc the \ iducs of t») eorrt*sp<mdinj^ to tJic two points 
w«ni!<l necessarily la* diirer«utt» as has he«*n seen above, and hence 
(.F, y*) and y*') eotild nett l>e the samt\ 

Fr*un the final theorem of § S it ftillows at (UU’e that tlie tlieorem 
Inst slated above is true, pnivided that the eirt'Ie of radius pi 
is idt<*refl so that the an* of it whiidi lif*s between t!ie bramdies 
OKi and lies idso within the region 0/bPn. The region 
into which S is transformed must He eutirely in one (|nadriuit 
of the xj/-phim% siiua* the values of 0 wliieh eorrespoud to points 
of N are all in one c|Uiidriint. In the interk^r of tlie image of iS' 
the inv<*rse ftinetions (LHJ) are analyti<\ since at interior points of 
K the determinant O is different from :«ero- 
Some eoncdusimiH with regard to the (Hstribution of the 
elements of and P ran Ih‘ readily tierived from the dis- 

cusHion JiBt preeediiig. For example, no region S can be bouruled 
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by two elements of If it were not sn.th.-n inn region hotuui...! 
by two elements of tp the value of w on the bnuieh t>/:, uonhl 
be everywhere 'jr/2, or else everywhere ji J. fiini the .''atue 
true for OEt. But this is impossible sine<- ah.iiK the are 
the value of w varies monolonieally throu^^h ait iuter\al le-' 
than Tr/2. A similar remark holds for the <-lemetit'. ot v' . 1 lenee 

it follows easily that 

Between any dewenU of D the rlnnnits tf v" nini 4- if dmr nn 
any, nmst separate eaeh other. 

If the determinant D has opposite sIkus in adjoiniim 

regions « and N' of the eirele of radius p, in the //i-plaii.', hown 
in Fig. 5, their transforms in the .r//-plane wilt he fnhle.i ..\er 
the image of the eurve O/v., and will overlap, la ord.-r to prove 
this, let it first be rememhereti that along the eleiuent ft/. • 


dr dll , dr 

j , ' ,11 + '-.i, 


I It. 


so that r,t and r,. ean not vanish at anv point /'■ dith-ient hoin 
the origin. Neither ean they vanish at an inletior i‘oinf 
one of the regions tV, since at a point where 


U ^ 

the determinant D would m'^’esHurily huvo thr \h1uo /rrto and 
this does not ocemr in thv interit»r ut S, Hio rquiititni ^ 


(In dr tin tlr 

^"dz^^'dz ' 

are satisfied everywhere between l\ and /h on the are 
Hence 

da _ r dr r 

d~ dz Jl"'- 


As z approaches f" the direction cosines of tin- tangent to tlie 
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50 determined are eontinums at all poIttiK «J the sheet L' and anali/tic 
in the interior of S. If in iieo (uljoininy rei/ions. sap S, and S,, 
the signs of 1) arc opposite, then the images i'l and 1’... overlap in 
the neighhorhood of their common houndarp Oir,-, if the signs of 1) 
are the same, the regions i-i and I's adjoin along ()«; leithont over- 
lapping* 

The adjoining figure illustrutes tlu* ease when I> iias four real 
elements and the signs of /> are opposit.- in any two adjoining 
regions S. Further illustrations of the iheorein are given in § 1 4. 



It has not been proved above that tiie funetion^ (24) are 
continuous on a boundary (Is- of one of the regions 1*. Suppose 
that T is a point of such a boundary, and let 

(25) TTi, TTa, TTa. • • • 

be any sequence of points of 2 with limit tt. The e<trre tponding 
points 

(26) pi, pi. Pi, • • • 

of S have condensation points in .S’, one <»f whi<'h ma\ be dettote<i 
by p. There is then a sub-sequence 


Pi', Pi, pi, ■ • ■ 
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among the points (26) whose limit is p; and on account of the 
continuity of the functions (23), the corresponding points 

(27) TTi', TT-i', TTa', • • • 

of the secpience (25) must luive as limit point the image of p 
in S. Ihit the limit of (27) is necessarily t, and tt is therefore 
the image of p. It follows at once that the secpience (26) has 
a uniciue limit point p whi(‘h is the image of tt, and from this 
property the continuity of the functions (24) in the ordinary 
sense (*a,n he readily deducecL 

The fuu(*tions <p^ \p, and 1) can he (expanded in the form 


(28) = lAn + 

J> ^ + • * *, 


where ih lu*!' liomogeneous polynomials in a, v of degree 

A% and 


/) 


m|' rt—2 


cVm 

du dv 

<hf/n 

du dv 


If thf mil roots of (pm, H>i<l arc all simple roots and 

distinct from each other, there will he an element of <p, xj/, or 1) 
in each of the eorrespondiiiK directions, and a notion of the 
<-haraeter of tlie transformation can he derived without difficulty. 
In the applications of § 14 this remark is of freijuent service. 


§ 12. Tuk Cask wukue the Funitionae Determinant 
Vanikheb Identicaley 

It is well known that when the functional determinant of 
two analytic functions tp and xf/ vanishes identically, then near 
any point where not all of the derivatives tpu, <Pv, 'f'u, 'I'v vanish 
the functions p and ^ satisfy a relation of the form 


F(<P, 4') “ d 
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identically in u and v. It is possible to show tiiaf sut-li u relation 
exists also near a singular point at wliieli the four <lerivatives 
above all vanish. 

If a relation can he found after a substitution of the form 

(29) u = aiti 4- lii'u I' “ yih -f Sri, 

for which (xS — docs not vanish, then if will surely he safjsfital 
when Ml and «i are replaced by the original varialiles u, r. 

Suppose then that the nnulytie fuuef ions y’ and hH\ e already 
been prepared by a transformation (I’tn in such a way tliaf in 
the expansions (28) and \J/n both contain terms in tt alone. 
By applying the preparation theorem of Uh-ierstrass to the 
functions <p{u, d) a" and 'Piu, r) — i/, two polymmiials 

P(n, V, .r) = w" 4- ' j . . . f 

Qin, V, y) = tt" 4- /utt"- ' d f 

are obtained, whose eoidlieients are eonxergetif serio. without 
constant terms, in r, j" and r, (/, n'speetively. In a certain \ ieinit v 

|a:( < <, |]/| < <. j«i < «. ir;.*. f 

the only solutions of the etpiafions 

(30) (p(t{, v)~ x = t), ^(tt. _ ,/ (t 

are values (u, v, t, y) whieh make /' ami Q vanidi al a,, and vice 
versa. 

The resultant of P and f) is a <‘ouvergenf Heri<''i liir, .r, </) 
for which R{0, a-, y) does not vanish identiealiv, h'or if all of 
the coefficients of /f((). x. y) were sten., there wi.ul.i be a rcKMou 

(31) «-(), |j-|<5, |//j < 5 (a - 

at any point of whieh the polynomials P ami V have « . ominot, 
root m absolute value less than «, and the .set n! values , o. //) 
so defined satisfies also the equations (:«)). 'Pl,,. i.xintenee of 
such a region is, however, impossible, .since whim y' U given 
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satisfying (31), a value x' can always be selected which is dif- 
ferent from the values of (p(», 0) at all of the n roots of QXu, 0, y'). 
For such a set p = 0, ;r', y' in the region (31) there would be no 
corresponding value h' satisfying the ecpiations (30). 

The K'Hidtant I{(v, x, y) vanishes identically in v, » when x 
and y are replaced by <p and rp. For li is expressible in the form 

Hip, X, y) = MP + NQ, 


wher(> .1/ and N are polyiunnials in u with coefficients which arc 
s<'ri<'s in r, x, y, and P and Q vanish identically when .r = 

y = 'P- 

Th(‘ series /f(0, vanishes identically in u, v. If not, there 
would he a straight line ii ~ kp on which /f((), ip, aiul 
ar(> diirerent from zero exc('pt at the origin. Let (a', p') he a 
point of this line near (//, c) = (0, 0), at which p and ^ have the 
values p' and xp' , n‘spe<‘tively. 'Plu' series 


(32) /f(0, p, \p) /f„(0, p, \p)p 


vanishes identically, in particular along the curve 


(33) p(it, p) = p' 

thrcfugh the point (»', r'). Since p^ <loes not vanish at (a', «'), 
this curve can he exj)ressed in the form 


aiul along it 


« = V{P), 


d 

(Ip 


P) 



ih »*) 


0 , 


since the functional determinant of p aiul xp vanishes identically. 
On the curve (33) the function \p has therefore the constant 
value xp', and the .series (32) takes the form 


im p', 4>') + p', + ■■■ 

and vanishes identically in r. Its coefficients must therefore 
all vanish, since a series who.se zeros have a point of condensation 
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in the interior of its circle of c()nvcrK<Ticc must have all of its 
coefRcients equal to zero. This c'ontradicts, however, the as- 
sumption that a point («', r') exists at which /f(0. v". ) does not 

vanish. 

It has been shown therefore that In ranv dtirr- 

minant of the two convergent series 

^ = <pm + ^m\ X 4 * ' 
i/' = + ^WM “f * ‘ ‘ 

mnishes ichmticallyy the two f mictions if, \h satisfy a rflaiion of ikr 
form 

Fiif, xh) - b 

identically in -?(, t), where F is itself a eonrergent series in its two 
arguments. This statement is true even when if mul ^ lioib have 
singular jmnis at the origin. 

It is evident that when 1) = 0 tlie transformation 

w « ip{u, v), y « \h(n, V) 

makes all of the points in tlie neighborliood of tlie origin In ttie 
24«j-plane correspond to points on the varitms hniiioheH of the 
curve 

y) ^ 11 

in the :rj/-plane. The points (jr, y) wlneli are ohtiumal hy the 
transformation do not cover any rt'gioit. 

§ 13. A GeNEEAUXATION of THK PaKPAIiATtOK IhiKoiCKM OF 

Wkieehthahh 

Consider for a moment two funetioiis 

( 34 ) *^< 8 , • * *, 

which are polynomials in the variables a, r am! have for emdlieinit 
convergent series in xg, •*% Aeeordiiig to tlie umial 
algebraic theory of elimination, there exists a polynoiiiiitl p tii r 
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which lias eorivergCHt series in the .r’s as coefficients, and which 
is linearly expressible in the form 

V = ('f + dg. 

where r and d tire polynomials of the same (*haracter as / and g. 
If a s(*t of variables (//, r, ,r) make / and g I)oth vanish, then v 
must be a root of the polynomial p; and conversely to any root 
of p eorrespcmdiiif!: to f>:iv<‘n values x, there exists at least one 
pair of valm\s (//, v) whi(‘h satisfy th(^ two equations / = g = 0. 

ThcTe is a gtuuTaliy.ation of the preparation theorem of Weier- 
strass from whi(‘h similar results may be deduced with respect 
to two functions / and g which are not polynomials but series in 
the variables u and and with respect to th(‘ roots of such 
functioiKH in a neighborhood of any set of values {uo, ro, xd) 
making / and g vanisln As in the proof of the theorem of § 9, 
the point in wliost^ neigliiborhood/ and // are to be studied may 
be taken without loss of generality at the origin. 

8uj)p(w then that f and g are two convergent Jicries in a, r, x 
vanuhing for (a, i\ x) — (0, 0 , 0), and aneh that f {a, i% 0 , 0 , • • • , 0) 
and g{N, r, 0, (K 0) have no common factor. Then there 

exists a polynomial 

(35) p - r” + + • - + Pn, 

in which the coefficients pk (k ^ li 2, •••,?/) are converge fd series 
in X having no constant ierms^ with the following properties: (1) it 
is linearly expressitde in the form 

p ^ cf + dg, 

where c and d are convergent power series in a, r, x; (2) in a properly 
chosen nei gh ho r hood 

(3(1) [aj < €, IH < «» k! < « 

every root (a, r, x) of f and g innst also make p vanish; (3) there 
exists a constant 5 ^ € such that for any z in the region 

(37) kl < 5 
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there is associated with each root e of p a stdafioo (a, i\ x) of the 
equations f = = 0 satisfying the ineqnalifies {Hi]).* 

Iff(Uj Df 0, 0, • ' •, 0) and g{u, i\ 0, 0, • - % 0) Imvi^ nn c*<nninnn 
factor, then one at least of them, say/, has ttaans in tiu* vnriahlt* 
u alone, and according to the pr<‘paration theorem of WVitn- 
strass/O/, v, x) has as factor a j)olyn(muaI of tin* fcnnn 

(38) ao?/,”* + ^ f/„,. j// (ifn ![f\ 

in which Uq is a constant different fnnn yaTcn ajid ou a,,, 

are series in r, x without constant t(*rms* din* symnnUrii* 
functions of the roots Vu Wu *•’» of tins polynoniia! an* 
expressible rationally and integrally in t(‘rms <rf the eoelfieieiifs 
cth ‘ •*, (tno tire therefore (‘onvergent st*ri(*.s in i% x. Hie 
product 

ni 

(39) IIr/("A-. V, J') = /(((', .D 

1 

is a convergent series in //*., r, .r, also symmetric in the variultles 
Uk, and hence expressible as eonvergnmt series in i\ .r. 

The function /((a, 0) does not vanish i<Ientieally, on neeininf of 
the hypothesis that/(w, p, 0, 0, • • •, 0) ami //(«. r. 0, (!. .... (i) 
have no common factor. If it <lid vanish identically, titen for 
every sufficiently sniull vahie of p on<‘ at least of tin* exjiresNions 
g(uk, V, 0) would vanish. But in § 10 it was seen that when 
f{u, V, 0) and g(u, v, 0) have no factor in common, there is jdways 
an interval 0 <C ® pj in which there is no value r belonging to 
a pair {u, v) making both of these functions vanish. 

The preparation theorem of Weierstrass cun therefore be 
applied also to the function //(a, .r), and tin* polynomial so buind 
is the one desired in the theorem. For, in tin- first place, a eoimtant 
€ can be chosen so small that every root (a. r, O of / nml <i in 
the re gio n (36) m ust be one of the sets («*, r, .r), ami must make 

* A proof that the values of u and t> IwloiiRiim to th<« nstls of a »vi.tfm <.f 
equations of the form (34) aro roots of polynomials similar to Ci.’P wu« aivn 
by Pomcard m the introduction to his Thesis, “ H«r Ics |.roi.ri.'tds .les fonct i.ms 

clenmes par les Equations aux (liifdrences Piiriii ClHTili, 
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the product (HD), and heiu^e ;>, vanish. In the second place, a 
(‘(distant 5 - € can hi" taken so sniall tliat every root d of p as 
well as thi" ("orn^spondiufc sets (//a-, r, .r) He in the domain (36). 
One at I<‘ast of these sets must ("vidently satisfy g = 0 as well as 
/ = 6. d hi" ri\stri(‘tions on S and € have l)een stated somewhat 
roughly, hut th<‘ ri"a<h‘r will readily Ciuiviru'e himself that these 
(|uantitit\s may h<" st"h"cti"d so that the convergence of the different 
series and th<"ir i"(|uivali‘nce with the (‘orresponding polynomials 
are propcady adjusted. 

Finally, tin* |mtynomial p is linearly expressible in the form 
(lescrihed In the the(U'("m, in terms of / and r/. To prove this, 
supp(»s(‘ that thi" ahovt* pro("t"ss has been applie<l to the functions 
/— o and f/ — |1 A polynomial with coefficients 

wliich ari" stories in .r, a, is tlnm found, which may be written 
in thi" f(»rm 

Pi(\ ,r. (V, P{i\ A\ 0, 0) + Tiv + I)I3, 

whtTt" P and /> an" convergfmt seritss in the arguments of J\ 
Thi" siudi’s /^(//, j\J\ fj) vanishes identically in a, t\ x since P = 0 
must bc" satisfital !>y ev<*ry set of variables (a, .r, a, /3) in a 

neighborh(a»d of the origin wliicli make"/ — a and g — (5 vanish, 
certainly then by thi" sti U/. r, x,J\ //). Hc^nc^e 

Pii\ 4\ 0, U) - f/- Dg 

is an idmitity in i/, r, ,f% when a and 0 are replaced in 0 and 
by the series/, f/. But /hr, j\ 0, i)} is precisely the polynomial 
p(r, *r) found idfove, sinee for a 0 ^ 6 the steeps in tlie eon- 
Htruetion of /hr, x, 0, P) are identieal witli those used in finding p. 

If ihf Mrit'M f(ii, r, (I, 0 , • » P) ami giu, i\ P, 0 , *•%()) begin 
with /ioi/io|/raroiaf palynumiah haring na emmmm faeiur of degreeu 
m and a, re»peiiirelip ifirn the degree of the palynomial p u am.* 

* In II I'titpi'r of rereiit dnU" ihi* writix Ims developeil a Keneralimtbn of 
thiii llieorrin iinil tlir ri»sult« whii'li follow, for a system of iHpiationH of the form 
/iCXi, /|, • • Xml Ml, Hi, * • |/*,I ■« U o' « I, 2, • • •, ft). Kia* Trunmetims of 

the Amtrimn Mnihrmtilim! Sorirhit vol. Ill C1IU2), p. KI3. 
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Let the lowest terms c)f/(?/, r, 0, (1, * • *, 0) aiul (j(u, i\ 0, (),—•, 0) 
be denoted by <pm{u, ?)) and p)» respect ivt'ly. One tlu* 

two, say (pmi has a term involving n alotu' with eo<‘ff!(‘i<‘nt difFenmi 
from zero, since (pm and \pn have no common factor. terms 

of lowest degree in the polynomial (‘h*")) are also sima^ tlu‘ 
series h has constant term unity. In the product CM)) the terms 
may be rearranged into groups of the form rH*r, when* T is a 
homogeneous symmetric function of a <’ertain dc*gna* <r in 
Uiy •••, Um- The exiaession for such a symimdrie function 
is isobaric and has the weight <t in tin* coidrnmmts of tin* poly- 
nomial (35). When a: — 0 the terms of Iow(*st degna* in f' will 
be at least of degree <r in Vy since each (Hudliciisd ua of (do) la^gins 
with the coefficient of in the polynomial r). The 

terms of lowest degree in a alone in the pnxlmi CM)) will tluna*- 
fore be those of the product 

m 

Ti'l'nil'k, V), 

AV *3 1 

and they have the value in which is the coenic-icnt of 

in <pm(.u, v) and It is the resultant of ymCl. /') and iA„(l. r).* 
But since <pm and \{/„ have no eonunon factor the cocjncicnt of 
is surely different from zero, and the the<irem last stated 
follows at once. 

If the substitidum 

%) sz ^ fn 2 

is made, in ichich t is a neiv rnriahlr, the serks 

(4Q) z. a;, t) « /(«, s - tu, x). 

G{u, z, X, t) a= (/(«, z — til, x) 

have a polynomial 

01) /■'(z; y, t) — (IF + IH! 

with properties si milar to those of p and of the same degree p. In 

* See, for example, KOnig, Einloitung in die allgcjnein!' Tliw.rie der iiIrc- 
braischen GrOsaen, p. 311 and p. 271 (d). 
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a praprrh/ rliduru rryioii 

(■t-) I »! < ^. I <’| < <, I J’l < e 

n'f ni root {ii, i\ .r) of f anti tj tlfjhws a farfor z - tn - v of P. 
If S • f /.V Hiiffint'ullii utiiall and .r a kcI tf variahlea mii.Hfymg 

m !.r! < 5. 

thru P hatt y fart on <f I hr farm z - tn ~ /■. for rarh of which the 
valiirs (», .r) arr a mdntion of the nptaitomt f = tj = 0 in. the 

region (42). 

Th(' <lcj'r(‘(' of P iiuist he fhr sumo ns that of p, .since for 
j- =s / 0 tli(‘ .H<*ric.s F{u, z, 0, 0), (l(u, c, 0, 0) are identically 
cqnal to the .scries /{a. r, (I) and //()/. r. 0) vvln>n r is replaced hy 2 . 
In n certiun rejtion 

M'*) < »!. N! < «i. ki < «i. |/| < 

when* #1 is ft»r (snivenieiice taken less than iinity, t'very root 
sy.stetn in, 2 , .r, t) of F ami (i makes P vanish also. If < is taken 
le.ss tlian t\!2 and t is resfrict<*<l to tin* ranjje j/} < ti, every root 
.system (», r, x) of / and tj in the rexion (12) gives values w, 
z = tn j- r, .r. t .satisfying tin* inetjunlities (44), and hence P 
must vanish idcnticidly in t and have z — tn — v as a factor. 

Sup[>o.se then that t i.s a constant satisfying the reciuirenu'nt.s 
of the theorem with respect to the region (42), and that the region 
analogous to (.'!7) for tin* polynomial P and tlie constant «/2 is 

(45) kj < «. W < a: 

and h’t x ~ | he any set of values .satisfying the.se ineciualities. 
If the discriminant of P is not identically zero in t for x = 
a value t r can he Kele(’t«'d also .sati.sfying (45) and such that 
all the roots 2 of P eitrresponding to the values r are distinct. 
1'her<‘ lire then k mut HVHteniH (u, z, r) satisfying the 

ineciualities (41) with it hy €/2. The* (‘urmspondiieg 

values (w, r xn ^ ~ D p distinct rewts of/ and g lying in 
the regicui (41). According to the piiriigraph just preceding, P 
has therefore e distiiic*t fac*tors s ■— /c/ — r. 
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In case the discriininunt of P vntiishe-i iiltnif ically in / for .r ^ 
the multiple factors of P{z\i, t) can h<‘ sci>ur)itc<i out hy (in* 
highest common divisor process, ami the factorization of the 
resulting polynomial can then Ix' discussed in a manner similar to 
that just explained. In eitluT case, thcrcfori', /*(;; i, M has otdy 
linear factors of the form z ~ fii — ik 


The number and charnefer of the root systinns tn, r. .r) of the 
functions/ and g in the ncigliborhood of the origin arc well de- 
fined by means of the polynomial P(z-, .r, t). 'I'o any .r in the 
region (411) there correspond i< roof systems in, r, .r\ not neces- 
sarily all distinct, and th(' c-valucd functions iii.r). rf.ri so defimal 
are continuous. This is evidently true for the fnm’tion ct-r). 
since its values are the r(tt>fs (tf the polynomial /’tr; .r, (D uhose 
coefficients arc analytic in x. Similarly ■; is eontimioiis in ./•, /. 
since its values are the roots (tf .r, and if follows that 
u = (z — v)/f, for a fi.xed value t 1 (I, must be continuous in .r. 

If P is not irreducible, that is. not dcrttmposnbte into similar 
factors of lower d(‘grees, its discrimitiant /) can not \'anlsh 
identically in x, i. At any value x ^ where Ait. ti is not 
identically zero in t, the v factors z-~ lit - r of /’ are all distinct. 
If t = r is selected so that A(5, r) f (1. the roof s of /’ arc «lisf incf 
analytic function.s of x and t in flu* neighborhood of f, t, and 
the corresponding values of it and r are analytic fnnctioiH of .r 
in the neighborhood of 

The values x = ^ near which the r-valucd rnnetions a. r do 
not .surely have v di.stinct analytic brunches, are those for which 
A(?, 0 vanishes identically in t. At such a point some of the 
values of the root-.sy.stems (//, r) coincide, and otdy fho.e which 
are distinct belong neee,s.Harily to analytic branches «.f the 
functions u, v. The values | which make At^, /) identically 
zero must belong to one of the totalities of points dclitied by 
equa,ting to zero the coefficients «)f the finite mimber <d powers 
^<Jn the discriminant A(x, t)* 


chararterization of these totalities after the tiieih.sl of Kroitecker 

veranaerlichen, I)iS8c*rtatum, HMIfi. 
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If P{z, j% i) is arKuiiH'nts siinilar to those above 

can he Hpplie<l to any (»ne of its irre<lueihle factors. 

Tlw multiple rouLs (//, t\ x) of fJw Junciionn f and (j are character- 
ized hij the prajxrfp that the fanctianal determinant d(J\ (j)ldiu, v) 
f.v zero at Hindi paintn. 

For from the identity (11) in a, .»% /, it follows hy (litfer- 
entiati«ni that 

n (\J-\ 

l\ (\F i />,(/+ IHL, 

If the dt'tiaaninant 

Fu /,• 

Fti h# fjtt l}v\ 

vanishes at a solution i\ x) of / — g - 0. tin* two eciuations 
ahovi* show that 

rf„ f Da, 0, /% aF,+ = o 

for tin* vahu's in, z — tn d r, ai: and it folitjws that 
is a mtiltiple factor of /*, since it tuaairs also in Pg, 

On tin* other huiul stippost* that at a set of values {n\ t% 
tlie deternnnnnf iHj\ g) (Hn, v) is ditferent from zero, while / and 
g vanish. It is tt» he showft that the polynonnat Piz; t) has 
ltd f r' ns a simple root. All of the rotUs c»f i*(z; i) have the 
form in t and some are pfThajJs multiple. Tltose which are 

distinct will remain distiiai for a mma*rtcal value / r if r 
is properly selected, and the derivativi' 

(47) Fjji\ i, T) - j\iu\ e\ ii - TfAn\ v\ {) 

can at the siime time he miitle different from zero, f being the 
e^prcHsioii Ti/ F* In the expressions 

{4H) .■Inn’* 4“ ^ 4’ • • • + Jwi-.p/ 4* -'hr, = BF, 

m 

(lit) 11 =• 4* ® c, 

I. ■ ■ j 
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analogous to (38) and (39) for tlu‘ f\mctious F[ii, z, i', 0 and 
G{ti, z, t), the factor 6'(«i. s. ’•)- 

which reduces to u' for s is the only one which vanishes 
for z = f. To prove this it can he seen in the first place that 
u' is a simple root of (4<S) for z siiu'c the derivative (-17) is 
different from zero. Furthermore when z (’ no other root u, 
distinct from ?/: can make f/fwa, z, t) vanish. Otherwist*/ 
and g would vanish not only at the values («', r', i l, hut also at 
W, f — TUi', ?), where »■/ is tin' value of ii-, for z and 
P{z; t) would have two mots, tu' -f' r' hi' f (' - rii' and 
iUi + J" — rth', which are distinct for t i r and etjual to ^ 
when i = r. On account of tin* way in which r was seh'eted, 
this is impossible. 

The root U\ of (48), that is to say also of /■', has an «‘X(>unsi(m 


of the form 

V\ — «' 


h\iu\ r. i r) 
F.iu'. r. r) 


i') 


in powers of z — »nid the value of z, i, t) is a s«Ti<'s 


FJ}. - F.a„ 


(s - n d' 


whose first term is different from zero, sim-e for the value.s 
(■w'j r> -r) we have 

P’„ r'.i I 

Ou OA Iffuin', F, I) {/,(«'. r'. ’ 

as is readily seen from e(iuuti(uis (40). Ilein’c the (puitient 
t t)/(z- f) is different from zero, and neither //(s. i. 1} 
nor its polynomial T(z; () can have more thati one factor 
z — tu' — v'. 

§ 14. Applications of tiik I’HKCF.ntNti Tufohv 
T he real transformation 


( 50 ) 


* — <p{u, v) ~ flioM + flojP -h fijufd 4‘ ■ ' • . 
y = xpiu, v) = biou H- hoiP + haiF d 
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luis a .singular point at th<“ origin when 


(r.i) 


iRl!) f'fll 

li’on h(n 


If on(* of the elements of (he (h'terniinant is (lifferent from zero, 
it may he assumed without loss of generality to he nio; then 
after two transformations 


»' * «iii« + rtme, / - i\ 

x' .r. //' = - I'*" ,r + )/ 

am 

the equations (oO) take the form 

X « It 4- Itiutr 4- «uMi' 4- 4- • ■ • , 

// s!!’ 4" 4" 4" • • • . 

For eonvenienee the prinu-s fnive been droppeil, and the notation 
for eoeffieii'iits of terms of higher ilegree than the fir-st i.s the .same 
as that in the original iTpiution- It may further he supposed 
that the polynomials 

Es It, 4" f'uWi’ 4~ 

have no I’ommon factor, in other words tlnit tos + 0. The origin 
is then a singular point for the tran.sfonnation (50) of a very 
general type, since asiih* from tlie assumption (51 ) only inequalities 
on the coeflicieiits of the series have been exacted. 

The fmu'tional determinant has the expansion 

I)(u, t>) Djim + -(■'oaP + • • • , 


and heiu'c has a single hrancli 




^02 


« 4 - • • • , 


along which /) vanishes and on opposite sides of which D has 
different signs. The image A of this curve in the xy-plane has 
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an ordinary point at the origin, as shown by its eifuaticnis 

, ‘ilhnlhu — /nr .» , 

a: = w + * • ‘ » // = t . 

fhri 

The region aS' in the figure has in it om^ null (‘huinuit c^f v'' aiul at 
most two of sinee the solutions of ip = 0 li<' on a singh* real 



curve through the origin, and those of ^ - u are eit!H*r imaginary 
or else lie on two real hranehes. lienee the region 1' whieh in the 
image of 8 lies on one side only of tlie cairvi* 1 and tnerlain the 
image 2' of S\ 

Since (pi and ^2 have no common fiiet(»r, the tlieoreinn of § Vd 
show that there exist two constants, 5 and «, sueli that I lie equa- 
tions (52) have two and only two solutions //), r||\r, //i, .r. //h 
[U 2 {x, y), y), X, 1/1 in the region 

\u\ <C €, |r| €, j»rj f, \y\ < t 

corresponding to any (x, y) in the region 

k| < a, li/l < a. 

The functions Uu ri, W 2 , ra so defined are everywhere eontinuous 
and the two solutions above are analytie and distinct i*xca*pt 
the curve A. On one si<Ie of A they are imiigiiinry. on 

the other real. 
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Another interesting case is that of a transformation (50) for 
whieli again tlie coefficients are real, and 

dv dr’ dr d//.’ 

Su(‘li a transformation might be called a monogenic transforma- 
tion. It follows at onc(^ that v? and xp must begin with two 
homogeneous polynomials, and of the same degree ///, 
which also satisfy the last ecpiations. Consequently 

<Pm + = (a + = p^{a + '/7;)(cos 9 + i sin d)"^ 

and 


(‘OS ///d — d sin md), xp^n = sin d cos wd), 

where a and b nrv not both zero. ''Flu^se (‘(juations show that 
<0 and xp,n{ii, v) have (uu*h vi nud linear fac'tors in //, r, 
and that no factor of <pm is also in xp^n. 

''Fhe determinant I){u, r) has an expansion 


where 


</ 


I){K, r) = + /) 2 m + * * % 

d<p/« d<^,« 

d// dr : ^ /d^„, Y /ds^,,y 

d\p„, \ dll ) \ dp ) 

dll d (’ 


The homogeneous polynomial has no real root, since sueh 

a root would necessarily belong to both d(f„,ldii and d<p,„ldr, and 
from the e<inations 


d<pm , dipm , dlprn , d\p„, 

”'“"=’'a„ +' s,' a„ + '' 3. 


dipm , 


dr 


4" 


du 


it follows that <pm and xp^ would tlien have a c*ommon factor. 
Hence there are no real points at which I) vanishes near the 
origin in the i/r-plane. 

7 
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The argument of § 11 shows that the flcnioiits of if„, nn<l 
separate each other and that a neighh(»rhood of ili<‘ origin in 
the w«-planc is transformed into a sheet winding m tinu's arouinl 
the origin in the ;ry-plane, as shown in tin* fignr«‘. 'I'his is tin- 


1 



well-known transformation of the neighborhood of the origin 
in a complex ra-plane by means of a relation of the form 

3 = A 11)" H- A 'll'”*' •+• • ■ 

where z = a: -[- i;/ and v) — u -f io. The figtire is drawti for in = d. 

There are many other special eases similar to those just given 
which might be elucidated by means of th«' theorems of the 
preceding sections, but for which the methtals in the two ex- 
amples just given arc typical. It may be of interest, however, 
to exhibit an example which illustrates the use of the theorems 
of §8, as well as the behavior of a transformation at singular 
points. 

Suppose that the real w»-plnne is transfortned by numns of 
the equations 

, a* r* 

« - — ■M® + 2 + 3 , » * r, + Mr + 


( 53 ) 
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The functional determinant has the value 


Z>(m, v) = (u + v)(u^ + 2m — 2v) 


and it vanishes along the curves 

V = — M ., V = 11+-^, 


which have, respectively, the images 


(54) 


M * 

« = 2u^ + 
u* 

3+8’ 


y = 0 , 

y = ~(M+4)* 


in the *y-plane. These curves are shown in the accompanying 



figures, the ai-axis being drawn triply between a: = 0 and a;=32/3 
since this segment is described three times by the point (54) 
with varying u. To the auxiliary arc — — 2, »®=0 

there corresponds the curve 

M * , w * ^ 

*“¥+¥' 2 (-°°<“^- 2 ) 

shown dotted in the figure. 

Consider now, for example, the region a in the w^-plane. 
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Its boundary is transformed into the bonudary of the la'jjiion tv 
in Fig. 10. According to the geiuTalizutioti of the thetjrem of 




Schoenflies in § S, the transformation didines a om-to-one 
correspondence lietween the regions u ami <«; and the inverse 
functions u{x, y), r(.r, y) so definetl are eontimious omt and 
analytic in it.s interior. 

Consider now the region of points («. v, .r. //t iletineil In the 
conditions that («, v) shall lie in the regioti h or<.n it * Iioiindarv , 
while (a-, y) is unrestricted. There is hut one sheet of sohttioos of 
equations (53) in this region, since any two partietiiar solutions 
{u , v , X , y ), iyi" , t" , x", y") interior to tlie sheet eaii he jotnetl 
by a continuous curve lying entirely within the sheet, as inny l>e 
seen by joining (td, a'), (a", r") hy a eontiunotts eiirve in f>. 
No one of the solutions in questitm has a projection (.r, yi out siiie 
of 0, since otherwise every point exterior to fi woidd la- sin h a 
projection, according to the third theorem jif § 5 or the fourth of 
§ 8, and from the second of etjuutioiis (53) it is evulent that no 
solution (u, V, X, y) has a negative value htr //. On the other 
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hand every point of jS is the projection of a solution. Since 0 is 
simply connected, it follows from the fourth theorem of § 8 that 
the sheet of solutions is single- valued and that the equations (53) 
define a one-to-one correspondence between h and /3 similar to 
that for a and a, 

A similar argument can be made for each of the regions shown 
in tlie figure and its corresponding image in the .ry-plane. 



CHAPTKH in 

EXISTENCE THEOREMS FOR DIKEKRENl'IAl. EQl^VriOXS 

It is not within the limited scope <d tlu‘.se h'cturcH In ^dve a 
complete account of the various methods for pro\’iu|»: ttu* existence 
of a system of solutions of a set of ordinnry differential e<|natioii,s, 
nor would it bo advisable, in view of tlu* many able jiresentiitions* 
of these fundamental tlu^orems alrea<ly well ktiown in mathe- 
matical literature. It is rather the iiittmtion cd the writer 
insist on conclusions which can he derivtsl from km»wn met hods 
with regard to the behavior of solutitms in any region t»f size 
.and shape compatible with the cemtimuty proptTties of the 
functions by means of which the ecpiations are defined, as over 
against the usual restriction of the pniblcm in a rcc’tangtdar or 
circular neighborhood of a particular point. It has been remarked 
by Picard* and Painlevef that if a eontinuoiis solution of the 
differential equation 

(1) t - M II) 

exists over an interval a x < fi, then the ('aurliy j)iily >{()n.H of 
approximation are defined and eonverge nnifonuly to tlir Hohitiim 
for all values of x in the interval- In § 17 htdovv it is shown that 
in a region li in which the fimetioti / is contiimoiis and satisfies 
the so-called Lipachitz eopdition, the polygons of fatichy pass- 
ing through a given initial point (f, rj) interior to It <hdine a 
priori a continuous solution of the differeutial equation extendiug 
to infinity or else to the boundary of the region. It follows then 
that there is a function 

(^) y = toC-r. I. ri) 

* Comptes Rendwi, vol. 12S (1899), page 

t Bulletin de la BociilS MalMmalique de Fmner, vol, '27 Ussai., jt. J.'ti, 

80 
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satisfying the differential equation (1) and defined over a region 
of points (a:, tj) of the form 

(^, rj) interior to R, a(?, rj) < x < |3(^, v), 

and as ;r approaohc.s a or /3 the only limiting points which the 
points (;r, y) defined hy the function (2) can have are at infinity 
or else on the boundary of the region R. 

In § 18 attention is called to the theorems of Bendixon by 
means of whi<;h it can be shown that the function <p is continuous, 
and in certain circaunstaiu'es differentiable with respect to the 
arguments as well as with respect to .r. The “ imbe<l<ling 
theorem ” of Bolza* which asserts that any given solution, near 
which the function / has suitable continuity properties, can be 
imbedded in a one-parameter family of neighboring solutions 
of the differential e(iuation, is an immediate consequence of these 
results, an atuilogue for differential equations of the fundamental 
theorem for implicit functions proved in §1. 

The methods mentioned above are appli(‘able almost without 
change of wording to a system of equations 

(h ■ ■ ■ ’ 2'") 0 = 1, 2, ■ • - , n) 

when the symbols y and / in equations (1) arc interpreted as row 
letters in the way apparently first introduced for differential 
eipiations by Peano.f 

An inti'resting deduction from the theorems for a system of 
equations is the proof of the existence of a solution of a partial 
differential equation 

( dz dz\ 

t y, z, j - 0 

which is not neecHsarily analytic in its five argurnentH, by means 
of tlie well-known tlieory of eharacterintie curves, as described 
in § 19 . 

* VorleHuageii iXher Variationsm‘hnung, page 179. 

t Int^^graikm par series dm dquatioas diff^rentielles liadaires/’ Maihe- 
matuche Anrmknf vol. 32 (1H8H), p. 450, 
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§15. The (’()NVKh<;e.\ce iNKqr.M.rrv 
There is an inequality which i.s of frc<|uciit .service in the 
existence proof of the following' .sections and which can he rcndilv 
deduced from a .simple preliminary theorem. 

If M is a single-valued function of / with a wcll-<icfincd forward 
derivative u' at each point of the interval 0 ■ t and if 

|h^| < lt\ii\ -f- 1, 

k and I being two po.sitive con.stant.s, then it also sntisfh.s the 
inequality 

|«| ^ Ih,,!#'*'' {<•*' ~ n. 

where Uo is the initial value of it at t -■ II. 

Con.sider the function 

»'= 1 ) 

satisfying the differential etiuation 

))' = + I 

and having |vv,| as its initial vnhn*. Thv vnlnv uf « in nrvnr 
greater than that of r, si nee otherwise* tin* tiiirerene’e u » r 
would vanish and have a positive or vanislnng fiirwurd deriviitivr 
at some point. At a point where ti ami r are however. 

4“ / -^ /t*r f / r\ 

which is a contradiction, A similar argnmenf .sfniws thitf - u 
is always less than v. 

Ifu it a singk-miliwdjiitwlinii ojj ,ntk nrll-tlrfiuni f„ririiril and 
backward derwativet, at each ptmt of an tnUrml .r,', * .r ■ .r, 
and such that 

|/d| < A'jaj -f- /, 

then, for any ^ and x in the inU-rmt, u aha mtls/it-s the inaiuaUiti 

(3) |m| g < - h. 

4 * 
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This may lie proved from the iireecding paragraphs by putting 
t = .r — i for values of x greater than and t = — x + ^ 
for values less than 

§ 10. The (’au(uiy PoLvaoNs and tiieik Convebgence ovee 
A Limited Inteuvae 

It is proposed to eonsider a differential equation (1) for which 
the funeti()n/(.r, >/) is continuous in the interior of a certain region 
R of the j-y-plane, and such that the quotient 

... .V) 

(4) , - ■ 

'/ - y 

is finite when (.r, t/) and (.r, y') lie in any closed region whose 
points are all interior to R. 

A so-called (’auc-hy polygon for the eipiation (1) through a 
point ({, y) interior to R is <lefined by means of equations of the 
form 

i/i “ ^ + /(i. — ?). 

!h * fh +/(<ri. yi){.h — •Ti), 

y =' y„„i -|-/(xh_i, yn-\){^ ~ 

The ilivi.sion points 

^ < J-i < J-a < • ■ • 

may be taken for convenii'iice at equal distanee.s 5 from each 
other. Any value x > ^ will lie on one of the intervals a-n-iJ-n, 
and the polygon will either be well-defined for all such values, 
or el.se there will be a constant fi .such that for every x in the in- 
terval f < j* < ^ the jioints of the i>olygon are interior to R, 
while for x * ^ the corresponding iH>int (j*, y) will be a point of 
the boundary of R. The i»olygon defined by the tHpiations above 
may be denoted by Piix), and the analogous (»ne when the division 
points are distant 5/2""*' from each other by Pn(x). 

A common interval ^ x g a for two functions P(x), Q(x) 
with respect to any region R may be defined as one over which 
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both are interior to R, and one such that on any ordinat*' of the 
interval all the points between (.r, Pi-r)) and (.r, f^(.r)) are also 
interior points of R. 

Consider now a closed region Ri interior to R and eontainiiiK 
the point (^, v)> let m and k be two <'onstanfs K'reat^T respec- 
tively than the absolute values of /(.r, >/) and thi' (piotient. (■}) 
in the region Ri. If l> 0 if givi'» in (Kh'itiirr, the pnrtitiini.f for 
any two polygons P(,x), Q{x) through y) can hr takni so sniitll 
that 

(5) 1P(.t) - (e* ^ - I) 

for all mines of x in any common infcrvti! of PUr) and Q(x) with 
respect to Ri, For at the point (/, ?/)» where y * /h*rK the equa- 
tion 


P' = /(:r, P) + [fixn^u yn^i)-fix. P)\ - /(.r, P) ( p 

is satisfied by the forw'ard and haekwanl derivntive.s ot the 
polygon P. On account of the eoutinuity of f(x, y) there exists 
for any l a constant y such tliat 

lx - x'l < IX, !.(/ - y’\ < p 

imply 

!/) -/(P. /)! < //- 

whenever the points (*r, y) and (x, }/) are in /ft. If the .subdivi- 
sions for P(;r) are taken less than y and p/w in leiigth, it folhms 
that on the polygon P{x) 

|x < /X, lP(*r) *<1 ni\x — y, 

and hence the absolute value of p is less than t,2, Siiiiiliirly 
Q(a:) satisfies an equation 

Q' = Q) 4 - 

where \a\ < f/2, provided that its intervals are less in lengtit 
than y and p/m. The difference P — Q has forward and bark- 
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ward derivatives which satisfy the relations 

\P'-Q'\ < l/(■r. /O-/(.r,0| + |p| + H 

< k\r - + /, 

and witl) the help of the Icinina of § 15 the desired inequality 
follows at once, sinc(' P and Q have the same initial value -q at 
;r = 

ff P{:r) is a polygon and (^(.r) a solution of the dilferential 
equation, or if both ar<‘ .solutions, the .same theorem evidently 
holds tnu', because then the function <r is identically Kero, or else 
both p and cr vani.sh. 

Th(' polygons all have a eommoJi Interval. For take 

positive eon.stants a and h such that the rectangle 

((•)) 0 * ' j- - ^ • - a, |y - r?| < h 

Is entirely within /f, arul enns(*(iuently has two (‘onstants m and 
k analogous to those above for /^^ Tlu^ portions of the polygons 
in the re(‘tangh‘ ((>) all lie between the straight lines 

y ^ rfc: — <£), 

sinec^ tlie slope of any side of any one of them is numerieally 
less than m. It follows that (‘ueh is certainly well defined and 
within the rec^tangle (i>ver an interval ^ 5 ^ where Ui is 

the smaller of a and 6/ /a. 

The m*qtienee of polyntonnaL^ eoueergea uniformly, on ike 

infrrml | ‘ a* * ^ d’ to a function y{.r) uhick hm a eonitniwus 
derivatiee and miiiiffieH the differential equation (1). The curve 
y = y{x) m) defined u entirely within the region IL 
For take €> 0 arbitrarily, iuul / so small that 

U-*"' - I ! < e. 

1/V{J-) - /'n(j-)j < I {«*“■ - n < <. 


Then 
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provided that the intervals 5/2"'"' and 5 2" ' are each less than 
the constant iJ. corresponding to /. lienee the secjueius' /’„C.r) 
converges uniformly to a continuous function //(.c) on th<‘ infi‘rvul 

^ ^ 3 - ^ ^ + (tl. 

The equations 


Pn(^) 


= V+ rv,/(.r)<f.r - r?+ />„) f 

Je Jt 




hold for every n, and the sequeuees !/(.r, /’„)! and l;t„! apjtnuu-h 
uniformly the limits /(.r, //(.r)) and zero, respectively. llene<> 


]/(•*■) = H" f f(.r, i/(.rj)t/.r; 

'h 

from which it follows hy differentiation that //l.rt is a solution of 
the differcTitial etiiiation. 

It is easy to show hy means of the eoiu't'rgenee inetpmlity 
that there is only one continuous solution i/ //(.r) of the dif- 
ferential equation (1) in the region H and passing through (/;, >;). 
For suppose there were another, YUr), distinct front 1/i.r) at a 
value x' > There would then he a value (i < .r' at which 
yi^i) = and such that the two solutions wouhi 1 h‘ distiitcf 

throughout the interval < r * x'. In it ncighhorhoo.i of 
the point of intersection (|,, ij,) interior to l( a reiati<tu 

d{Y — i/)\ . , 

-[^-\-\f{x, r)-/(.r.t/)i < /.•:»•■" // 

would be satisfied, and hence, from the convergence inetputlit y ( I! ), 

|K-^1 r/0. 

This contradicts the hypothesi.s that t/(x) and art* distinct 
throughout the interval li < j- g x'. 
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§ 17. The Kxistence oe a Soehtion Extendino to the 
Boundaky oe the Ueoion R 

It lias Ix’Eii proved in tlu* i)r(‘e(‘diiig section tliat, on a certain 
int('rval ' .r ’ I- + fp, tlu' pol.vfjjonal carves y = Pn(.r) con- 
verg(' nnirornily to a eontinuoas solation ?/ = ?/(.r) of the ditfer- 
ential ecpuition ( 1 ) lyiiifj (aitirely within tiie rejjion R. Tlie in- 
tc'rval lor whieli the proof has heen f!;iv(‘n may not he the 
larfjii'st one on which th<‘ se((aenee of polyfions lias this property. 
There will, howevi-r, he a namher pos.sihly infinity, 

with the projK-rty that on any interval ^ < .r fiu where 
jSi < /f, the setpienee of polyf^ons eonverj^es aniformly to a 
eontinuoas solution interior to R. A eontinaoas carve .v=//{.r) 
is thas deliiHsI which has a derivative and satisfies the differential 
eipaition for all values of .r in the interval ^ • ' .r < fi. 

An .r appnxtchfn fi Ihr jxiiiiln (.r, i/(.r)) o/ thr noliitio)! van hair 
7to Until jinhil {A, j) inlrritir to thr rriiioii R. 

If they did, tln're woald he for any j;iven ( a value .r' < (i 
saeh that 

\y - fi] < (, j//(.r') - 7 ] < 

and an intt^^rr A" jsnrh that, \v!u‘iu*vi»r n > Ah the inecjuality 

- //(.r)| < I 


wntihl hold for all values of .r in tin* interval i; ,r ■‘h xh At the 
vahu‘ y in partiendar 

l/h^y.) — 7; Pjy) - !/iy}\ + lyhrO — 7I < €; 

HO tliat for n • A* the inants (.rh /hi(.r')) wcmld all lie in the 
€-neighhc»rlHHHl of the pcant (ji^, 7), Alauit t!ie point ( 0 , 7) as 
eent(T a redangk^ 

hr 0 \ A, {i/ ““ 7I ■*h li 

eould he deHerilaa! eiitirely witliin the region H, and in the portion 
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Ri of R which lay within the rcctniiKh' or within tlic region 

^ ^ S. .'/(•'■) “ * ' n ' "f" * 

the ab, solute values (*f /(.r, t/) and the <|notient ( 1 ) would l)e less 
than two constants m and h, res(>eetiv«*ly. It can lx* shown 
without great difficulty that every polygon for n * N 

would be defined atul lie within the region R for an int<‘rvnl 
extending beyond fi at least a distance . 1 1 , wlier<‘ . ( i is t he smaller 
of the numbers /I and {B — « — /««)/;«. A proof similar to that of 
§ 10 would then show that the polygons P„(.r) converg*' tiniformly 
to a continuous solution of ecpiation ( 1 ) interior to Ri ov<'r an 
interval ? ^ ^ (3 + .•li;and eonse(pn‘ntly B could not be tln^ 

upper bound described abov(>. 

As X approaches | 8 , therefore, the only limiting points of the 
solution y — y{x) are at infinity or elst* an* boundary points of 
the region R. If R is further a closed region, that is. oik' <’on- 
taining all of its limit points, then there is hut one limit point 
for the curve y — y{x) as r approaches ft- lAtr suppose (0, 7 ) 
to be a finite point in any neighborhood of wliieh there nr<‘ points 
on the curve. About (0, 7 ) a rectangle 

( 7 ) \x-0\^A, \y-y\<B 

can be chosen arbitrarily, and the points of H lying in it form a 
finite closed set in which |/(j-, y)\ remains always less than a 
constant M. On tlie interval jS — . 1 1 < .r < 0, where A 1 is 
the smaller of the numbers ami HjM, all the points of the 
curve y = y(x) satisfy the inecptality 

(8) ly - 7 I ^ (0 - -r). 

For if (*', y') is any point of the curve in tlte rectangle (7) and 
also in an «-neighborhood of the point {0, 7 ), then tiie ineepmlity 

I2/ - 7I S \y' - y\ + 1 / - 7I 

< M{x' — J-) + « 

< Mi0 — x) + « 
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must he satisfied by any preceding point P (a-, ?/) of the curve 
y = y{^) for which the arc PP' is interior to the rectangle. It 
follows that the solution must lie interior to the rectangle and 
satisfy the last inequality, at least on an interval x'—A,<x<x', 
where A, is the smaller oi A — e and {B — e)IM. Hence the 
ine(|uality (8) is also true on a proi)orly chosen interval preceding 
X = ^. It follows that as x approaches jS there can he but one 
limit point for the curve y = ?/(x), and this limit point is either at 
infinity or else is a boundary point of the region It 
IVhm the, junction y) in the differential conation 


dy 

(ix 


fix, y) 


satinfies in a region R the conditions stated at the beginning of § 16, 
there exists through any interior point (?, y) of the region R one 
and hut one continuous solution 


(9) 


y = vix, y) 


of the differential equation. This solution is defined and interior 
to R for all values of x interior to an interval 

(10) y) < X < y), 

while as x approaches one of the end values a or /8, the only limiting 
points of the, solution are either at infinity or else on the boundary of 
It, If the. region R is closed, then the solution has a unique finite or 
infinite limit point as z approaches a or (3. 


§ 18. Tiif- (’ontinuity and Differentiability of the 

Solutions 

It can he shown by methods due to Bendixon* that the func- 
tion <pix, y) and its derivative <px{x, y), whose existence has 
been proved in the preceding sections, are continuous in all three 
of their arguments, and if the function /(x, y) has continuous first 
derivatives with respect to x and y in the interior of the region R, 
• liuMin de la SodiU MatMmaiique de France, vol. 24 (1896), p. 220. 
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then (p and have also oontinuous first derivatives with resneet 
to all of their arguments. ' 

_ The continuity at any set of values (.r, I f,.,- whieh (t. „) 
IS in R and .r satisfies the iiie(|uality (It)) is imtvnhle witluhi* 
help of the eonver}i:enee ine(|iialit.v of § ir>. K,,r there will 
always be a roffion R, about the are .S' of the solution (!)) over tin- 



intemd froin? to ;r. of the kind sy„.holiz,.d in the figure, and 
small that it lies entirely within the rcKion If (i j J' . a t A«) 

IS any point in /(, then the solution 

^ + Ak, n + 

satisfies the inequality 

(11) ^ ri + Av)- v"(i. i- Ai., i. 

— lit? 4 — ^,-.(1 j 

•' l^i?! -I- m'M. 

where m is the maximum of the absolute value of f( a, 
on account of the relation ' 


(12) 


b-Kf+4{,e,,)|. I r* 

! •'t ■» 




Hence a., long a. 6’ cemai,,., .-ithin the rc^„„ i, 



FUNDAMENTAL EXISTENCE THEOBEMS. 


97 


convergence inequality 

% + A^, 77 + Aij) — ^(.T, T?)! ^ (IAt/I + m|A^| 

the initial values of the two solutions being taken at .r = ^ + Af. 
If A^ and A77 are sufficiently small the expression on the right 
is less than S for all values of x belonging to the region li^, and 
hence 8 must be defined and interior to for all such values. 
Otherwise, for some interior value of ;r, it would attain one of the 
values <f>(x, 17) =<= 5, which is seen to be impossible on account 

of the choice just made of A| and A17. 

(’onsider now the difference 

|«p(a'+A;r, ?+A^, 77+Ar7) — ^(.r, 17)! 

^|(p(.r+A.r, ?+A$, 17+A77) — ^(.r, ^H-A?, i7+Ar7)l 
+ 1 'P(-''. ^ + A$, 77+A17) — ^(a-, 77)|. 

By a step similar to (12), and the inequality (11), it is seen to be 
less than 

w,|A.rl + (IA77I + 


whenever Af and A17 have been so chosen that 8 lies entirely in 
the region Rg. lienee the continuity of <p(x, $, 97) is proved. 

To prove the differentiability of (p with respect to $ and 77, 
assume that /(.r, 7/) has a continuous derivative /„ in the region 
R, and consider the same solutions 8 and iS in the region Rj. 
The diffVren<-e of their ordinates satisfies the equation 


where, by Taylor’s formula with the integral form of remainder, 


ffM 


(p -j- hA(p)(Iu 


h a continuous function of x, A^, A?;, the values tj being eon- 
8 
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sidered as constant for the moment. II('nce 

. llAiU 

Alp = d" i 

When = 0 or Ai? = 0, the eonstnnt e has respectivt'ly tiu' values 

C = = ¥?(^, V~h ^v) ~ <c(|. s. v) ” At?, 

= <p{k, ^ + ’n) ~ <pi^y $•’?)= / /{•'■, v" 4 Aip)(!.r 

= - Am + 6 A^i di + + A£. T?)), 

whore 0 < 0 < 1. lienee tlu' quotients Av’/A^, Av". A t; have well- 
defined limiting values 

\ **''■' ‘V /■' V r, .}, |.T» 

It may he remarked in eonelusion that the theorems which 
have been proved in §§ are true for systems of <-<|uati<ms 

as well as for a single one. 

§19. An Existence Theorem eoh a I’AinTAi, Dieekhentiai, 
Equation oe the First Order which ih 
NOT Neceskarii.y Anai.vtic 

Proofs have been given by (’au<-hy, Kowalewski, Dnrhonx, 
and othens for the theorem that in general there exists om* and 
but one analytic surface 

z ^ I/) 

which passes through an arbitrarily selected analytic curve C 
in the a;y-space and, with the derivatives 

dz dz 

. ''’‘Sir 

satisfies a differential equation of the form 

y, 3, p, <i) - 0, 
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where F is an analytic function of its five arguments. These 
proofs, however, say nothing about the solutions which may 
exist through a curve C whose defining functions are not ex- 
pressible by means of power series; and they are not applicable 
when F itself has not this property. An existence proof is to 
be given below which is based upon much less restrictive as- 
sumptions on the functions F and the curve CL It involves the 
well-known theory of cliaracteristic strips, which are solutions 
of a set of ordinary differential equations. If a one-parameter 
family of charactteristic strips intersecting a given curve (J is 
properly selected, it will generate a surrace S which is a solution 
of the differential equation. The existence of the family and the 
differentiability of the surface depend, however, upon the 
existence and differentiability of the equations of the character- 
isti(^ strips with respect to the initial values of the variables; 
which they involve, that is, upon theorems similar to those which 
have been developed in the preceding sections. 

Suppose that the function F is continuous and has continuous; 
first and second derivatives in a certain region It of points 
(Xy ?/, z, py q). The differential equations satisfied by the charac- 
teristic; strips have the form 


(13) 


(lx 

(iu 

dp 

(in 


rt 

-F.-pF., 


g = pF„+qF,, 

- A’ 


Through any initial values (|, tj, tt, k) interior to R these 
equations have a solution with equations and initial eonditions 
of the form 


.r == X(t/, 7), t, TT, k), 

>J = i/(». ■fl, TT, k), 

(14) Z = z(w, f, 77, f, TT, k), 

P = y(w, V, t, ’T, k), 

q = q{u, 17, f, T, k). 


S = a-(0, S, 77, X, k), 

V = .v(0, f, 77, f, X, k), 

f = s( 0 , 77, X, k), 

TT = p(0, I, 77, f, X, k), 

« = </(<'. I. ’J. TT, k)t 
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and such that each of the functions on the left niul its derivative 
for u are continuous and have eontinuons first derivatives in a 
region of values {ii, 17 , tt, k) for which ($, tj, j'. ir, k) is a 
point interior to It and v lies in an interval, containing th(‘ vahu; 
M = 0, of the form, 

T'", k)< n < 7), J", T, k). 

The points (x, y, z, p, q) so defined are all inferior to flu* region It. 
Along the solution (14) the e(piations 

( 15 ) p.r„ 4- qt/u — z„ 0 

(IF , 

(IfO ~ I* xX u 4“ I* nJ! a 4" 4“ I ppu 4" I* tplu tt 

are satisfied identically, so that the direction p : q : — 1 is always 
normal to the curve defined by the first thr<*e e(|uafions. Kvi- 
<lently if F vanishes at a single point of the strip, it will also 
vanish at every other point. The solutions (14) ahuig which F 
vanishes arc called eharneteri.Htle strips, and any one of the 
strips (14) will surely he of this tyi>e if the initial condition 

n, f. w, k) = 0 

is satisfied. 

Consider now a continuous and different iahle strip of elenn'iifs 

(17) .v=^(r), y — ri{v), z ~ ^U'), p q Ktr) 

which lies in the interior of the region H and satisfies the <’on- 
ditions 

(18) f t), 

f'(S, J), r. TT, k ) = 0 , iF, 77,, i 

where the arguments in the derivatives of F are the same as tlmse 
in the second equation. The first two of the.se conditions imply 
that the direction tt : k : — I is normal to the curve 


( 19 ) 


^ = ?(»). y = i?(»), = = n**). 
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and that the curve and its strip of normals satisfy the differential 
equation. The third prevents the strip from being a so-called 
integral strip of the differential equation, through which there 
does not in general pass a unique integral surface without 
singularities. To make the situation simpler it will be supposed 
that the projection of the strip (17) in the .rity-plane does not 
intersect itself. 

When the functions (17) are substituted in the equations (14), 
a Tiew system 

i>r ^ nr ^ 

p = Pin, v), q = Qin, v) 

with tlu' initinl conditions 


?00 = -VO), v), -nir) = }’((), r), f((') = Zii), p), 

ir{p) - />((), (0, -c(r) = t^((), p) 

is (It'tcrnniK'd. 'Plicrc is a rc>;ion 


(A’») 


A ‘s n ■' B, oi P ^ Pz, 


where A is a negativ(' and B a positive' constant, in which the 
functions (20) are continuous, have continuous first derivatives, 
and satisfy the relation 


( 22 ) 



A'„ 

r„ 


H= 0. 


For if M is flu' maximum of the absolute values of the functions 
on the right in the eejuations (12), for a closed e-neighborhood of 
tlu' points of the strip (17) in the interior of R, then the solutions 
(14) are defined at least over an interval |(/| ^ e/M, and the 
absolute values of A and B can he taken at least as great as this 
constant without disturbing the continuity properties desired 
f(»r the functions (20) in the region /f„„. The condition (22) is 
satisfied for the values v = 0, ri S ^ ~ '’2 he<'ause of the first 
two of equations (12) and the third of the relations (1<S); and the 
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region Ruv can therefore he chosen so that tin* determinant is 
different from zero everywh('r(> in it. 

By an argnmcnt similar to that used in proving the theorem 
of § 4 it can be shown that A and R can l)e restricted still fnrtlu'r, 
if necessary, so that no two distinct j)oints («', r'), (//", r") in 
the region Rm define tlie same point (.r, i/) by imams 
of equations (20). The houndary of tin' ri'gion R„„ is trans- 
formed then by the first two of equations (20) into a sinqily 
closed regular curve in the .r//-plane which bounds a portion 
Rxy of the OTz-plane. d'he equations establish furtlu'rmore a 
one-to-one correspondence between the points of R,„, and those 
of Rxy, and the functions 

(23) w = it(x, ]/), r — r(,r, ;/) 

so defined arc continuous and liave continuous first dm-ivatives 
in Rxy. The others of the e((uations (20) defim- then three 
functions 

(24) z = z(.r, ?/), p = p(.r, y), q ~ qU, y) 

which are also continuous and hav<- eontinuous first derivatives 
in Rxy, and which with the values (23) for it and r satisfy tin* 
equations (20) identically in .r, y. 

The functions (20) satisfy the relations 

PXu + QVu-y^u-^A). 

(25) PX, + QY. - Z, ^ 

Fix, Y, Z, P, Q) = 0 . 

identically in u, v. The finst and third of these follow at once 
from the equations (15), (10), the second of the etpiations (IS), 
and (21). The expres.sion 

a(n,v) = PX„+QY„ - Z„ 


has the initial values 

(26) fi(0, v) = TT^v + <o?i. — r» =" 0, 
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which vanish on account of the first of equations (18). Further- 
more 

Qu = PuXv + QuYv + PX.. + 
and from the first of equations (25), 

0 = PvXu + QvY. + PXuv + QYuv 

By subtracting the last exi)ression from that for and using 
the eciuations (13) which the functions (20) satisfy, it follows that 

Qu = PuX\ + QuYv - l\>Xu - QvYu = - ilF. - 

in which the arguments of the derivatives of F are the functions 
(20). IIen(‘e with the help of the third of equations (25) and 
the initial values (20), 

, 1 

= 0 . 

The single-valued funetion z(x, t/) defined above over the region 
/£,j, has the derivatives 



Zu 


!A'„ 


II 

z, 

X,. 

F„ 

I Y 

= P(^. y), Zy = V” 

Yu 


A'., 

r., 

A', 

5',. 


= ?/), 


found by substituting the functions (2.‘i), (24) in the equations 
(20), differentiating the resulting identities, and applying the 
first two of the relations (25). It satisfies the differential equation 
F = 0 on account of the third of the equations (25). Further- 
more 

•r, .V. z(-f, y), P{x, y), q{x, y) 

reduce to y, f, tt, k at any point of the strip (17), since at sucli 
a point u(^, tj) — 0 and the relations (21) are satisfied. 

It has been proved therefore that there is a single-valued 
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function 

(27) 2 = 2(J-, )/), 

defined over a region /fj-i, of the .ri/-i)Inne, which is (‘outinuous and 
has continuous first and seooiul derivatives, contains flu* initial 
strip (17), and satisfies the differential ecination F 0. 

There is no other surface 

(28) 2 = s,(j-. (/) 

defined over the region and having tlu'sc propcrti<'s. ff then* 
were such a one, it would have to contain all of the p(nnts of the 
strips defined by equations (20). 'I'o prove this, suppos(' that 
(*', y', z', p\ <f) is an element belonging to on<' of the strips (20) 
for vahies («', F), and also to the surface' (2N). 'riu* e'epiations 

(29) = Fp(jr, !/, 3i, pi, c/i), ~ F„i.r, y, :i. /<,, </,), 

where pi and c/i are the derivatives of 2 |, have a iiniepie solution 

(30) X = xiiii), y ~ jiiiii) 

reducing to x', ?/' for the initial value u - »' and eh'firu'd over an 
interval m' — « ^ a ^ u' + e. The corn-sponding c(|imti<tns 

(31) X = xi(u), y = //,(«), 2 ~ zdtt), 

V = lh{u), q ” qi(u), 

found by substituting the functions (dO) in :i, /n. qu de'fine' a 
characteristic strip. For on the surface (2K) the c(iuutions 

Fx + F,i>i + FpTi + Fyiti = 0 , 

Fy + F ,qi + FyHi + Fyii = 0 

are identities in x, y, where rj, .?i, f, are the three second dc-ri vnti ves 
of Zi(a:, y). As a result of the.so identities and the etpiations (29), 
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<lz\ (lx (ly 

(lu ^ Ju + du = «■’ 


(:J2) 


(IP\ 

dll 

dqx 

du 


dx , dy 

n x: + i: 


^du 

dx 

'du 


± + 


du 

<hl 

du 


F. - piF.,, 

Fy - 


where the argtiinents of the derivatives of F are the fiinetions 
(;U). The equations (29) and (22) show that the strip (31) 
is a (haraeteristic strij). Its initial element for ?/ = id is 
{x\ i/\ p\ <f), the same as tluit for the strip (20) corresponding 
to r = F. IIen(‘e the two must eoimnde on the interval u' —• € 
< u < id + 6 on which both are <lefined. 

The initial (‘lenient (21) of any one of the strips (20) is by 
hypoth(‘sis on the surfa(*e (28). Ae(‘ording to the last paragraph 
all of the (dements of the strip in an interval [(/j ^ 6 must also 
lie on tlu‘ surbu‘(% and it follows that there (‘an lie no upper 
bound (‘.x:c(‘pt li for th(‘ values of u for whi(‘h this is true. If 
id < li wer(‘ such a limiting value, the (dement {x\ y\ z\ j)\ q') 
(*orr(‘spon(ling to a' on the (duiracteristie stri{) would also belong 
to the surface, on a(‘count of the (‘ontinuity of 2:1(0*, y) and its 
derivaitiv(‘s; and tlie interval of coin(‘iden(‘e would tlumfore 
be lUHTssarily longer than 0 u < id. 

For any point (.r, //) in the r(‘gion tliere is but one set of 
valiH‘s (/(, r) solving the first two of (‘(juations (20), and the cor- 
r(‘sponding value of s from the third ecpiation belongs to both 
of the surfac(‘s (27) and (28). The two surfa(*es must therefore 
(‘oineide throughout. 

Suppose^ now that an initial curve of the form (19) is given 
inst(‘ad of tin* initial strip (17). If to any value Vq defining a point 
(lti» fo) <»f the <‘urvc tliere corresponds a direction ttq : kq : — 1 
satisfying the relations (18), and such that ({o, 170, fo, tto, kq) is 
interior to R, tlien there will be a strip of (dements of the form 
(17) along the curve containing th(‘se initial values for v == Vo. 
For the first two equations (IK) have the solution (%, tto, kq) 
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when their first nieinbers are reganled ns fnnetitnis r, tt, k, 
and on account of the third r(‘lation (IS) thenr fuindionnl (h‘- 
terminant for 7r» k does ncd vanish at tlu‘st‘ values. A<’c*ordin|^ 
to the fundamental theonnu of § I tluna* is thendorc' a {)air of 
functions 7r(r), /c(r) defined over an intc'rvid r\ * r " i\i eon- 
taining Po and satisfying, with ^'(r), i 7 (r). the relations (IK), 
The results of the preceding pnragrnplis may l>e suininariictHl 
as follows : 

Sujypose that 

(C) X = !t ^ vir). ^ - i^ir) 

is a continmms and different iahle enrve, at smne pnint ipu ud 
= vi'h). tM) ff ndtieh there m a normal : k» : — 1 

satiffying the eqnation 

VOf t(h TTth Ko) (h 

Supjmse furthermore that 

ivM Fp( $0. fll. JTo, Ku) I 

f <»■ 

Vvi^a) V«< To* ^'d) 

and that the, initial ekment ■>?„, f,,. ir„. k„) tim in n mjinn H of 
points {z, y, z, p, q) in n'hieh F is ronlinnous and has ronliuiioiis 
first and second derivutim. Then there is a strip of the form 

(S) a; = ^(v), y » 17(f)), s m ^{r), p - ir(r}. q Kir) 

ih -£ V <, iSi) 

containing (fo, ’Jo To. tto, Kq) for e = ro, nml such that all of its 
elements have the properius ascribed ahovr to this initial one. If 
the projection Cxy of (1 in the zy-plane does not intersect itself, the 
. characteristic strips of the differential equation 

y, 2 . p, q) “ 0 

which pass through the elements of F simply coper a region of 
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the Ty-j)lane and envelop a single-valued surface 

z = z{x, y). 

This surface is continmms and has coyitkmous Jirsf and st 
derivatives in co7ifams the strip R, and satisfies the diffen 
equatum F = 0 . There is no other surface over the region li^rn ^ 
has these properties. 
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DIFPERENTIAL-GEOMETHIC 
ASPECTS OE DYNAMICS 

BY 

ICDWARD KABNER 


INTUODIK^ION 

The relations between mathematics and physics have been 
presented so frecpiently and so adecjuately in recent years, that 
further dis(*nssion would seem unnecessary. Mathematics, 
however, is too often taken to be analysis, and the role of geom- 
etry is negh^ctcnk (biometry may be viewed either as a branch 
of i)ure mathematics, or as the simplest of the physical sciences. 
For o\ir discussion we choose the latter point of view: geometry 
is tlu^ science of actual pliysi(*al or intuitive space. All physical 
phenomena take places in spa(‘e, and hence necessarily present 
ge(unetri(‘ asp<‘cts. \V(^ (‘onfiiu^ our discussion to mechanics, 
and consider the rok^ of geometry in me(‘hanics. 

The fundanu'ntal concejds of mechanics are: space, time, mass, 
and force, (’ertain preliminary theories deal witli some instead 
of all tluNse concepts. Space by itself gives rise to pure geometry 
with all its subdivisions. Accordiiig to Sir William Rowan 
Hamilton, alg(d)ra is the science of pure time; in fact time is 
the simplest one-dimensional manifold suggesting the notion 
of r(‘al number, tlu^ continuum, the foundation of analysis. 
Neither mass by itself, nor force by itself, gives rise to an inde- 
pendent theory, for these notions cannot be considered without 
considering space also. 

Space and time together give rise to kinematics. If we do 
not consider velocities and accelerations, but only displacements 
(that is, initial and terminal positions without introducing 
9 1 
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oontimums motion from ono to tin* wo (»l>taiH Amporo’s 

“geometry of motion,” which lu^longs to pun* g(*oinetry rathcT 
than to kinenuiticH. 

Spa(‘e and mass give* rise to a si’paratt* ilisiupline \vlii<*h may 
he called the g(‘om(*try of masst*s. d'his d(uds with eeut(*rs of 
gravity, moments of iiuTtia, and numumts of high<*r ty[H\ whi<‘ii 
have l)een studied extimsively in recent years, t'sptadally by tin* 
Italian mathematiciaiiH. 

Space and for(*e are the «\ss(mtial c‘oncepfs tunpltiyei! in rigid 
statics. Mass and time are not necessary in this tIn»ory, whic‘h 
deals essentially with the e(|uivalcncf* and re«!nc*tion of systeinH 
of vectors. The remaining combiniifions, mass and time, forc’i* 
and time, mass and force, do not protince separaft* theories, 
since they can not he disenissed without intnalneing also the 
concept of spaeax 

Consider then space, time, and mass. Tfie primapal devt*hjp» 
merit along this line is Hertz’s renmrkidde *’g«n>metry and 
kinematics of material systems,” a tlaairy entirely independent 
of the conecjit of forexx 

The other eoinhinations of thria* of the hair vunvvptH have 
not produced separate develoianeuts, 

Finallyi we liave the tlieory wlucdi involves all four eoiieepts 
simultaneously, namely, kifieties. 

Although the geometric iispec’ts of tln^ preliminary t!ieori(*s 
are very interesting and iin{K>rtimt, it is not our inftmtion to 
review the progress which has lieen itiiide in this lintn Wv 
mention only Ball’s theory of serews, *StUfIy*H (fiaimetrie der 
Dynamen, and the law of duality c»oimecting kinematit's and 
statics—a law which is not dynamieah luit iiiirely geometric. 

The notion of vector is of exmrse fimdaiiiental in many of 
these theories. We recall the fartt that tliere are three ilistinct 
types of vector us(*d in mechanics: tfie /m* vef*tor, the sliding 
vector, the bound vector. Tliesc? thrift! tyfaxs differ with renpovt 
to the definition of equivaleiu'e. In tlie first theory, tw<» vt*ctors 
are regarded as equivalent when they liave tlie snme* Imigth 
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and direction (including sense). Such free vectors are employed 
in combining translations, or forces acting at a point. A free 
vector in space has three coordinates. The sum of any number 
of vectors is a vector. 

In the s(;cond theory, dealing with sliding vectors, two vectors 
are equivalent only when they have the same line as well as the 
same lengtli and sense. SiUih vectors are used in the statics of 
rigid bodies. The sliding vector in space, has five coordinates. 

A system of thesis vec-tors can not usually be reduced to a single 
vector. 3^110 most general system depends in fact on six essential 
parameters: it is a new gc'omctric element which may be repre- 
sentc'd either as a screw or a dyuame. 

Finally, in the third type of vector theory, two vectors are 
not (Tiuivalent unless they have the sa.me initial point and same 
terminal point, that is the vector is completely bound. Such a 
vector in space depends on six coordinates. The most general 
system depends on twelve (‘ssential j)arametcrs. This is the 
theory required in the develoi)ments of (uftaticn. 

Stati<‘s and kinematics have given rise to very extensive 
geonu'tric developments; but kinetics still is thought of almost 
exclusively as a matter of differential equations. Lagrange, in 
the famous preface to his l\I6canique Analytique, stated that 
no diagrams would be found in his work: “Lovers of analysis 
will thank me for adding a new branch to that science.” The 
special object of these lectures will be to point out some of the 
geometric aspects of kin<*tics, especially jiroperties of the tra- 
jectories descrilx'd itr arbitrary fields of force. While the in- 
vestigations comu'cted with statics and kinematics are mainly of 
algebraic-geometric character, our kinetic discussions relate to 
infiniti'simal proiierties, tangents, distribution of curvature, 
osculating conics, and so on: we shall deal chiefly with the 
differettiial geometry of systems of trajectories. It is essential 
to observe that the projrerties consi<lered relate not to the 
individual curves, but to the infinite systems of curves. 

To emphasize this point, consider the motion of a particle 
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in a plane field nf fon‘(% the^ form depinidini^" only on the 
position of the point. For i^dven initial eondititnis, the partiele 
will move on a (hdinitt^ enrvc''; tnkinK^ all pos'^ihle initial {noi- 
(litions, we shall obtain ii triply infinite* systtnn of vnrvv-^, A 
single eurv(‘ obviously lias no peeuliarities, for a purtit'le may 
be made to deserila* any given (airve by selecting a propcT fierce, 
varying from point to point of that etirve. 11ie NVHfem of mirveH, 
however, will liave intrinsic iieeulinrities, for if a triply infiniti* 
system of curves is givmi at random, it will not usually be possibli* 
to fiml any field of for(‘e sneh that every partic^h* moving in that 
field will desiTibe om* of the given mtrves; there is, for iinfanee, 
no field of fores* which pnediHs^s as its trajedories all tint <’ireh*H 
of the plane. 

The. simplest g<*nc*ral propt*rty <ef tlie Hystem of f rajei*torif*H 
is as follows: If a partieh* is started at a given position in a given 
direction with all possihh* initial speeds iiitc» a fieltl of fi>ree, a 
single infinity of trajf*et(»ri<*s will be obtaimsL om* for each value 
of the speed; eonstrud for ea(‘h of these vnnvs the parabola 
having four-point eontac*t losenlating parabola i; the foci of 
these paruholas will always lie on a «’irc-le passing through the* 
given initial point. An ecpii valent stitfeinritl is fbiif the di»* 
rectriees of these iiarabolas will always la* eoneiirrent. In spac’e 
we employ osculating Hplieres and find that the hams of the 
centers is a straight line. 

A completely elmraeteristit* set of prcepcTties, fur both (In* 
plane and space, is given in Cdiapter I. It is thus possifde to 
tell when a given system of cairves ran nerve m ii Hynti*m eif 
dynamical trajectories. A method h olitatiieil for eoiiHtrm*ting 
the field from its trajec*tcirit*s. If say n fmndfnl of pnrtieles is 
thrown into an unknown fieh! (du* fc»ree acting at any point 
depending only on the position of the point I and if ii jiliotograpli 
of the totality of patlis is taken, tlien, without any rtaarn! <^f 
velocity or any observation of time, the fic’hl enn be conHtnn*ted. 
In particular it is possible, by .sim|ile geometric tests, to dis- 
tinguish conservative from non-cmuHcrviitive fieldH. 
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Chapter II deals with the geometry of conservative forces. 
Here the energy equation allows us to group the trajectories 
into ‘'natural families.’’ Such a family is obtained most con- 
cretely as the totality of oo'^ rays or paths of light in any medium 
wIhtc the index of refraction varies continuously from point to 
point. The geometric characterization is first given by two 
simple pr<)i)erties relating to (‘ir(‘les of curvature; and then by a 
new converse of the tlieorem of Thomson and Tait. It is seen, 
for example, that if a candle is placed in the atmosphere or in 
any gas of variable density, the oo- rays emitted by it, which may 
be curves of v(u\y complicated shape, will necessarily have these 
properties: (A) the eir(‘lcs of curvature constructed at the given 
source ail meet at a se(H)nd point; (B) three of these circles have 
four-point (instead of merely three-point) (tonta,(tt with their 
curves, and these three are mutually orthogonal; (0) the oo‘^ 
rays form a normal congruence, that is, admit oo^ orthogonal 
surfaces. Natural faunilies are characterized eitluT by (.1) andl 
(/i)y or by (A) and (T). 

These rc^sults are applied to the propagation of waves in any 
isotropic medium. A second and more comidicated converse 
(juestion suggested by the Thomson-Tait theorem is discussed. 
Sonu‘ iut(‘r(‘sting optical theorems are given a geometric formu- 
lation, but the converse problems are left unsettled. The final 
s(H*tion deals with the “general problem of dynamics” in the 
scmsc' of th<' Fren<*h writers. 

Th(^ third <‘hapter deals with transformation theories. It is 
interesting to noti(*e how the most important groups of geometry, 
the proje(‘tive and the (»onformal, play essential roles in dynamics, 
the hamer in connection with arbitrary fields, the latter in 
(‘onnection with conservative fields and natural families. The 
infinitesimal contact transformations of mechani(*s, and a new 
group of space-time transformations are also discussed. 

The chief subje(‘t of Chapter IV is a simple problem in con- 
strained motion, which includes, and Iience serves to unify, the 
theories of trajedories, brachistochrones, catenaries, and velocity 
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curves in an arbitrary field of fore<‘. ('oinpb'te (diann^teriza- 
tions are given. Curves of constant pressure and tautoehrones 
arc treated only briefly. 

Chapter V includes brief disinissions of nu^rc^ cHunplicated 
problems in motion, for example, the eflV(‘t of a resisting medium 
on the geometric? ehara(‘ter of tlu? of trajc‘<*toric\s; tlie 

motions of any number of interacting particles (the* results being 
of course applicable to the problem of three* bodies); finally, 
forces depending not only on position but also on the time, both 
trajectories and space-time eurvi*s Innng stnditHb "riit* latter 
are constructed, in tlie sense of Minkenvski, in the fcmr-tli- 
mensional space (.r, ?/, s, t), hut the applieatlim math* is to euxiinary 
dynamics, not to electrodyiiamies or relativity thec^ry. 

The main results of tin* first two ehapttTs (in particnilar the 
complete charaete?ri7vations of general systems of trajedories and 
of natural families) were first given by tin* writer in a st*ries of 
ffour papers published in the 'rmnmwtitnhH of this Society (HHH) - 
1910). Some of the other n*sults are given in m»tes puldislual in 
ithe Bulletin, The last two eliapters, as W(*ll as many set'tions of 
\the other chapters, deal witli hitherto unpublished rt*sults. 



CHAPTER I 

TRAJECTORIES IN AN ARBITRARY FIELD OF FORCE 

§§ 1-8. Tkajectoiues in the Plane 

1. We consider first the motion of a particle in the plane 
under the action of any positional field of force. The general 
equations of motion are 

™ (If ^ ™ dh ^ 

where m is the mass and <p, ^ are the rectangular components 
of the force acting at any point x, y. There is no loss of gener- 
ality in assuming the mass of the particle to be unity, so we write* 

(1) $ = (p{x, y), y = ^{x, ?/). 

The particle may be started from any i)osition (a-o, yo) with 
any velocity (xo. ^o)- A definite trajectory is then described. 
Since the same curve may be obtained by starting from any one 
of its 00 1 points, the total number of trajectories, for all initial 
conditions, is oo®. The differential equation of the third order 
representing this system of trajectories, found by eliminating 
the time from (1), is 

(2) — y'ip)y'” = {fx+ i'Py — <px)y' — vvy'^W — 

This is not an arbitrary differential equation of the third order. 
Hence the system of trajectories generated by an arbitrary field 
of force must have {leculiar geometric properties, which translate 
the peculiar analytic form of (2). 

ThB foUmmig mialion w employed Ihroughoid theBe kdureB: Dots indicate 
total differentiation with rc‘spwt to the time t; primes indicate total differ- 
entiation with rwpect to z; subscripts x and y indicate partial differentiation; 
finally, the subscript # indicatas total differentiation with respect to the arc 
length B, 
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2. Before stating these, we n^nark that a inon^ iutrinsie basis 
for the discussion is obtained by <l<a’om[)osing the ading forca^ 
into components normal and tangential to tlu^ path, instea<I of 
parallel to x and // axis as in (1). Dcaioting tlu'st* (‘ompcmtuits 
by N and T respectively, the e(juations of mt)ti(m are 

(3) rVr - Av rr« - 7’, 

where v denotes the speed, .v the an* length, ami r tlu‘ radius of 
curvature. By dilfereutiatiiig tlu^ first of tla^a^ tajuatioiw witli 
respect to .v, and (jornparing with the sta^ond ecpiation, we can 
eliminate r, obtaining 

(4) (rA^). - 2r. 


a relation which defines the traje(*tories and is tapiivahmt to (2). 

To reduce this to a more expli<’it form, we int rmluet* an auxiliary 
vector, completely determined by the givtm fielil of fore(% namely 
the space derivative of the fon’c ((»onsi<lt‘rt*d of course as a 
vector). The normal and tangential c’omponents (d the force 
vector are 


0^) 


,V = 


\p — y V 
>'1 + //'=' 


v" i //V 
I-/’' 


the corrospoiuliiiK coiupoiifufs of the m-vv vccfur urf 


'pT + ipa — “ V's,//'' 

1 4- //'■*' 

STr-f- (<ry f- 'P ().>/' f P,,'/' 

I -t- //'- 

While the new vec-tor is the h derivutive nf tin* furct* vertor, its 
components are obviously not the saiue ns the .» derivutives of 
the old components: the correet relutiuns an* fettmd to he 


( 6 ) 




X 


P, — y'<f» 

V 1 + 

+ !/'pn 

-f" !l'^ 



( 7 ) 


N, = 91 


r 

r * 
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These formulas are sufficient for the discussion of trajectories.* 
By means of (7) we can reduce (4) to the form 

(8) Nr, = - ?lr+ 37\ 


Tim u the fundamental intrimic representation of the system of oo^ 
trajectories connected with a given field of force. 

From it we may derive very simply a number of geometric 
properties, lint in dealing with the converse questions which 
arise, and in proving the completeness of the set obtained, it is 
more (‘onvenient to use the equivalent cartesian representation, 
that is, e(iuation (2).t 

3. The Five Characlerisfic Properties in the Plane.— The system 
of trajectories generated by any positional ficdd of force in the 
plane has the following set of properties, and conversely, any 
systcun of curves whicffi has these properties will be a system 
of dynamical trajc'ctories. 


In Hoinci of IIk' later diHc.uHHionH we shall necul also the spacai derivatives 
of and X, which may b(‘ written in the form 


whc‘r(‘ 


% « ‘Jh + 




X* Xi -j- 


Xa 


X, 

Xa 


(1 + ?/’}’'’ ’ 

-»■ 4- 4 

1 + 

4- 4 (<ffuy 4 4 ^yuV'^ 

(I4i/'^)’^^ 

.p q- — 4>x)y' — (4>y 4 ’/'x)?/" 

I 4 I/'" 


Th(‘ fuiictiona t/* d(‘pcnid only on the poHition of the partic^le; the auxiliary 
ir\trinHi(‘ functioriH A', 7\ ‘•Ji, X, '^12, Xi, Xs, defined above, depend also 
U|)on the direction of tnotion; finally, Af*, 7',, X« depend upon the curvature 
of th(^ path. Cf. HhIL Arntr. Malh.^Soc.^ vol. 15 (1909), p. 475. 

t (4. 7V«n«. Amrr. Math. Sac., vol. 7 (1906), pp. 401-424. The result 
contained in property IV of § 3 gives this simple, but apparently overlooked, 
dynamical thc^orcan: If a particle starts from rest, the initial cairvature of the 
path d(‘8crib(*d is one third of the curvature of the line of force through the 
initial posit i«)n. 
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L If for each of tlic co^ trajV<*torit‘s passin|r through a given 
point in a given (lire(*tion we eonstruet tlie escnilatiiig pnrahola, 
at the given point, the hams of the f(H‘i (if thi'se pnrnixilus is a 
circle passing through that |)oint. 

II. The circle that (’orrespcnnls, ac-eording to pr(ip(a1y I, to a 
lineal element, is so situated that the ehmauit histals fluj angle 
between the tangent to the circle and a (a*rfain direction filial 
for the given point (the direction of the force luiing at tlie given 
point). 

III. In each direction at a given p(hnt tluTt* is one frajtxitiry 
which has four-point contact with its circle of (nirvatitre: the 
locus of the centers of tlie o©^ hyptn-osculating eirdt^H csinstmcfcal 
at the given point is a <’oni(’ passing thrtnigit that imini in the 
fixed direction descrihed in propiTty 11. 

IV. With any point () there is asstanated a c’ertain (onic* 
passing through it as descrihed in propert>‘ 111. d'he lunanid 
to the conic at 0 ents the ccmic again at a distnnet' ecpinl to threv 
times the radius of curvature of tlie line of fon*e punning through 
0. (The lines of force are defined geoini'tric’atty hy tin* fac’t 
that the tangent at any point has the diredion nHHoeiated with 
that point in aecordanet* with pro}wTty il.) 

V. When the point 0 is moved, t!ie nssoenuted e«nii(’ ndernai 
to above changes in tlu^ following manner. Take niiy fwd {i\(*d 
perpendicular direetions for the x direction and the i/ direct ion; 
through 0 draw line.s in these direetions mc*etiiig the runic iigatii 
at A and B respectively. Also const met the normal at meeting 
the conic again at N, At .1 draw a lint* in tin* // ilircetion inctiing 
this normal in some point A\ and at H draw a liin* in the x 
direction meeting the normal in Htnne ptiint H\ The vnriution 
property referred to takes the form 

dxAA'^dj/liir'^ [{ws 

where AA' and denote distatiees lietw'eeii points, iind wdiere 
63 denotes the slope of the lines of force reliitive tti t\u* ehoseii 
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X direction. This is true for any pair of orthogonal directions, 



and therefore really expresses an intrinsic property of the system 
of curves. 

4. The most general system of oo^ curves in the plane is 
represented by an arbitrary differential equation of the third order 

(Fo) y"' = fix, y, y', y"). 

It thus involves orw arbitrary function of four arguments. 

A system of dynamical trajectories, on the other hand, is 
represented by an equation of the particular form 

(/'V) i^ - yW" = 14'. + i4'v - Vy)y' - <Pyy'''W' - '^<py"\ 

and thus involves two arbitrary functions of tioo arguments. 
These are the only systems having all five properties I-V. 

It is interesting to notice just how the successive imposition 
of the properties gradually narrows down the general form (Fo) 
to the particular form (Fy). 

5. The most general system hating property I is found to be 

(F ) y"' = Gix, y, y')y" + Hix, y, y')y"\ 
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It thUvS involves Iwo arhifrary fiuietions of ihnr arKunaaits. 
This type of course inelucles tlie (lynniui(*al type* as a very spiaial 
ease. It aris<\s in a number of (iithuamt Kcaunctric ami pltysical 
investigations. It has th<T<*fon» its own inten‘st. The ('har- 
acteristie prop<'rty may be stated in varimis wjtys, all of <*onrse 
e(iuivalent to the original form: tl) oscmlating paralalias 
of the trajectories passitig through a givtm ptant in a given 
direction have the fo(*i situnttal on a eircl<‘ passing thrtmgh the 
given point. Five eciuivalent forms are as ftdltnvs: 

I (2). Tlie directrices (d tlu^ osculating paralmlus fortu a peiual 
It follows that there exists a {)oint (tin* vertcK of this ptuieil) 
from whieli all the paralxilns subtend an angle of Pf) ‘. 

I (2). If for each of tin* traje(*tories <‘oiisith*r(*d, we efutstrnet 
the center of eurvatun* of its i‘v<)lut<% flu* loens {*f tlu* rtmtcTs 
thus obtained is a i)arabola passing through (), ami having its 
axis parallel to the given initial dinalion. 

I (4). For each of the traj<a4ories, eonstruet the ostnilating 
e(|inangnkr spiral. Tlu' loens of tin* ('enters of tlu‘ poles 
these spirals is a eir(*le passing through f), 

I (o). (\)nstruet for each of the traj«H«tori(‘s tin* axis of th'via- 
tioip that is the Hut* hist‘etiug the (‘hords (»f tin* t'urvt* whieti are 
parallel and infinitesimally <‘hwe to tin* tang(*nt. 'Fhe tang«*nt <4* 
the angle between the varying axis of dc'viation and tin* fixed 
normal is a linear function of tin* radius of eurvafunx 

I (G). The derivativt* of the radius of curvature witli n^siHS’t 
to the are length is a linear int(*gral fnnetitm of the radius of 
enrvatiire. Tins is imietitailly a re.stat(*im*nt of fo). Mince for 
any curve tlie derivative of the ratlins of t'urvatun* is known to he 
equal to three times the tangent of tlie angle* of dt'viiitioin But 
in this form it has the advantage of Iming valuh not only in flu* 
plane, but in sj)aee t)f tliree and in fact any numbtT id diimmsions. 
If in addition to property I, we impose prtqaTty II, the fuiu'tion 
II {x, y, t/') is spet'ialiyasl to 
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Thus the most general system with properties I and II is 

(F„) 0/' - co)?/"' = 0/ - co)r;y" + 3?/"^ 

where (1 is any function of ;r, ;)/, ?/, and w is any function of x, y. 
The ty|)e thus involves onr. arbitrary function of three arguments 
and one arbitrary function of two arguments. 

0. Hi/fttcvift tnfh Properties f, [f, [II . — Imposing also property 
III, we find that (l{.r, ?/, y') must be of the special form 

\y'' + py'-\-v 

W = / 

?/ •— CO 

Thu^ the (jrnvral system, of oo*^ cunes having properties /, //, 
/// is represented by 

(^ 111 ) (?/' 03 )]/'' = (X?/'“ + M//' + ^)?/" + 

involving? fo7er arbitrary fuiu^tioiis co, X, y, r each of the tivo 
ar^j:uni(‘nts .r, y. 

This typo may ho oharaotorizod l>y tlio following properties 
which arc then ociuivalont to I, II, III. 

I (2). For i\ given lineal element, the (lirectri(‘es of the oo^ 
oscillating parabolas pass through a common point /X 

II (2). Whcii tlu^ liiKMiI eUmient turns about the given point 0, 
the point D describes a straight line passing through 0.*** 

III (2). Th(‘ correspondence bc^tween the range of points 1) 
and the pencil of elenumts through 0 is one-to-two of the special 
form 

— X sin“ 6 + fjL sin 0 cos 6 -h p cos^ 6, 

where* d denotes tlie distaru^e OD, and & is the angle between the 
element and fixed direction of 0/X 

In <ho (lynainical ciw* this line Of) is perpc*ndicular to the force vector 
acting at O. For ccTtain special fields th<‘ point I) may remain fixed: this 
happeam only when the components of th(‘ for(*(‘ are conjugate harmonic 
functions, that is wluai tlie fndil is of the type termed ** analytic by Lecornu. 
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7. If now we add the properties I\' and \', the four funetions 
CO, X, ju, V appearinp: in (F„i) nmst ohcw the relations 

{Fix) + jaw + P + <j3r 4" WCOj, = 0, 

{Fy) (w„ + Xco + m)i/ ~ 

Thus the f];eneral system havinj' propertic's I I\' involves thm'. 
arbitrary funetions of .r, ;/: while that haviiiK all five* prop(*rti(‘s 
involves two such functions. 

By integrating these relations, we may c'Xpre.ss tlu' four funetions 
in terms of two arbitrary functions v?, ^ as follows; 

^ 'f't ~~ 'Pu 'P^ 

CO == . X = ja , V = ■ — . 

<p <t'> v " ‘P 

These values, substituted in the type (/■’mb actually give ri.sc; 
to the type 

(\p — y'ip)y"' = {'/'x + i'Pt, — sCyX'/' — 'Pu!/' h/" ~~ •^'P!/"~< 
and thus the proof is completed that the set of five properties 
characterizes the dynamical type. 

In connection with the statements 1 (2), II (2), III (2), propcTty 
IV may be formulated as follows: 

IV (2) . In the ciorrcspondenc-c; described in 1 1 1 (2) , if the ehunent 
approaches the direction of the fetree the corresponding distance 
0/1 has for its limiting value .'1/2 the radius of curvature of the 
line of force paH.sing through (). It is to he rememl>ered that 
the direction of the force, and Inmce also the lines of force, arcs 
defined purely geometrically in terms of tin* given triply infinite 
system of curves by the fact that at any point 0 in tin; plane 
the “direction of the force” is perpendicular to the line de- 
scribed as the locus of I) in tin* above eejuivah-nt 11 (2) of 
property 11. 

In the same line of ideas it would be possible to find an esjuiva- 
lent for property V (thus comideting the characterization), but 
the result V (2) cannot be put into simple form. The original 
form V may be criticized as inelegant because in it reference 
is made to a system of cartesian axes. Of <'(airse the result 
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expresses an intrinsic^ property since it is true for all systems of 
axes. It would cjertainly be desirable to restate the result in 
intrinsic language. This can be done, for instance, by introducing 
the distan(‘(‘s c*ut off by the conic described in IV, not only on 
the normal OV, l)ut also on the two lines inclined at an angle of 
45® to that normal. I lowcvcr it does not seem possible to obtain 
a statenumt which is both simple and intrinsic in form. 

S. Of course many other properties of trajectories may be 
obtaiiu'd, either by reasoning syntheti(‘ally from the five funda- 
mental properties, or l)y reasoning analytically from tlie funda- 
mental (lilTerential (‘(piation. We state only a few samples. 

If we shoot particles from a given position in a given direction 
with variable s])CTd, the center of cairvature of the resulting 
trajec'toricss dc\seril)(\s a straight line (the normal) and the focus 
of the osendating paraixda simultanc'ously descTibes a circle 
(by ])rop(Tty II), in such a way that the two ra,nges (one linear, 
the othen- circular) arc; homographic*ally relatc'd; furthermore the 
given point, which is on both rang(\s, c*onTS])onds to itself. 

If we shoot from the same position in a direc^tion perpendicadar 
to that previously employc'd, the new focad circle will l)e tangent 
(at thc‘ givcm point) to the former foc‘al circle. (Icmversely if 
two foc-al circles, for the same point, are tangent, the initial 
directions to which tlu^y c'orrc'spond will be perpcmdicular to 
caieh other. 

We shall make tise of the following properties which describe 
tlic^ disposition of the oo^ focal circles e()nstruc‘ted at a given 
point. The two residts which follow are geometrically ecpiivalent, 
and either may l)e substituted for property III in the fundamental 
sc^t. 

HI (3). If for each of the elements at a given point we construct 
the (corresponding focml circle* the locus of the centers of the oo^ 
circles thus obtained is a (‘onic with one focais at that point. 

in (4). The envelope of the co^ focal circles is always a circle.’^ 

* This cavc‘lD|>ing cinlc is in general poaitinn : it does not usually have 
its center at the given imint. This simple position arises only when thc^ force 
is of the Leeornu type. 
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§9. Actual and Virtual Trajectories 

9. If we consider the motion of a cannon Inill in a viatical 

plane under the acdion of gravity assuint'd (‘onstant» the triply 
infinite system of trajectori(‘s consists of paralH>Ias with vertical 
axes. We do not, however, obtain all vertical parabolas, n^p- 
rcsented by thedin’erential eipiationof tin* systmn of traj<*etories, 
which is here = 0, but only th(»st‘ wliost* concavity is dirtaltal 
downwards. The other verti(‘al parabolas, with conc*avity 
directed upwards, satisfy the same diilVrtmtial <s|uation, and 
it is therefore (‘onvenient to include them in tin* systtuu studied. 
We thus have a distinction of urittal and tirfual traj(*etories. 
The latter are the uetual trajectories corresptmding to gravity 
reversed in direction. 

In an arl)itrary field of for(‘(‘ the* same* distinction arises. 
The complete system of traje(*torie\s is eamiposea! of the actual 
trajectories corresponding to the^ giv<*n force*, ami the* virtual 
trajectories which are the aelual traj<*cttu‘i<*s e’orre‘s|Hmding to 
the reversed field. It is obvious that the* s\st(*m of trajt*e1one*s 
is not changed if the force acting at <*ver\’ point i^ multipliesl 
by a constant. If wc were* (*euisi<lt*nng onl> acinal traje*cteu'ie*s, 
it would be neee*ssary te) restrie’t this t'onstnnt tet pensitive* 
values, but as we include both a(‘tual ami virtual, the ceuistiint 
factor may also he negative*. (Of <*ourse the* constant must 
not be icero, since then the fore*e wendel vanish and we* slamld 
obtain the trivial syst(*m of straight rme*s.) 

It is easy to sluyw that the virtual tmjwttmvs e‘<»rrcHp<mding 
to the given field may be found by giving the* initial spe*cd 
the particle a pure imaginary value*. Thv vmnum ball camlel be* 
made to describe a parabola with its e*omnvity c!ire*c1t*d upwards 
if only some kind of powde*r eemld be jnvcntt*el whit*h wemhl 
cause its initial spetnl tey be imaginary! 

In discussing the general geometric properties tjf triijcc’tcyries, 
we had in mind of course the eeymplete Hyste*m ns cl<‘finc*el by tint 
differential equation, (kynsieler for example proiye*rty I: ft>r any 
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given lineal element the locus of the foci of the parabolas oscu- 
lating the corresponding trajectories is a circle through the given 
point. The question arises, what part of this circle corresponds 
to the actual trajectories. It is easily found to be the arc of the 
circile cut off by the initial direction line (the common tangent 
of the trajectories considered) on that side which is indicated 
by tlie forces vector. Thus, if we confined our discussion to 
actual trajectories, the foc‘al locus would be, not a circle, but an 
arc of a circle, the arc running from the given point 0 to a certain 
terminal point A, If we consider all elements through 0 the 
locus of the (H)rresponding terminal point /I is found to be a 
conic pasvsing through 0 in the direction of the force vector.* 
For a given elenuait, the point /I, wliich separates the actual 
from tlie virtual, may be defined as the limiting position of the 
fo(‘US of the osculating parabola as the initial speed becomes 
infinitely large. The os(‘ulating parabola in this limiting case 
becomes a straight line, hut the focus has a defiiiite limiting 
position. 

An analogous distimdion, into actual and virtual, presents itself 
also in the theories of brachistochrones, catenaries, and tau- 
tochrones. The differential e(|uations of the systems of curves 
are satisfied by both the a<‘tnal and virtual curves, and it is the 
compute syst(nns that we refer to in all our discussions unless 
the contrary is exi)li(atly juentioned. 

§§ 10 If). Tuajectohiks in Space 

10. (’onsider the motion of a particle, which we may take to 
be of unit mass, in an arbitrary positional field of force. The 
equations of motion are 

(1) x=ipix,y,z), |7 == ^?/, s), 2 = xGm/. 2 ). 

The particle may he started from any position, in any direction, 
with any speed: its motion is then determined by the field of 
* T\m coifu* in not tlu‘ same m the eonie arising in property 111. 

10 
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force, and it <icscrihcs a <lcfinit<* trajectory. Tlu* totality of 
trajectories e()nstitnt(‘s a. dcHnite systinn (»f oo’ curves. (We 
ex(‘lu(le tlie ease wlua’c the foret* vanishes at t^vt^ry point, tlie 
trajectories then Ix'infj; merely tlu^ oo^ straight liiu*s.) 

What are the pn^pcTtit's of sm-h (piintuply infinite* syst<‘ms of 
curves? ()l)viously an arbitrary systenn space* e'urve*s e*annot 
he obtained as the totality of traj<*ete>ne‘s coniuH'teHl with any 
fi(‘ld of forcT. In fa(‘t the most jjftme*ral syste^m of * curve\s 
(assuming that oo^ etirves pass through any point eef space* in 
any direction) would I)e repre*s<‘nted l»y a pair of dillVremtial 
ecpiations, one of the third order uiul e>ne' uf the* seaamd emler, 
of the general form 


( 2 ) //'" 


f/ //, j/\ z\ 


thus involving two arbitrary funedions e^f argumemts; while 
the dynamical type involv(*s mewly threa* arbitrary fum^tiems of 
three arguments. The differential eaiuatiems r<‘pn*se*ntlng the 
dynamical type, obtainenl l)y eliminating the* time* from the 
('(puitions of motion, may be vvrittem in the* form 


( 3 ) 


i/V)- 


1 1 
if' 4^. + //V. sV. 
(x - A")/'. 


My*//' 




The (luestion is to express the pt*eulinr form ed tlie'se* e*e|nations 
in simi)Ie geometric language*. 

The interpretation of the se*cond c*(|uation is ohviems: the* os- 
eulating plane of the path pusse‘s not emly througlt the* given 
initial direction I ://' :s', hut alse^ through the* lixt*<l e!irf*e*tiem 
(p :\(/ :x; that is, the oseulatiug plane always piiHHe*H tlirenigh tin* 
direction of the force a<‘ting at the given peant. Tin* otlu*^r 
properties are not obvious;*^ they take into aceamiit the form of 
the differential equation of third orde*r. 

* The simplest of theme*, prope*rt.y II below iiael e*e»twec|tienrefi, m’rre 

first stated in the author's note publishi'd in tlie Hull. Amri\ Muih. Hue,, 
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We Ciinnot now, as in the case of tlic plane discussion, employ 
osculating parabolas, since our curves are twiwSted. Three 
consecutive points of a curve determine an osculating circle. 
What do four (‘ons(^cutivc points determine? No simple type 
of osculating (‘urv(^ is available, so we sliall make use of the 
osculating si)her(\ The restilts are then^fore quite different in 
form from thos(^ olff.ained in the two-dimensional theory. 

II. The Four ProperileH hi Space , — In order that a system of 
oo'> space curves, of which oo^ ])ass through each i)oint in each 
direction, shall b(^ idcmtifiable with tlie system of trajectories 
genera, t(Ml by a positional (1(^1<1 ol* force, it is necessary and suffi- 
cient that it shail hiixc the following four ])nrely geometric 
pr()perti(\s: 

I. TIh^ os(‘nIating planes of the oo-* curves ])assing through a 
given point form a, pcmcil; that is, all the planes pass through a 
fix(vl (lin'ction, 

II. osculating s])h('r(^s of th<‘ oo^ curves ])assing through 
a. giv<‘n point in a. givam (lir(H*tion form a pcmcil; their (enters; 
thus li(^ on a. straight lin(^ 

HI. TIk^ straight liiH's which <’orr(‘sp()nd, in aceordaiue with 
II, to all tlu" 00 “ dir(‘etions at a given point, form a (‘ongnunice 
(of ord(‘r on(‘ and of class time) (consisting of the secants of a 
twisted cubic* (‘urve*; whic’h cubic furthermore |)asses through the 
givcm point in tlu' dirtH‘tion fixeal by property 1. 

IV. The* asso<’iat<al planer systems *S', dc^tiTmimal by the given 
space systcmi in tin* mamuu* described below, have the five geo- 
nudric^ prop(‘rti(\s (*haract(Tisti(* of a system of plane dynami(‘al 
traj(‘ctori(cs. Consider the given system of oo*» space curves in 
(‘onnedion with any plam^ p. Through any |)oiut of p there pass 
00 *' purveys of the givcm system which are tangent to the plane. 
Project the dilfenmtial (deuumts of the third ordew belonging to 
tliese spac(^ curv(‘s orthogonally upon />, thus obtaining oo“ 

vol. 12 (1905), pp, 71'-74. Sonwvvhat HimplifiiHl proofs were then gm^n by 
Cesilro, in a papcT pul>riMh(*d shortly IxTon^ his <i(‘ath, in the Menmie di 
TorifU) (U)05). Hit* (‘oinpl(*te H(*t of prop(Tti<‘S ai)p<^ar(*d in the Tram. Amer. 
Math. So(\, vol. H (1907), pp. 121 1*10. 

# 
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plane diirerontial elements of the third onh-r at tlu' st'ledi'd point. 
Applying this process to all i)oints of p, we hav<‘ a (hdiiu'd s<'t 
of 00 '* differential ehmients of (h(‘ tliird order. 'Tlu-st' (‘leimmts 
define a certain diffenmtial e(|uation of t!u> third order, and thus 
determine a systimi of oo** in(('gral eurv<*s. 'riiis we term the 
associated system in the i)lane /a 'I'lu' space systtun has tin? 
property that every oik' of thes** plane systems asso(>iat<‘<l with 
it is a system of dynamical traj<>ctones, and therefore has the 
five properties stated in § d. wlneli we iuns* denot<> I»y 1,, Xj, 
in order to avoid confusion with tin* four spatial properti('s. 

These four i)roperties are ordinally ind<‘i(endent : no one can 
bederived from those wliich pna-ede it. 'Die (pu'stion of ahsolutc* 
independence is left open: it is <iuit<‘ [trohahle that I\' is suf- 
ficiently strong to furnish a complete <'harnet<‘ri‘/,ation ity itself. 

12. The most general system having [iroperty 1 involv«>s one 
arbitrary function (d six arguments ht'sides two fum-tions of 
three arguments. Thes(> systems ha\e th<> following properti<‘s, 
which are of course conse<pienee.s of [troperty 1. 

The 00 * curves pas.sing through a given [toint in a given di- 
rection have not only the same osculating plane, hut also the 
same torsion. 

If the torsion is given the corresponding initial direefitms form 
a quadric cone. In [(articular such a cone defines the <lireet ictus 
of those curves, through the given point, whic-h admit hyper- 
osculating plane's. 

If for each of these curves we construct, at the common [mint, 
the related helix* (that is the' lu'lix which agrec's with the* curve' 
in osculating [tlanc, curvature, and torsion), the axes of the* 
helices so ohtaiiu'd gc'ncrate a cylindroid. 

Id. The most genend system with [tropertic's 1 and 11 involvc's 
two arbitrary functions of five arguments, besides two functions 
of three arguments. Two further .statements, c'aeh ecpiivalent 
to II, are as follows: 

•An osculating hc'lix, that is, one having rour-jKtini <-oniart willi the curve, 
docs not in gi^ncral exist . 
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If for each of the ooi curves defined by a given lineal element 
we construct the osculating circle and the osculating sphere, 
the distance between the center of the circle and the center of 
the sphere varies as a linear integral function of the radius of 
curvature. 

For tlie same set of oo^ curves, the derivative of the radius of 
curvature with respect to the arc length can be expressed as a 
linear integral function of the radius of curvature. 

Tins last form has the advantage of being valid in space of 
two or iiny number of dimensions. On this basis, however, it 
would be difficult to formulate equivalents for the higher prop- 
erties, so as to obtain a (‘omplete characterization. 

14. Proi)erty HI is perhaps the most interesting result obtained. 
The most general system having this property in addition to I 
and n is represented by a i)air of dilferential equations involving 
ten arl)itrary functions of three arguments. 

One may ask what is the signific^ance of the cubic curve 
(we denote it by T), which aris(‘s in connection with III. To 
each point 0 of space tliere is related a certain (‘ubie F. If we 
shoot from 0 in every direction with every speed, wc ol)tain 00 '** 
traje(‘tori(^s. Each of these has an osculating sphere with a 
definite center (I To each of the trajectories there corresponds 
one centc'r (I Usually tlie (outer (• determines the trajectory. 
However if f* lic\s on the (‘urve F, there are oo\ instead of one, 
corresponding trajectory: in this ease in fact the initial direction 
may be any direction perpendicular to the line joining 0 and C.* 
Thus thc^ curves F may be defined as the locus of those points 
whic‘h may serve as centers for more than one trajectory through 
the given point 0. 

A simple conse(|uen(‘e of HI is that the locus of the centers of 
the oscmlating sphetTS of the oo« trajectories touching a given 
plane at a given point is a (|uadric surface. 

* Two trajeetoric's through 0 have thc^ same osculating sphere only if the 
initial spc^c^l is the same, and if the linc^ through 0 perpendicular to the initial 
elements meets the (uibie, F. 
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If the plane varies, the given point living held lixeil, the oo” 
quadrics obtained form a linear system.* 

The properties so far cousiihTed reluti' to the curve's through a 
given point (). If wc have oo'' curves passing through a point (), 
oo’ in eaeli direction, and if, at that point, properties I, II, III 
are fulfilled, it will not usually la* possible' to generate tlu' e'urves 
as trajectories in any fielil of force'. .Ml tlnif feilleiws is tlnit the* 
relatieins he-twe'cn ?/, s', )/", s", z"' are- eif pre'e-i.se'ly the' seiine' 

feirm as those heilding for trajee-teirie's; anel the're'feire it is [leissihle 
to find (in infinitely many ways) a fie'ld of fore'c sne'h that e-ae-h 
of the oo’’ trajeeteiricH passing through the* give'ti peiint shall 
have contact of the third oreler with seiine' eme' eif the* give'ii e-tirve's. 

If). In order to cause emr sy.ste'in tei he of the elynamie'al type-, 
it is necessary tei restrict the' ten arbitrary fune'tions inveilved 
in the type characte'ri'/e'el by I, II, III so that emly thre-e' arhi- 
traries remain, namely, the e'eimpements y, \p, x defining the fie'lel 
of force. This is the rfile of preiperty 1\’, whie-h .state's that in 
any plane p the u.s.Hociate'<l system S is eif the' plane eiynnmie'al 
type. An equivalent .stateine'nt is as feillows: 

IV (2). If the 00 * .spat'C curve's toue'hlng any plane' /» at any 
point 0 are preijee'ted eirtheigeinally upem p, the- plane' e'tirve's thus 
obtained po.s.se.s.s the prope'rtie‘.s 1,„ II,., Ill,,; whe-n the' peiint O 
varies in p, the eliree'tion asseie'iatcel with it by Il,„ and 'the* e'onie' 
asseieiateai with it by III,,, vary in ae'e'eireliinee' with the' re'stri e-tie ms 
expre.ssed in IV,, anel V,,. 

It may be remarke-tl that the first half eif this stute-me-nt heilels 
for all space .systeiiw having preipertie's I. II, III; in fae-t all 
such systems have alsn property I\',,. 'rite* re-al re-strie-tiem is 
in V„. It is also suffieieiit tei e'emsieler, insteiiel eif all plane's p. 
merely those of a triply ortheigemnl set. 

§§16-25. The Inveuse riioitLEM eiE 1 )vn-.\.\H('h: A Methoo 

OE GEO.METitIC K.VI't,OH.meiS 

16. The usual direct and inverse preihleuns uri.sittg in dyniimie>s 
are: fir st, given the fe)m! acting on ji particie, te» fittel its meitiem; 

• On the other hand if wo vary the* givi'ie jieiint. kes'piag tfie' tilaiii' (ixesi, 
no simple result is obteinesi; tlio quadrie's eemHlitati* an ariiilnery family. 
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and second, given tlie motion of a particle, to find the force 
acting on it. The first problem is solved by integrating the 
differentia] ecpiations of motion. The second is solved by dif- 
ferentiating tlu‘ (‘oordinates of the point with respect to the time. 

Suppose, however, tlnit we are given only the path described 
by the ])arti(*le l)\it hav(' no information about the motion along 
the eurv(\ If merely a single (*urve is given, the problem of 
finding the acting force would of course be indeterminate. But 
if all tlu' traie(‘tori(\s, des(‘ril)ed by sta,rting particles in a field 
of for(‘(‘ from all initial positions in all directions with all speeds, 
are given, then the field of force is essentially determined (that 
is, up to a (‘onstant j'a(‘tor). Hence if wo were given a 'photograi}h 
of the entire ,^}/wieni of enrves generctted by fforne (posif/ional) field 
of force, irithonf any record of motion or time, it ought to be jmsible 
to find the la tv (f the field of force. This is easily seen to be true 
analyti(‘ally ; but W(‘ wish also a purely geometric solution 
whi<‘b will enable us to pass from the given curves to the vector 
represcmting the forcT at ea.(‘h point of the plane (taking first 
the two-dimensional case). The result gives what may be 
des(‘rib(‘d as a method for the geometric erploration of a field of 
force, 

17. First consider two trajectories passing through the same 
point 0 in tlu^ same direction, ('’oiistruct the two osculating 
parabolas. Tlu‘ circle passing througli the point 0 and the foci 
of tlu^se parabolas will, a(‘Cording to property I, be the focal 
circle (‘orrespotuling to the given point and the given direction. 
Then, according to property H, the direction of the force acting 
at 0 will b(^ symnu^tric to the tangent to this circle at 0 with 
respect to tlu' common tangent of the two curves. An equivalent 
of this constnu‘tion is to join 0 to the intersection of the direc- 
trices of the osculating parabolas: this line is perpendicular to 
the direction of the force acting at 0. 

If we ar(^ given two trajectories passing through 0 in different 
directions, tlum the direction of tlu‘ force at () is not determined. 
The same is true if wt^ are given three curves with distinct 
tangents. 
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]8. //, however, we are girnt four frajerfi^rle,^ with dhfinet 
tangc 7 it^, iheforee direeilon h (In general) iinignelg detennrned, 
CoUvsidcT an arbitrary dircctioii at 0, and ltd iis hvv if it (*a!i 
be the direction of the fort^e atding at tliat point. Takt^ the 
image of this direction in the tangent to tlu* first u( tlu‘ given 
curves; then pass a circle through 0 in tin* <lirt‘etion (d)taine<l 
and through tlie focus of the eorrespontiing ostndating parabola. 
Doing this for eat'h of tlu' four eurvts, \vt' obtain four focal eirtdes. 
If there exists a circle touching these four, the direction tested is cor- 
rect This follows fnun proptady 111 {4) of §S. We linvt* thtaia 
purely geometric problenr. to find a diretdion at 0 stitdi that tlie 
four circles constructed by means t»f it shall admit a couinuin 
tangent circle. We may simplify this pn»hhan by invtTting the 
configuration considered with respecd tci (K We tlnm Imvc, 
instead of the four focal cindes, fiiur straight lines which are to 
be concyclie. As we change the dinsdion tested, tlu*st‘ rotate 
simultaneously tlirough ecjual nngh‘s about f<mr fixcsl points, 
namely, those obtained l>y inverting tlu^ hair foci. 

Take an arbitrary oriented direedion for trial; const rmd for 
each of the four inverse foci, a direidion parnihd to the image of 
the tangent to the focal circle with respeid to the tangent to 
the corresponding trajectory. We thus obtain four orienttal 
lineal elements, one at eac*h of the inv<Ts<‘ had. I'lie probimn is 
then to rotate these through the same angle or, so that the new 
elements shall have concyeIi<‘ lines.* In this pojiition the image 
of the direction of any one of the four elements in tin* eorre- 
sponding tangent at 0 will give the recpiiretl dirtadion of the 
force. The only amhiguity, in general, will he in t lie smise (arrow- 
head) of the force: tliis, Imwever, may la* didiTinined separately 
for aetualf trajectories by considerations of cameavity and con- 
vexity. 

19. The direct analytical treatment is as folltnvs. Tin* dif- 
ferential equation of the oo^ trajectories of any positional field 

*A simple ruler aacl emapiyiii solution of this prubltaa wiw to 

the author by Proftwor Wec!<lerhurn. 

t See § 9. 
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of force is of the form 

(?/' - = {\x/ + fxy' + v)y" + Zy"\ 

where X, Vy co are finietions of a*, y (and have therefore fixed 
numerical values so tar as wo deal with the oo- curves passing 
through a given point 0 ), the latter quantity oj representing the 
slopes of the a<‘ting force. Each of the four given curves Ci, C 2 , 
(a through the point 0 determines certain values of the 
derivatives y\ that is we are given the differential ele- 

ments of third order 

yi\ yr (i = i, 2 , 3 , 4). 

Substituting these values we have four linear equations 

(?// = (\v/* + At?// + p)y/' + 3?//'" (i = 1, 2, 3, 4), 

from which we can find the values of X, y, v, co at the given point. 
The required dlreetion of the acting force is determmed by the slope 

1 


wliere nunuTator and tlenominator are determinants of the fourth 
(^rder. 

20. By any of these methods we may determine the direction* 
of the vector r(‘j)res(‘nting the force acting at any point 0 of the 
plane! How shall we (h^termine the magnitude of the vector? 
The determination (’annot be absolute, siiu^e, as already remarked, 
two fields that diiriu* by a constant factor have identical trajec- 
tories. TIu^ magnitiule of the vector at any one point may 
be taken at random, and theii the field is (completely determined. 

This depends upon the simple fa(!t that if we know the path 

*()f (*our8(* if (ill th(‘ trajc'ctorioH w(*rc giv(*n, the direction of the force 
would be (hderniintMl iumiediatc^ly by the fact that the (‘urv(‘8 in that direc- 
tion have 2 :ero curvat ure. 


, ,2 Vivr - :{?//' 

in in r — 

in 


l/i Hi 


Hi 

y/^ 
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of a particle and also the dirccfion of tlu^ for(‘(^ actin^^ at eaeli of 
its points, then assinnin|>: the miujuitudv arbitrarily at on(‘ point, 
it is completely determined at all points. This is an intt^gration 
problem. We know tlie force V(H‘tor at tin' initial point 0, ainl 
may decompose it into e.oinpoiumts N and 1\ normal and tangcmt 
to the given carve. Assuming the mass to be unity, tin* initial 
speed is given by 

th? = rA\ 

where r is the known radius of eurvatun^. d'lum from 


we may find the rate of variation of tlu* speed for unit of arc*. 
The speed at any point P of the eitrvc* is thus found in tlu^ form 



where all the quantities in the right-hand imnnlHT arc* gec^- 
metrically given. (The int(*grals throughout an* ealeulatcal from 
point 0 to point I\) If we denote by 0 the* incTuation of the 
force to the curve, so tliat tan B - N/T, the* spc'c-d is 


Since the speed, that is the motion, is now known, the* magni- 
tude of the force is also knowii. The componc*nts at any point 
are 

# ,..r* 

N = Ny ' ", r^^NcotO. 

21. We see that the ttonstruction of the field iiiiiy he curried 
out without knowing all the oo^ trajectories. So far ns the 
direction of the force is concerned, it is .sufficient to know at 
each point of the plane either two trajectories with a eotnnion 
tangent, or four trajectories with distinct tangents. So fur as 
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the magnitude is eoneerned it is then sufficient to know oo^ tra- 
jectories througl) on(‘ point 0, one for each direction, since we can 
then int(‘gnit(^ From this point to any ])oint of the plane* along 
some one of tlu^ (‘urves. 

A Jivld oj jorrv w /// gnirral dctcrmhivd, and. may he eoriMmcted, 
if we know ‘l oo‘ oaf of the totality of oo*^ trajectories, each of the 
four systems of oo* curves (‘overing the plane (or the region 
(‘onsid('red) simply, that is, one passing through each point of 
th(^ ])lane. 

TIu‘ eompl(‘t(‘ system of oo*’ trajectories is thus determined in 
general hy four syst(uns of oo‘ trajectories. Further reduction 
is p()ssil>l(‘. In g(m(Tal doo^ curves determine the totality, hut 
no simple constructions are then available. If two simply 
infinite' syste'ins of (nirves (that is, a net of curves) are assigned 
arbitrarily, a corresponding (‘omplete system can be found in a 
large infinitude' e)F ways: the e‘orre‘S{)oneling fielel e)f forc'e is not 
de'termiiK'd up te) a e*e)nsta!it, but inve)lve's arl)itrary functions. 

The first and me)st inteirsting example e)f the geometric ex- 
ple)rati<m e)f a fit'lel of fe>rce' are)S(' in Bertranel’s discussiem e)f 
Ke'j)le‘r’s laws. I1ie' first of tlu'se laws (every j)lanet elescribes 
an ellipse having the* sun fora fe)e*us) is ge‘e)me'tric, while thesecemel 
anel thirel are* kiuemntie* (invedving the' aread velex'ity and the 
period), llu' first law determiiu's all the' traje'cte)ries, and there- 
fe)re elede'rmine's the' fiedd e>f feu'ce.f Ilemce the newtonian law 
of gravitatie)n enu be' de*duerd fre)m the first law ale)ne, instexid of, 
as usual, from all thre'c. Be'rtranel thus cone'lueh's that the 
<»the'r twe^ laws arc <*onse'((uence*s e)f the first. If Kepler hael be'en 
a ituithc'iuatie’ian e>f the twe'Utie'th e'e'utury, he woulel have steyppeel 
his laborieyus eylyservatiemal ineluctieyns aftc'r neyting his first law, 
anel de'diU'C'd the eyther two analytu'ally. 

The' first law, in Bertranel's di.seussion, is of ceyurse to be taken 
iele'idly: ne>t only the actual planets eh'seribe eeynics with a feycus 
at the sun, but eve'ry partiede starting freym any peysitieyn with 

‘‘‘That in mmw re'ginn of the plam»-in seynie ne'ighhorhood of O. 

t It in asHuriH'd, cyf e'oursc', that the force' (h'peiuls eynly upon tlic position 
of the planet. 
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any velocity describes sn(*li a voniv. From what has been 
stated above it is sufficient to limit the obs(*rvatious to four 
simply infinite systems of (‘onies in ** ^miUTal position. 

On account of the last phrase, it is (‘usily possil)I(» t(^ (*ommit 
errors in the application of the r(‘sult. It would hv possible to 
give 4oo^ or even oo- conies in certain special ways, so that the 
field is not determined. (Sec^ § 2:i) 

22. This raises the gemu'ul cjm'stion: Horn mnnn trajedorieH 
may he common to two didlncf ftelthH otfftwrdi 
The first field, defined by its eomponcsits has a system of 
00 ^ trajectories with a dilferential ecpiaticm 

(//' - + na' + 

the second field, with components has a systenn of tra- 

jectories given by an anaiogons (S|uation 

iy' - «,)/" = + M.;/' -I- f 

If there are any .solutions in (•ominon,"' they must satisfy the 
equation of sccrond order 

3(a — a)i)y" = (//' — 0})(Xi/p + fxi//' -f" in) 

— (i/ — j. fj,/ f 

Two /tydcmi) of (rajivtorioft vaunot hnw more thou oo- cttrvrx 
{one through each point in each direction) in etimmon leithnut 
coinciding. If they have oo- eiirves in eomtuon tlie liifren'titial 
equation of the .second order definin>f these; eurves must la; of 
the cubic formf 

y" = .Iy'* -f Hy'‘ + Cy' 4- I>. 

where the eoeffidetits are functions of j-, tj. 

Usually the solutions of the c<iuation of the second order will 

* In addition to alraiglit lint's, y" » 0, which iiri' roiiuntin to nil Hystenm. 
t This form is charaetPriaed by the fact that the loctiH of thi* ccnlerH t)f 
curvature of the curves passing through a giveti [Hiint is u s]s'finl ty|M« tif 
cubic curve. Cf. Amer. Jour. Math., lidW, p. 207. 
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not satisfy either equation of the third order and the two systems 
will have no curves in common. An example showing that the 
two systems may actually have oo- curves in common is given 
by the fields 

tp = X, ^ - 4:1/; (pi = 4^1 = 1, 

where the equation of second order, 

xy" = y', 

defines oo'- curv('s y = a.i" + h, which are trajectories in both 
fields. 

23. A fortiori doo^ curves, or any number of simple systems, 
may belong to two distinct fields. If the four simple systems 
arc given in the form 

?/ = /i(.r, ?/) (i = 1, 2, 3, 4), 

the field, if it exists, will be uniquely defined provided not all the 
determinants of fourth order in the matrix 

II//, fifi, fru, fi", :i//“-/.//'II 

vaiiisli i<lenti(‘ally. Here the primes denote complete differen- 
tiation witli respect to .r, so that 

r^f.+iu 

r = /« + 2//., + + fjy + ///« 

This is the exact formulation of the result stated previously 
general/’ 

24. ( ’onsider t he simplest of all fields, gravity assumed constant. 
If a cannon hall is projc^(‘ted in any way into the field it describes 
a vertical parahoht, (’onversely if every path in an unknown 
field is a vtnlicml paraliola, it follows that the acting force is 
verti(iil and constant in intensity. JIow many cannon ball 
experiments would hare to be made in order to arrive at this con- 
clusion f 

We confine tlie discussion for simplicity to a fixed vertical 
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pliuie, takc'ii as tlio .tv/-plan(', so that the (‘(piations of motion arc 
i = 0. // = I 

and tlio trajectories are the oo'' parabolas 
y = a.i" 'f- /).)' “t-' c. 

Suppose first th(^ cannon is Iv(‘pt in one phua*, say th<‘ origin, 
and tlic hall is fired in all din'ctions with all initial spi'cds, KiviiiK 
in all OO" parabolas 

y ~ a.r® -f- }t,v. 

This would not be sufficient to prove that the field is uniform. 
Another {)ossible field, for example, is 

.i> i’l '!r ;/.)• **, 

In fact there are oo- distinct fields <*n<'h <a)nsistt'nf with the given 
set of 00 ^ parabolas. 

The same is true if we eonfitu' our geometric cxi)erinients to 
the 00 ^ parabolas y ~ a.t’ ■+■ c found by shooting horizontally 
from every point in the axis of ordinat<‘s with variabh' initial 
speed. The differential ('((uation of this family is .r//" ■ y', 

precisely the one given at the end of § 22. ami si> tin* two forces 
there giv(m an^ eonsi.stent with the expcTiments, just as rmuji 
as ordinary gravity. 

If however the shots are fired from all points in the axis of 
abscissas, with all initial .speeds, at the fix«‘d inclination of ■iri'’, 
producing as trajectories the oo- vertical parabolas whose foci 
are on the axis of abscissas, thi‘ Jtrhl muHt In' uniform yrarily. 
The only possible field is in fact .H — 0, y constant. 

The same is true if we fix the amount of powder, that is th<* 
initial speed, and shoot from every point on tlu‘ ground (the 
axis of x), at every angle. This gives oo’^ parnbolns with a 
common directrix. 

As an example of a set of 4oo' observations that would be 
sufficient, we mention only the case of shooting from four* 

* It may be that throe Htations aro sufficient, but (his requires a wparato 
discussion. Two stations would certainly not suffice. 
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stations on the ground, pointing tlie cannon at the angle 45°, 
and using all initial speeds. 

25. Consider very briefly the general inverse problem in space 
of three diiuensions. 'riie determination of the magnitude of 
the force' involvi's the sa,nie (‘onsiderations as in the plane case. 

If we live given two trajec^tories through 0 in the same direction, 
the os(‘ula.ting ))lan(‘s must (‘oineide. The force acts in this 
common ])huie; its dirc'ction is determined by projecting the 
given space (‘urves orthogonally on this plane, and then using 
the plant' construction (h'scribetl above. 

IF we art' givt'u twt) trajet*tt)ri(\s with tlistinct t>st‘ulating planes, 
the initial diretlions will bt‘ net'cssarily tlistinct; the forcc-direc- 
tit)n is then tlett'rminetl by the interset'tion of the osculating 
|)lanes. 

If we art' givt'ti two traject.t)ries thrt)Ugh 0 in different tlirec- 
tit)ns, but with tht' same t)st‘ulating plant', the direction of the 
ft)rce is nt)t tlett'rmint'd. We neetl in fact ft)ur siit'h curves with 
the samt' osculating plant' anti tlilferent directit)ns before the 
ft)rce-tlirt'ction is determinetl: the retpiisite ctmstruction is again 
t)btainetl by t)rthogonal i)rt)jet‘tit)ns t)f the curves t)f the ct)mTnon 
t»sculating plant', thus rt'tliu'ing the prt)blem to that eonsitlercd 
in the two-tlimensional tlu'ory (cf. § IS). 

§§ 2d 27. Tests Ft)R a Ct)NSEiiVATiVE Field 

2d. Sinct' the systt'in t>f trnjeett)ries tletermines the field of 
ft)rt‘e, it ought to be possible to fintl t>ut frtun the trajeettiries, 
whetht'r the fu'ld beltmgs to any spet'ial type, for example, whether 
tlu' fielt! is central t>r conservative. 

T!u' lint's td' force art' tlett'rminetl getjmetrically by prtjperty I 
in the plane and property 1 1 in spat'e. llie field will be central if 
the lines t)f ft>rce art' straight lines passing through a common 
point. 

We now give a number of te.stsuny one of which will distinguish 
a conservative from a lum-con.st'rvative forc'e. It is not possible 
to decide this from the lines of force alone. 
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1°. First consider tiie plane thvorip Here then* * * is for each 
point a certain conic detennined hy the traj(*ctories in a<*(‘ordanee 
with property HI of § 3 as the loctis of tin* (’(»nti‘rs of tlie hyj)er- 
osculating cir<‘les. For a eonanmti re field {and for no (dher) thin 
conic is ahraps a rectangnlar hyperhola. 

2®. In connection with prop(*rty HI (3) of § S we have this test: 
The conic whi(‘h there appears as the hams of the <*enters of 
the focal circles is in the eonservativ(* ease nien'ly a straight line. 
That is, the fo(*al circles const ructcnl at any point all luive a 
second point in common. 

3°. The focal circles corresponding tt» tw() perptmdiendar 
directions are, in any Held, tangent to each tether. In tin* con- 
servative case the two circles coiuci<le. 

4®. In any field two truje<‘t<iries thremgh a given point 0 
exist whose osculating parabolas have the same givtm focus. 
If for one given focus the truject(U*ies an* ortluigonal at 0, this 
will be true for any given focus. When this is tlu* case for every 
point 0, the force will he conservative. 

27. In the threeMiimrnHionid theory, tin* lines of for<‘e in tlie 
conservative case necessarily form a normal cougruema*; l>ut 
this is not a sufficient test. All the tests given ladow an* both 
necessary and sufficient. 

1®. First consider pn^perty I H of § 1 1 . In any field theri? corre- 
sponds to each ptnnt 0 a certain twisted euhie inirve l\ Tin* etm- 
servative fields are distinguished hy the fatl that tlu* cubic 1' is, 
for every point 0, (d the rectangular type.* 

2®. An interesting kinematic test, t’oimecled witli the tbeorcmi 
of Thomson-Tait, is the following. If from any point 0 we slund. 
with a given speed I'o in every direction, oo- trajialorii's will he 
obtained. If these form a normal eongruenct* (that is ailmitai set 
of orthogonal surfaces), the same will neeesHarily be true for any 
other speed Vq. 7' he trajectories starting out fnmi any poifti with 

* That ia, the euhie interaeelH the* plane lU iiiftnity in thr**** nnitually 

orthogonal directions. All the quiwlri(*a panaing thnnigh the etirve arc then 

of the equilateral type. 
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a given .y)ea(l form a normal congruence toheUy and only when, the 
field is conservative. 

The lUHH^ssity of tins condition is included in the Thomson- 
Tait theorem discnissed in tlie next chapter. Its sufficiency, of 
course, nHpiires a separate discussion which is connected with 
th(^ theory of v(‘Ioeity systems. 

3®. In ord(‘r to maketlu^ preeedin^,^ test purely geometric, it is 
necessary to luive a geom(d.ri<‘ method of assembling those tra- 
jectories which, starting from the same iioint, correspond to the 
same initial spec'd. Such a. method is readily found from the 
fact that tlu‘ s(pia.re of tlu‘ speed varies directly as the radius of 
curvature and directly as the normal component of the force. 
The 00 “ traj(u*tori<‘s corresponding to a given speed have circles 
of curvatur(‘. inters(‘cting ea(‘h other at the same point on the 
line of th(' forc(^ vector; that is, the (tenters of curvature lie in a 
plane perpendicular to tlu^ direction of the force acting at the 
giveii pciint. In tlu‘ (’onservative case, the oo- trajectories so 
selected form a normal c.ongruence. 

4”. Among tlu' oo“ traj(H*tories considered there are, for any 
fhvld, thrtH‘ whi(‘h admit hypiTosculating circles of curvature. 
The thr(‘<‘ initial <lir(‘ctions thus determined will be mutually 
orthogonal wlum and only when the field is conservative. 

Only t(^st is <lirt‘<l!y (’omuTted with the set of properties 
I I X' of pag(^ 1 9. Th(^ ot her three are suggested by the discussion 
of velocity systtuns {cf. § 32). 
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NATURAL FAMUJUS: THU (U- C aTIVH 

FIKl.US OF FourK 

§ 2<S. OuKaN AND APrLtCA'HnN OF THK N \TMF\!. 'rvPF 

2tS. We !U)\v eoiLsider tlie prtipeilies uf flu* trajrt’tin'ies 
ated l)y c*<aiscTvative fu^Idn t»f d'ha tutid .^yraFni of tra- 

jectories will have tla* g<*nt*ni! propiaiies prf\ioU‘d\ omi.sidfred 
for an arbitrary field of f(jm% topahrr with the additional proper- 
ties stated in §§ 2ii» 27, peeulinr to the eonHervati\T viim\ 

An entirely new featun* pn^senU-i itself. ilut» to t!ie faet that 
the differential etjnations of ntotion itiiniif an inte|,n‘a! of tin* 
first order, namely, tlu‘ energy e(|iiatioii. I hiring" any inotimi 
of the parti(‘le in tlu^ i^ivtai fitdd, tlte stun of tln^ ki!n*tie and 
potential energies is tamsfant: thtis <*ae}i motion etirresponds 
to a definite value c»f tlieetnisfant /i, representing flie total energy. 
The motions may therefore he grouped iierording to flje vidm's of 
A. Those corresponding to a given value form wliat may he 
termed, following FainlevA a fiafarni fiimily. 

Tims, in spaee of two dimeiiHicms, ttn* eomplete .Hy.stem of 
trajectories for a given eons!Tvnti\'e ftelil of fon-e eon-dsts of 
curves grouped into oo* natural families, raeh «’oinpost*d of o©'* 
curves. For example, in the ease of ordinary gra\ity tin* tra- 
jectories are the vertitid parah^dan (in a givf*n vert ieal planeh 
and the natural families are formed t>y grouping together those 
parabolas which have tlie same {hori/.oiitali line an dins'trix. 

In space of three dimensions, tin* eom|dete ny 4ein tsmtains 
00^ trajectories groupetl into oo* nattiral families, t^aeh eontainiiig 
00^' curves, Kxiimples are tlie oo^ piinibolas with vert ieal axes 
whose directrices are situatecl in a lixtsl lairi/amtiil plane; and 
the 00^ circles orthogtmal to a fixett sphere. Tlie ssinjdest ex- 
ample, corresponding to the cuse u{ Zi*m hiree, is the straight 
lines of spaee. 
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This grouping of the trajectories according to the values of 
the total energy constant, that is, into natural families, is funda- 
mental in most dynamical investigations relating to conservative 
forces, in particular, those connected with the principle of least 
action and the developments of Hamilton and Jacobi. From 
this point of view, dynamical problems relating to the same 
field of force, but having distinct values of h, are considered as 
essentially distinct problems. Quoting Darboux: "‘This re- 
striction is in accordance with the spirit of modern mechanics 
which attaches less importance to force than to energy, and which 
permits us to regard as distinct two problems in which the force 
function or work function is the same, but the total energy is 
different.” 

It therefore seems of interest to work out the purely geometric 
properties of natural families. According to the principle of 
least action, such a family is made up of the extremals defined 
by the variation problem 

/ ^|WTlld^ = minimum, 

that is, the curves which cause the first variation of the integral 
to vanish. This follows from the fact that the speed v, in the 

action integral f 'cds, is determined by the energy equation 

^2 = 2iW+h), 

Abstractly, a natural family of curves may be defined as one 
which can be regarded as the totality of extremals connected 
with a variation problem of the form 

fFds = minimum, 

where F is any point function, that is, any function of x, y, z in 
the three-dimensional case. 

Such families arise not only in the discussion of trajectories, 
but also, for example, in the discussion of brachistochrones, 
catenaries, optical rays, geodesics, and contact transformations. 



3G 


TnK PUIXi’KToN ('(n.LOqrn’M. 


The bni(*liLst()(‘liroiie prohlein forai c'oiLservaitivt^ with luiy 
work function IV IcauLs to the 

fji f , . 

.1 .1 v'n j /, 

ThuH the coinplote .systojii of hracliistochroncs is made up of 
oo' natural fainilios, oiu' for each value of //. 

When a lioniogeneous, flexihle, iiiexteiisihle striit); is suspended 
in the eonservative field, the forms of equilihrium, which are 
termed eatenaries in the giaieral s<-nse of the w<inl, are ohtained 
by rendering the integral 

for 4 

a mininuim. lienee here also we lia\‘e ■so* natural families, om* 
for each value of /i.* 

(’onshier an isotropic inedium in which the index of refraction 
V varies arbitrarily from point to point, 'I'lie paths of light in 
such a medium, according to Fermat’s principh' of least time, 
are determined by mininii'/ing the integral fi'th and bene<‘ form 
a single natural family. This is the most <-oiierete way of defiinng 
a natural family. 

The eonneetion witli the theory of geodesies i.s obvious. 
Tlnus in the tvvo-dimen.sional ease tin* geodesi«-,s of flu- surface 
whoso .squared element of length (first fundamental form) is 
?/)(d.r* 4' are found by minimizing the integral f <h, 
and lienee the representing curves in the .r. // plane constitute 
a natural family. Ileiu'e if any surface is represented isinformally 
on a plane, the geode-sies are pictured hy a natural family of 
curves in that plane. The extension to more variables is e\ ideiit : 

♦The complete systenw of oo* briielimtc«'hromn itml /* l■lltl•llIlril•(^ hnv<^ 
geometric proper(i<>8 distitict from em-h <itluT imd from (hom- of the 
trajectories; no quintuply inliaile Mystem of carves enn he «t the same time 
the system of trajoctoritiS for »oni(> field aiul the Myst<>m of hriiehistochroues 
or catenaries in either the same or a diffcTent field. 'I'lii* dislinetive properties 
for an arbitrary field are given in § 107, p. (14. Cf, § KW, 
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any natural family in any space may be obtained by conformal 
representation from the geodesics of some other space.* 

As a last appli(‘ation we consider the transformations which 
Sophus Lie has termed the infinitesimal contact transformations 
of rnecluinics. In the ])lanc case, such a transformation is 
defined by a characteristic function of the special form 
f2(.r, //)(! + and is (‘haracterized by the fact that the lineal 
ehuneuts at each i)oint are converted into the elements of a 
circle about that point as center. The path curves of every 
contact transformation of tins category form a natural family. 

§§ 2{) 31. (hlAUA(’TKKISTIC PllOPKllTIKS A AND B 

20. Omuduting Circles Property A.— Wo now consider the 
general g(^ometri(i properties of a natural family in ordinary 
space, that is, th(‘ totality of extremals connected with an 
integral of the form 

(1) In-r, V, z) '^\ f + z'- dx, 

Tho (liircnMitial ('(luat ions of the family are then the corresponding 
Kuk‘r-Liuigr!mg(> eciuntions 

+ }!'■ + z'-), 

="= (/-, + 

when^ 

L - log F. 

Of the curv(‘s in this family oo« pass through any given 
point p, (nio in <‘a<h din^ction. Our first result is: 

Thkoukm 1: The curves in any natural family have this 
property: the circles which at any point p of space osculate tJuioo^ 
curves passing through that point, have a second point P in common 
and thus perm a bundle. 

A nut and fnadly an a givan may be n^ganled as a family of 

|)Heutlo-g(‘0(!c‘HieH, that in, one which may be obtaiiual ns the t^onfonnal picture 
of the gCHKieHicH on scune oIIht surface. 



;5S TI IK P Ul N ( ’ KT( >N‘ < '< iLLt iQ T H ’ M , 

Tills property we shall n^lVr to as / 0 T>/^rr/// J, !u t lie ciiseussioii 
it is convenient to <le<*oinpos<‘ it into these two stattninnits, also 
relating to the oo“ eurvt^s through a givtni point : 

(-•10 The osculating planes eon^truettal at the <‘oininon point 
form a penciL 

(O 2 ) The centers of curvatun^ li<‘ in a plain* perpendimilar 
to tlie axis of the pencil of osculating plum‘s, 

A proof of the thei^rem stated is caisily ohtaiiHsI by rc'garding 
the family as made up ctf dynamicid trujcnlorit's. !*ropc*rty Ji 
results from the fnc‘t that (he osouluting jdunt* cd a traji*etory 
always passes through the force Vi*etor. PropcTty J . is provtal 
by noting that those trajectories thrmigh a given pointy wlnc'li 
corresjiond to the same value <*f the ttUal <*mn‘gy /n an* all 
deseribed with the saim* initial velocity r*,. Tin* radius of 
mrvature at the initial pcnnt is givcm by tin* formula 

r tv/X, 

where X denotes the eoinponeut <»f tin* fc»ree alcmg the* principal 
normal. Sinee A' is tin* orth(»gomd projea-tion of a fixes! vec*tor, 
the locus of its terminal point will be* n sphere* througli tin* initial 
point. The eoiuinsion tlu'n follcovs from tin* faet that, r varies 
inversely as Ah 

' The following nnalytieal discaiHsion has tin* advantage* of 
answering the eonverse <(m*sticm whieh naturally arisc*s: Are 
there other systems with prc»pc‘rty J? 

The (litTerential ecpiatiems of any systc*m cd < ^ spaca* emrvexs, 
one determined by eaciii litieal element of sjana*. ma> la* ar^sminai 
in the form 

( 3 ) I/, 3 , !f\ 2'), 2'^ -- glr, //» i/h 2'). 

Property /li recpiires that at eueh point tln*re shall be a eertain 
direction through whieh all tin* oseulatiiig platn*s at that pemit 
must pass. Ia*t tlie direetioti in cpiestion la* given by the ratios 
of three arbitrary point funetions 


( 4 ) 
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then the requisite condition is 


( 5 ) 


y" 'P - y'4>' 


Property requires that the centers of curvature shall lie in 
a plane perpend ioular to the direction (4); hence 


(h) <i>X + xpY + x'A = I, 


where A', 1', Z denote tlie coordinates of the center relative 
to axes with the conunon point as orif^in. Using the general 
formulas f<»r the center of cnirvature, and combining with (5), we 
find 

'Pheorkm 2: The differential er/nations of any system of curves 
possessiny property /I arc of the form 

^ y" - if — y'<l>)0 4 - ?/'■ + 2 '‘), 


wlwre ’Aj X arbitrary functiom of .r, ?/, z. The CArmerse is 
valid also. 

The eciuations (2) are seen to he ineluded in this form, hence 
the result* certainly holds for our natural systems, as stated in 
theorem I . 

20. Ilifprrosaulaiioits Property B.—Tho circles of curvature 
at a given point, for any system of the form (7), constitute a 
bundle. W(^ now impiire whether any of these circles correspond 
to four-point, iustea<l of three-i)oint, contact. 

If a twisted curve is to have an hyperosculating circle of cur- 
vature at a given |)oint, two conditions must be satisfied, namely, 
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The first of these states that the dseiihitiiiK phme has four-point 
coritiiet with the eiirve; tla' seeond, in which r denoti's the radius 
of curvature, is the <'ondition for the existence of an oseulutiuff 
helix, i. e., oiio with four-point eontuet. When hoth conditions 
hold the helix is simply th<‘ circle of curvature, which then has 
hypercontaet. 

Applying these eoiulitions to the curves defined l»y (7 ), we find, 
from (S), 

(10) - y'<i>)x' - ix ” ;V'¥' 1 t.'/'v - O; 

and, from (0), 

(11) (1 -H / + - (V> 1 //V 1 5'\) 

I (1 f / f <// 1 //V' ! s'x' 1 ,, 

- {0 f //V U'x'- 1 ' 

■where the indicated sununations extend over </>. 0, \ and where 0', 
for example, denot('S 0^ -| //'0^ h s'0<- 

Kiueo we wish to discuss the so" <’Urvcs thmufih a jiiven point, 
we may simplify our e(pmtions coiisideralily hy taking the axis 
of abscissas in the S|)eeial direction ( li. Then, at tlie s<'lected 
point, 0 and x vanish, ami the ahovc eijuations reduce to 

(loo yy - z‘r ' 0 . 

(IT) (/* -h s")(0' — 0") ™ ()/'0' } s'x'! t). 

Neglecting the trivial solutions for which y'^ } s'' vanishes, 
we may reduce this pair of simultaneous etpiations to the fortn 


( 12 ) 


\^»+.V'0»+3'0i __ X»-f //'Vtf-l z'x, 

y' 2 ' 


0» i //V'k 1 ;‘0# -0" 


This set of equatuuis ft»r the determiimtion <if //', T is of a familiar 
type, namely, that arising in the detenninalion of the fixeil 
points of a colliiieation, and is «‘Hsily shown to a<hnit thr<‘e s(du- 
tions.* lienee 


* Of noursi! in spwial ciiw^h Home <if ihm> nmv roiiiriOi*, tit tin- titiiiiticr 
of Holutions may become iiifiniie, 'I’iic tiicon-m Hiittfil in true ” in (s*'in'rH! ’ 
in BO far aa it omita thPKc ciiwh wliich «r.- ili-liniii-ly n»iaimltl.-. 
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Tiieohem o : The curves defined by equations of the form (7) 
are such that through each point there pass three with hyperosculating 
circles at that point. 

Since the form (7) is characterized by property A, it follows 
that the existence of three hyperosculating circles in each bundle 
is a consequence of property A. 

We state two further properties, found by considering the 
conditions (!()') and (11') separately. 

The tangents to those curves of a system (7) which pass through a 
given point and there have an hyperosculating plajie form a quadric 
cone. This (‘one pa,sses through the special direction (4). 

The tangents to those curves which have an osculating helix at the 
given point form a cubic cone. This cone passes through the 
S])ccia] dire<‘tion (4) and through the minimal directions in the 
plane normal to that direx^tion. 

''llu'se properties hold for natural families since they hold for 
all systems with property A. By comparing (7) with (2), we 
s<‘e that the functions (f>j t//, x in the (‘use of a natural family are 

(Id) (p I Jxi Xp = X ~ Tzy 

and henc(‘ are conmH*t(‘d by the relations 

(14) — Xy = Xx — 0, — 0. 

We now intpiin' what is the effect of these relations on the 
directions of the hyperosculating (‘ircles. Introducing, for 
symmetry, 

(If)) ^ -V ii/ :z\ 

we may write our (‘({nations (12) in the homogeneous form 

In virtue of (14), (‘ach of the ({uadric com‘s (IG) is seen^ to be 

^ Thi^ (‘(auijtion for HU(‘h a com* *m that th(‘ Hum of the (^oeffu^ients of 
F*, and Hindi vanish. 
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of the rectangular type. Hence tlu^ three gemu'aturs eoinmon 
to the cones must be nuitually ortlu^gumal. 'Phis giv(\s 

TiiKOKKM 4: In the m.vr of ani/ nnhiral Jitmily the three hyper- 
osculating circles lehich e.risf in any handle are mntanUy orthogonal. 
We refer to this propcuiy as property li. 

The relaticn^s (11) an‘ setm to 1 h» mn’essary as \V(41 as 
suflicient for the ortln^gonnlity in <jut\stitjn. Hmun^ pn^ptuly H 
is the ecpiivalent of (14), and serves to sin^lv out tlie natural 
families from the more g(uu‘ral <*lass dt4ine<i by equations of 
form (7). The latter form was c’hurHctmay.tMl \\y proptuiy A; 
hence we have our 

Fundamental Thkohkm: A system (f car res, one for each 
direction at each point of sjmee, will eonsiitatr a nttiantl family 
when, and only when, it possesses jwoperiies .1 and U: that is, the 
oscadating circles at any giren p(dn( mast form a handle, and the 
three hyperoscnlating circles cotdained in saeh a handle mtist he 
7nutimlly orthogonal, 

§ ILb (Jkxkhal Vki.(h‘itv Systems 
32. The most general sysltuu with proptaiy A is reprt'semted 
by differential ecpiathms of tlu‘ form 

j/' - (i// ■“ “b d"' 

and thus involves thret* tudutrary funetioiH. Only in tin' taise 
where these functions are the partial de^vutivi^s of tin* saiin* 
function is the system a natural one. We inuv point out a 
dynamical problem that leads to the general type* ( 7 ): this 
justifies the term velocity system vvliiidi W(* lu'rt'after t‘inploy to 
denote any system of this type. 

Consider a particle (eff unit mass) moving in any fit*ld of fore’e, 
the components of the force being 4, y. 'I'he equatitun of 
motion are then 

^ ?/, z), 1/ ^ y, z), :* ^ x(a% //. 

If the initial position and the initial veh^eity are givi*n the imffion 
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is determined. If only the initial position and direction of 
motion are given, the osculating plane will be determined but 
the radius of curvature r will depend for its value on the initial 
speed V. ITcnce, in addition to the usual formula 

f 

there must be a formula expressing »- in terms of x, y, z, y' , z', r. 
This is rurnished by the familiar equation 

= rN, 


where N denotes tlie (i)rineipal) normal component of the force, 


so that 


iV- = + r + r - 


( 4 > + 

””1 +1/' + 2'' ' 


The result may he written in the two (equivalent) forms 

'' ~ y” z" 

In the actual trajectory v varies from point to point. If now we 
replaci^ ?r in this result hy some constant, say l/c, the resulting 
eciuations may he written 

y" = c(x — + ?/'■ + s'*), 

z" = c(x - z'm + ■>/ + ='-)- 

The curve's satisfying these dilh'rential ('([nations — they are not 
in general trajes'torie's we (h'fine as w/eWb/ (;«r(Y'.v. For any field 
a ('urve is a vehu'ity ('urve coriTsponding to the spewed !iJo, provided 
a ))arti('l(' starting from any liiuad element of the curve with 
that sjas'd des('rih('s a trajei'tory ose'ulating the curve. In a 
given field of f()r('e there are oo'‘ traj('('t()ri('s and oo'"’ velocity 
curve's.* If c is given w(' have 00' veloe'ity curves. In particular 

* Tli<^ IiropeTlU'K of a I'omielcte! systean of oo‘ veloe'ity eairves eire analogous 
to, hut (liHtiix't from, tliose of a ('oneplestee syntetn of trajcctorieYj. Cf. p. 94. 
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if c (and hence c) in taken to l)e unity, our <‘f|UHti(His become 
preeivsely (7). 

Any system of oo'^ enrtes possessing property A, that is, any 
systeni (7), may he regarded as (he /o/fi///// of relorlty enrres cor- 
responding to unit velocity in some (nnignely defined) field of force. 

Only when the field is (‘onservative d(» tin* v(4<n‘ity systtuns for 
each value of v (or e) l>e(‘oine natural systems. 'The trajtH'iories 
also are in this ease mmh up of oo^ natural familit\s, one for each 
value of the energy constant h; hut tin* two sets t^f natural fumiHes 
are distinct. The detcaaniuation (d a vehaaty systtuu in one 
conservative field is equivalent to the* e!e*t<*rmination of a tra- 
jectory system in another cimstTvative and vi(*e versa. 

We find in fact the following explitnt rt*sult: 

If two conservathr fields iciih icork fnfniltnn ITi and sittisfy 
the relation^ 

I(*»i — ee fh 


then the velocity carves for the sjieed Vu in the first field ctn'ncide 
with the 00 '* trajectories for the c<ms(ant tf energy h in the second 
fieldA 

§ *13. UK<TmUK‘,\L SVHTKMH 
33, With any vcl(K»ity system K 

(/S') ?/'= (tA“*"//V)(i \ i/’d’ -'0* lx -Vb 1 f ' if* b “dd 

there is eonnected a <lefiuite point trunsbirmafiou T: (or in virtue 
of property A to any jioint p etwresponds a definite point l\ 
the osculating cir<*Ies construete^l at the first point all passing 
through the second point. The transformation T is t*xplieitly 


(T) 


JV « ^ «j». 


2^ 


■+“' X’ ’ 


* Wc note that if W\ h left, unaltered and ro variinl, takei* (pate <twtint*t 
forma. The oo^ velocity Hyaterna m a given field ifo not roia4tiuue tin* com- 
plete system of oo* trajectories in any fiehl whatever. 

t It m seen that the two fields have the same equiiMaential surfaces and 
therefore the same lines of force. tC'entrid fields therefort* rorres|aaid to 
central fields.) 
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It ivS thus entirely general. To an arbitrary transformation* 
corresponds a definite velocity system. In particular, to the 
inverse transformation there corresponds a certain system 
iS', which we define as reciprocal to 8, 

Hence to a general^ 'ccloaity system 8, that is, any system possessing 
property A, there corresponds a definite reciprocal velocity system 
S'. The oscnlahng circles of those curves of system 8 which pass 
through any ])oint p are at the corresponding point P the oscillating 
circles of the curves of the system 8' passmg through P. 

('onsider the bundle of circles determined by two corresponding 
points p a,nd ]\ Wc know that three of these circles have 
hypereontiict with /^-curves at p, and three have hypercontact 
witli W'"Curv(‘s at P. It is not obvious that the circles so ob- 
tained r(‘ally (‘oincide. Omitting the rather long proof, we 
merely state' tlu' result. 

lieciprocal velocity systems have the same hyperosculating circles: 
the three circles hyj)erosculating curves of the givem system 8 at 
any point p also hyj)erosculate curves of the reciprocal system S' 
at the corresponding point P. 

It follows at once that if 8 possesses property B (that is 
mutually orthogonal hyperosculating circles) the same will be 
true of 8'. Tliis means that wlu'uever system 8 is natural so is S'. 
The reciprocal of a natural family is alicays a natural family. 
We may restate this in optical terms as follows: With any 
isotropic mediunn (htined by its index of refraction p(;r, y, 2 i), 
there is (‘oniu'cted a cculain reciprocal medium with an index of 
refraction y, z): the rays of light in this second medium, 
namely, the extremals of 

J ?/» ^)ds — minimum, 

form the system reciprocal to that formed by the rays of light 

It may evcai (Irg«au*rate l)ut munt not be namely the klentioal trans- 
formation. VV(* however (*xelu<le Hystems with degenerate Tb from the rest 
of the diseusHion: we assuitu* that the jaeobian does not vanish, so that the 
inverse transformat ion exists, 
t Hee prt'ceding footnoit*. 
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in the given medium, namely, the (^xtnunals nf 
f p(,i\ ?/, z)(ls — minimum. 

The a(‘tual ealeiilatiou of e from a re((uin\s only o|H‘rntions that 
are performahk in the Lie sense, nanu^ly, (Timinations and <lif- 
ferentiations. See TraimwffotuH af the Amvrivau Mathenmlkul 
Socieiij, volume 10 (1909), page 2 LI 

§ :{4. CnAHACTEU OF THE TRANSFORMATION T 

;U. The transformation T (frcnn point p to point /9 asso<*iutml 
with the most general system p(Kssi‘ssing property J is, as we have' 
seen, entirely arbitrary. The c|m‘stion arises wlntt is the* jjiam- 
liarity of T if tlie given system is cd’ the natural type. TIu^ 
answer to this will furnish an (spiivaltmt of proptnly /L and 
will thus make it possible to eharaeterize natural fnmili(*s with- 
out intr()du(*ing hyperoscailatiug (nreles. 

The problem is to describe geometrically the* class of trans- 
formations of the form 


‘)/ *>/ 

L/+L;H^Lr IJ i Li } IJ 


Z z d'“ 


2L. 

L/+LiX L/’ 


depending on one arbitrary furudion L of //. s, in itead of thrci^ 
independent functions reepnred in a geiH*ral point transformation, 

X = <hGr, //, z)t y = //, Z ^ Xij\ ij, :l. 


For a general (analytic*) point transformation the fnimlh* of 
lineal elements at any point is (*onvt*rtcsl linearly into the* bmalh* 
at the eorre^sponding point. Are tlierc* any ehma^nts wlticdi go 
over into parallel edements? ft is well known that tticre an^ 
three. If in partieular these threa* ehmients arc mntmdly p<*r- 
pendicular (for ewery point of space), wc obtain a ccTtuin c’atcgory 
of transformations whitdi may he tcTmed Darbonx* triinsfc^rma- 
* See Proceedings of Ihe Ijmdon Mathcrnttiim! IfMKl 
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tions or deformations. They are analytically of the form 

involving one arbitrary finution. Obviously this is not the class 
we desire. 

W(' nc'xt ask whether in the general transformation there are 
any elennmts at a given point p each of which is turned into a 
conrevlar elenumt at the (‘orresponding point P. This is, in a 
way, a (‘ase (*orrelative to the Darbonx ease: for whether two 
elements in spa(H^ an' parallel or (*oeir(‘ular they have in common 
the prop('rti(\s that they are (‘opianar and equally inclined to the 
line pl^ joining their points. It is found tlnat there are always 
three sneh (‘h'rnents at any point. If we require these to be 
mutually orthogonal, we obtain ])reeisely the transformations 
eonne(*ted with natural families. 

A of oo'* ,Hpo(r jumr^tnlng property A will form, a 

futturol famiUi when and only when the amwiafed trcirwf<>rmat'io7i T 
(from point p to point P) //e.v the folUming property: the three lineal 
elementfi at j) each of which in conrerted, into a coeircular element 
at P are nintnally orihogonaL 

We have thus obtained an e({uivalent for property B, It 
may be shown syntlu‘ti(‘ally that the three directions just de- 
scribed (cocinnilar (‘h‘numts)"always coincide with the directions 
of the liypcrosculating (’ircics. The orthogonality of the one 
triple amounts to the same thing as the orthogonality of the 
other. 

It may be remnrk('d that tlic class of transformations connected 
with all natural systems do not form a group. It is obvious how- 
cv<T tliat th(' inv(TS(' of any rmnnher of tlu^ class is contained in 
that (‘lass. in the cHmoire of the law of reciprocity for natural 

syatems^ preriomly obtained by a different method- 

§§35 44 . The ("onvehhe of Thomson and Tait’s Theorem 

35. It is well known that if straight lines are drawn orthogonal 
to any given surface' they will ne(‘e*ssarily be orthogonal to an 
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infinitude of surfaces (nmwly the surfa<‘(^s paralh*! to tlie i^iven 
surface). Thomson and Tait in their Natural Philosophy showed 
that this property of the oo'^ straight lines of spa(‘e ludds for the 
00 ^ trajectories described in any eonstu'vativt^ field with th(‘ same 
total energy, that is, for any natiiral family. Tin* writer has 
proved that no other famili(\s of (*urv(‘s havc‘ tin* prop<*rty: it is 
entirely charaeteristh; of the natural typ(\* We first state* the 
original theorem in (‘onneedion with tin* gemeral tluavry of the 
calculus of variations, and them take* up the* (*onvt*rse‘ tlu*(»rem. 
I,<ater a second ce)nverse (fiie‘stie)n is tiis<‘usse*(l. 

d5'. Thovhwu and Tait\H Tlworvm. We* have* se‘e*n that a 
natural family of curve's in spac'e may he re*gartled m the* t<»tality 
of extremals of a variation i)rohli*m of tin* partie*idar feirin 

(1) ./ ^ //’(x, //. z),h, 

where F is a point function, is the* e*lc*me*nt t»f le*ngth 

(Is = + dfr + f/r ■ ^ I -f d.r, 

and the inte*gral is taken hetwt*(*u fixes! eml points. 

It is easily shown that for intt'grals of tliis form,! ami for no 
others, the redation of /ma.Yrrmi/////, in the sense* of the* <*ah‘ulus 
of variations, amounts mertdy to Mkotjonniiit/. dliis su{!i<*e*s 
to distinguish our type among variation probl(*ms of tin* ge*n<*ral 
form 

(2) //(.r, //. =. z'Hr. 

But of courHO it does uot servo hh a otitiiploto gi-omotric tost for 
a natural family. What is tho Kooim-tric oharnettT of t ho .syst oms 
of 00“* extremals ooimootod with any variation imthlomCi)? 
This is an unsolved qnestitiu in the ealetilus of variations.^ 

•At leant in the catw of apare of thr<*e diiucnmimM. Cf, Trimt. Amrr. 
Math. Soc., vol. U (U)10), pp. I21--14(). 

t Cf. Bolwi, VarinliojiarwhiiunR, p. (Ull ; alwt p. H<1 for Iht' ( woilitiuaiHiimnl 
problem due to Ilodrick. 

t See the author’a paper, "Hyst eniH of extremals in the ^ 1101111 ^ of vnriat inna." 
BuU. Amer. Math. Soc., vol. 13 (IIK)K), pi>, 28» 2«2. 
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We are concerned here only with the integrals of special form J, 
defining natural families. Applying Kneser’s fundamental 
theorem on transversals,* we have this well-known result: If from 
the points of any surface S we construct the extremals orthogonal 
to the surface, and on each lay olf an arc so that the integral J 
takes some constant value, then the locus of the end points is a 
surface which is also orthogonal to the extremals. 

3(). This is known as the theorem of Tliomson and 'fait. It 
was obtained by tluun in connection with the dynamics of a 
particle moving in a conservative field — the first interpretation 
of a natural family considered in § 28. Here F{x, y, z) represents 
the speed v, as determined by the energy equatidn 

r- = 2(ir + h), 

where IT denotes the work function (negative potential), and 
the mass is assumed to be unity. Of course h has a fixed value. 
We (junto the original .statenumt of the theorem: 

“ If from all points of an arbitrary surface particles not mu- 
tually indueneing one another be jirojected normally with the 
proper v(‘locities [so as to make the sum of the kinetic and potential 
energies have a given value]; jjartic'U's which they reach with 
ecjual actions lie on a surface cutting the jiaths at right angles.” 

The int('gral ./, in this case, represents the action 

/,(/.-( = / >/2(ir-i- /i)(/.v. 

Tlie 00* surfaces euttiug the (nirves orthogoually thus appear as 
surfaces of ecpial actiuu. 

The currespundinfj: stateiuent for brachistochrones is sometimes 
called the theorem of Bertrand From the points of any surface 
draw tlu' l>rachisto(‘hrones normal to the surface and on each lay 
off lengths so tluit thi‘ time of transit is ecpial to a given quantity; 
then th<‘ locus of the end points will he another surface orthogonal 
pp. 131 anti 39 L 

t C'f. liouih, Dyniunifs of a Particle (1S9H), p. 376. According to Appell, 
M^canitpic rationt*ll(‘, vol. 1 (HHM)), p. 466, \lm rcHult was iiuiicattHl by Euler. 

12 
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to the brachistoehroncH. Hen* the iiit('KriU ./ ri'presents the time 



/ 


th 

f A)’ 


SO that the ortho^otml surface's appear as stirfacn^s (»f espial time. 

CorrespondiiijL^ statements may laMiiade^of e(mrs<\ for the other 
interpretations leading to natural families. 'Flu* most eonerete 
aspect is obtained by using the language of optics. iliTe the 
integrand function is simply the hulvK of n'frac’tion Pir, //, s), 
varying from point to point in any {iscftriipie) nusliunu and the 
integral j P(k is propc^rtional to the tiim*. "I1u‘ paths of liglit in 
such a medium form a (single) natural family, and t^very natural 
family may be olitained in this way, T1 h‘ rays (in general 
curved) starting out normally from anys urfa<*i‘ ailmit oo^ 
orthogonal surfaces. These prestmt themselves us surfaces of 
ecpial time. We shall describe thtun as a mi tff iniir or 

wave surfaceH. 

37. The geometric part o/ the theorem of Thommui aad fait 
may be stated as follows: la any natural family of spare rurres, 
the 00 earves which meet any surface orfhogttnally aheays ftwm a 
normal congruence. 

Is this geometric prciperty, which shall refiT as the 
Tkomson-Tait property, eharaetiTistic^? 'Flus is in fact t!ic c’ast*. 
We shall prove, namely, the hallowing 

(\)NVEiiHK TunoKKM. If a tpiadruply infinite system of rurres in 
space is such that oo- of the rurres meet an arbitrarily glren surface 
orthogonally* and always form a normal congruence {iimt is, admit 
an infinitude of orthogonal surfaces), then the system is of the natural 
type, that is, ti may be identified with the ejiremal system belonging 
to an integral of the form f F(x, //, z)ds. 

38. The result is simple but the proof is ratht*r tong. We give 
the essential steps. 

Consider an arbitrary cpiadruply infinite system <»f ettrvtvs in 

*Thi8 meims the same as requiring thiit one eurve of the Bvntmi paweit 
through each point of space in each direct iorn 
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space, assuming that one passes through each point in each 
direction. Such a system may be defined by a pair of differential 
equations of the second order 

( 1 ) y" = F{x, y, z, y', z'), z" = Gix, y, z, y', z'), 

where F and G are uniform functions which we assume to be 
analytic; in the five arguments. Denoting the initial values of 
;r, y, z, y', 2 ', which may be taken at random, by x, y, z, y, q 
respectively, and ! employing X, F, Z as current coordinates, 
we may write the solutions of (1) in the form 

Y = y + r(X - .r) + },F{X - x)^ + p/(Z - a;)® + • ■ ■ , 

Z= z+ qiX - x) + IG(X - ;r)2 + IN{X - xf -{ . 

Mere F a,n(l 0 a, re expressed as functions of x, ?/, z, f, q; and M 
and N, found l)y difTerentiatinp; (1), are given by 

M s F, + pFy + qF, + FF^ + GF^, 

N Ox + p(>u + qOz + FGp + GGq^ 

The t(‘nns of higher order will not be needed in our discussion. 
Equations (2) involve five arbitrary parameters but of course 
repr(^s(‘nt only (airves. 

Consider now an arbitrary surface 

(4) = /(.r, y). 

At each point of this surfa(‘e and normal to it a definite curve 
of the* gi v(ai family ( I ) may be constructed. A certain congruence 
will thus be determined. We wish to express the condition 
that this shall be of tin* normal type, that is, that the oo^ curves 
shall admit a family of orthogonal surfaces. 

The dire(‘tion normal to the stirface 2 at any point is given by 


1 : p : q fx :fp : - 1, 


so that 

(5) 

p - Fix, y), 

<i = y). 

where 

(50 

P S3 /»//,, 

Ilf.. 
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'i‘> 

These functions arc (■<»nnccte(l by the relation 

(5") P(h - ~ Q, 0. 

The equations of the oo- eurvt's corresponding to the given 
iiutial conditions may now be written 

A — X 

(G) Y = y + IH + I FP + i MF , 

Z=J+Qt+ .iG7'-’ + lAT-i 

whore t takes the place* of A' — .r in (2), and where the bars 
indicate that the substitution (1), (G) has b<‘eu earri<‘d out, so 
that, for example, 

(7) /’(•)•. ?/) - Pi-r, y.f, P, Q). 

The coefficients of the pow(>rs of I in (G) are thus functions of the 
.tw'o parameters x, y. 

The general condition for a normal eongru(>m:e givt'u in para- 
metric form is* 

(S) (FA'}’) - [Z'ZK) + y'iZ'YZ) - Z'(Y’yZ) 0. 

where the parentheses <l(‘not<‘ jaeobians taken with respect to t, 
z, y, and 1’', Z' denote the derivatives of }', Z respectively 
with respect to t. 

Expanding (H) in powers of t in tlui form 

(9) ilo+ iM4- ikP-i •••. 

we find that £2o vanishes in eonsetnwnee of (">"). This is as 
it should be, since our oo'- curves are ortlu)gonal to by con- 
struction. 

The terms containing the first power of / give 

( 10 ) + 

+m /’f^)+2f, //»/',- {/>■•• f (/')/*. 1 = 0. 

*We may also uwi the (■oiivcnicnt form due In Hiltnuiii. Cf. liiimchi- 
Lukat, DifTcrcnlialupoinetr'u*, ji. IMO. 
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From (6') we find 

F,= F, + FJ, + + F,Q,, 

with corre.spondin} 2 : results for (?* and Gy. Substituting these 
values, and observing from (5) and (5') that 

/x = - VQ, fy=- P/Q, Qy = PQ, - QP,, 

we may reduce (10) to 

2Ff PQP,+Q*Qx} +2f?{ PPy- (P2+Q2)P^} _ ( 1 +P 24 -Q 2 ) 
(100 X{QF^-F,-Pa^+Gy+(QFy-QO,-PGy)P,, 

+ GyPy+QF,Q,}=0. 

This is then a necessary condition in order that the oo^ curves 
belonging to the quadruply infinite system (1) and orthogonal 
to the surface (4) shall form a normal congruence. The result 
'is to hold in virtue of (4) and (5). 

It is of course not a sufficient condition. It merely expresses 
the fact that the curves orthogonal to S are also orthogonal to 
some consectitive surface, that is, that the congruence is approxi- 
mately normal to the first degree. 

Our main problem is to find all systems (1) which have the 
orthogonality property with resi)ect to evenj base surface S. 
It is then necessary that (1()') should he true for an arbitrary 
function /(.r, y). The function can be so selected that for any 
chosen values of x aiul y the ejuantities /, P, Q, Px, Py, Q Xf 
shall take arbitrary numerical values; for the only relation to 
be fulfilk'd is (5") and this merely <letcrmines Qy. The con- 
dition (K)') must therefore hold identically. Arranging it in the 
form 

(lO'O (I -f /« + Q^)Po + QC^Qx + C,Py - (hPx = 0, 

and equating coefficients to zero, we find 

Co ^ (iFx - Fx - pGx + Gy = 0, 
f'l (1 + + (i^)F<i — 2qF = 0, 

(11) (\ S3 (I -j- f/)(7p — 2pG = 0, 

Co as (1 -f- jp -f- (f){qGq + pGp — qFp} 

+ 2pqF - 2(p2 +q‘^)G= 0. 
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Integration of the second and third of these' partial differential 
equations gives 

F = flip, .r, y, s)(l + /r + (f-), (! -• ;/i(f/. .r, //, ::)(l + l>~ + q~), 

where /i and g\ denote vmknown functions of the four arguments 
indicated. Substituting these values in the fourth eepiatiou, 
we find/ip = gu,> and therefore 

fi = - jxp, {li^- X - 

where (j>, -p, x are fimetious of .r, i/, z only. 'I'he general solution 
of the last three eciuations of the set (11) is tlu'refore 

(12) F=(^—/J<P)(l+/r+(r), b'-(x-#)(H/r+7-)- 

We have still to satisfy the first equation of (11), which now 
reduces to 

(13) — Xb + /KXr ~ <(>a) 4- — 'pa) “ 0- 

The functions <p, \p, x laaat therefore satisfy the ecpiations 

(15') ypa-Xy^ 0. X. - = <1. <py-^r = 0. 

and hence are expri'ssible us the derivatives of a singU> function 
in the form 

(13") (P = i X - b.. 

The solutions of the set (11) are therefore 

V 14) 

G «= (/,. - pL,)(l + 

involving an arbitrary function L of x, y, z. The resulting system 
(1) is thus recognized to be a natural family. 'I'liis gives our 
fundamental converse theon*m. 

39. In the above (liseu-ssion use has been mad<‘, not of the 
complete condition for a normal congruence, but only of con- 
dition (1()') derived from the terms of the first ordiT in f. We 
may therefore .state a stronger converse result as follows: 
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The. only systems of 00 “ curves which have the property that 
the curves orthogonal to any surface are always orthogonal to some 
infinites irnnlly adjacent surface are those of the natural type. 

If a 0 ()n}i;nieiK “0 of curves meets two neighboring surfaces 
orthogonally it need not meet <x>'- surfaces orthogonally, and 
therefore it approximates to, but need not coincide with, a normal 
congruence. The above theorem shows however that if the 
weak recpiirement of approximate normal character be imposed 
on all the congruences obtained from the given quadruply infinite 
system, they will all bo exactly normal. 

40. We may further strengthen our theorem by demanding the 
orthogonality property for some instead of all surfaces. Our 
fundamental eipiations (1 1) resulted from the fact that z, y, z, 
f, P, Q, 1\, Pyy Qx might receive arbitrary numerical values. 
It will therc'fori' be sufficient to take a m.anifold of surfaces 
sufficii'iitly large to leave these quantities, or the equivalent 
quantitii's 

(15) .r, //, Zf Zj-t Zyf Zxxt ^xyt ^vyy 

unrestricted. Since the.se quantities define a differential surface 
element of tlu' s(>cond order, we may state the result as follows: 

The converse theorem remains valid if, instead of considering 
all base surface's, we ('inploy a manifold of surfaces sufficiently 
large to include all tlu' oo» |)osHibl(^ differential elements of the 
second order. 

41. Tlu' Thoinson-Tait theorem holds of course even when the 
base 25 shrinks to a curve* or a point: there will still be a normal 
congruence orthogonal to the curve or jioint (in the latter case 
orthogonality means simply pas.sage through the point). We 
state a number of results obtained in this connection. 

If for an arbitrary curve as base the corresponding oo^ orthog- 
onal curves of a given (piadruply infinite .system always form 
a normal congruence, the givt*u .system is necessarily natural. 

If we require each of the congruences here considered to be 
of approximately normal character, a more general type of system 
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is obtained, namely the vrlociti/ type of § H2. I1ie vi^locity type 
is thus (‘liaraeterized by the fa<‘t that thos<^ enrv<‘H of the system 
which meet an arbitrary (mrve orthogonally are ortlmgonal to 
some infinitesimally adjacent (of course tnbniar) surfacH'. We 
may even restrict ourselves to tln'case when' tiu' bast' is a t'tirve 
of the given system, or the t'ase wht're it is any straight lint'. 

42. Suppose next that the base is an arbitrary point. Are 
natural families the only families of oo* tnirves snt'h that tlie oo- 
curves pavssing through any pt>int form a normal congruence? 
A discussion shows that this is not the cast*. '‘Fht'rt' t'xist families 
not of the natural type, for examplt', that dt'fimal by the dif- 
ferential equations 

if" ^ i/\ s" ^ t), 

with the restricted property stated. 'Po find all suc*h systc'ins 
would be a rather difficult, but (a'rtainly an inten'sting, under- 
taking, The result would of cours(' imhuh' the imtural type as 
a special case. 

43. It will not however be the veha'ity tyj)e. It may be 
shown in fact that the only velocity systc'ms for whic'h the' curves 
passing through an arbitrary point constitute always a normal 
congnienee are those of the natural type', llcH'idling tlu' fact 
that the velocity type is charaetcri^c'd by pnqa'rty .I, wt' may 
give a new characterization of the natural type* as follows: 

Natimil fwmilm arc the only (pmdrnply inftnilv syainna of aarres 
in space such that the oo^ curres through an arbitrary point admit 
an infinitude of orthogonal surfaces, and such (hat the osculating 
circles constructed at the common point form a bundle, 

44. It may also be shown that if for every point and evt'ry 
straight line as base the corre.Hpondicig eongrnenee is uc»rinid, 
the system will be natural To have' a velocity systcun it is 
sufficient to demand that tlie eongruenc'e ec^rresponding to an 
arbitrary straight line shall be approximately normal. To have 
a natural system it is sufficient to demand approximate normality 
for the congruences corresponding to arbitrary straight lines and 
plane'^. 
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§§45-53. Wave Propagation in an Isotropic Medium: 
Properties of Wave Sets 

45. The optical interpretation of a natural family and the 
Thomson-Tait property suggest eertain sets of surfaces which 
we shall now study. 

Consider a given medium defined by its index of refraction 
p(.r, !/, z) given as a funetiou of position. The rays (in general 
curved lines) arc the oo* extremals of 

(1) / p(x, y, z)(h — minimum; 

they form the natural family, whose differential equations are 

y" = (4- ?Ax)a + / + 2''), 
z" = {L.- +y'^ + z'^), 

where 

(2') L Hi log V. 

The 00 " rays orthogonal to any selected surface S form a 
normal congruence, tliat is, are orthogonal to a set of ooi surfaces. 
A disturbance originating in the mc<lium on the surface S will 
be propagated in tlu‘ nu'dium through this set of surfaces, which 
we term a net of mipc franl<i. In the given medium an arbitrary 
surface belongs to one and only one of these wave sets. A single 
surface is thus of arbitrary character, but the sets of surfaces 

(3) /(j-, y, =) = constant 

that may be wave sets arc restricted by the Ilamilton-Jacobi 
equation 

(4) /x* + /v^+/.* = 

The given medium defines also a certain set of level surfaces 
v(x, y, z) = constant. 

This, it should be noticed, is not usually a wave set — the only ex- 
ception arising when the level surfaces arc parallel. For a given 



58 


TIIK PKINCKTON (’OlJ.OQriUM. 


medium the number of wave sets is oo'^, sin<‘e tIuuT is one for 
each surface. Each of thes(^ sets is cut by the lev(^l surfiun^s in 
the equidistant curves of the wave set; tluit is, alon^^ any one of 
these curves the distance betwi'cn (‘onstMmtiv*' wav(‘ surfa(*es 
remains the sanu^* 

4(5. A single set of wave fnmts has no giMUiu'tric pcamliarity. 
That is, given any set of surfa<*es /(.r, //, z) — <‘onstant, it will 
always be possible to find a medium in whi<‘h that sH will serve 
as a wave set. In fact there ar<^ oo* su(‘h me<Ha. For in 
equation (4), the given function /, witlunit altering tin* given 
surfaces, may be replaced l)y aii arbitrary fuiudion il{f) of itself, 
and this gives oo®^ distinct values for u. 

When will two sets of wavt^ fronts l>e eonsist(uit? Two arbi- 
trary sets of surfaces/ = constant, /i — constant cajinot us\ially 
be regarded as wave sets in any single medium. Tlu^ reciuisite 
condition is 

//+//+/;' iuf) 

+ iliiliV 

where 0, Qi may be any functions. An ecjuivalent (condition 
is that it must be possible to (*hose paramettTS for tlu^ two sets 
in such a way that 

dn ^ dnd 

where da and dui denote the normal distan(H‘ bt^weeii (Mms(*cutive 
surfaces. 

47. But a clearer answer may be givtm in tttrms of the geomt‘tri(» 
properties A and B. If a sc^t of Hurfac*es is to be* a wave* svt, the 
00 ^ orthogonal curves must be memliers of the natural family of 
00 "^ rays. If two sets of wa%'e fronts are given, Wi‘ havt* tlum two 
congruences of curves. The question then is, wheti (*an two 
normal congruences of curves he regardetl as hi4ouging to a 
natural family? 

* This follows immcxliately from (4). It k to mtmrkmU howewer, that 
this property is not charactermtie of wave sets. 
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Take any point p in space, and consider the two curves, one 
from eacli of the congruences, passing through it. The circles 
of curvature at p must intersect again at some point P (by 
property A), This condition makes sure that the two congru- 
ences belong to some velocity system. If now this is to be a 
natural system, we must also add property B or rather, since 
no hyperos(‘iilating circles are directly defined, the equivalent 
restri(‘tion (see i)age 47) relating to the transformation from 2 ^ to 
P. The final answer may then be given as follows: 

7\ro of irave mrfam belong to the same O'ptical medium when 
and only when they satisfy the following geometric conchitions: 

(A^) At any point p of space the circles of curmture of the orthog- 
onal trajeefones of the two sets of surfaceSy passing through that 
pointy interseet again at some point P, 

(IP) The point transformation froni p to P has the property that 
the three lineal elements of p each of which corresponds to a cocircular 
elevumt at P arc mutually orthogonal. 

48, ''Fwo sets of surfa(‘(\s taken at random will not belong, as 
wave sets, to any nu'diinn. ()ji the other hand, as we have said, 
one set belongs to 00 distinct media. The question then arises, 
just what will uni(iuely determine a medium. 

A natural family is uniquely determined if we are given one set 
of wave fronts and a single ertra trajectory. This means a tra- 
je(‘tory not Ix^Iojiging to the (‘ongruence defined as the orthogonal 
traj(M*tories of the wave set. 

49. erira curve how(‘ver cannot be taken at random; it 
must be relat(‘d in a c(‘rtain way to the wave set. If the wave 
set is /(.r, y, :;) = (‘onstant, then the condition on the curve is 
that it satisfy the Monge eejuation of second order 


2A//" (I + y'*^ + - i/Af) 

^ ^ 2As" — ( I + j/'” 4 . (A, — 

where 

(30 A mfj^+ff^+ff. 



fy - y% 
f.-z% 
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Here/, and hoiipc A, arc given, and // and s are unknown finietions. 
of *r. The interpretation is obvious from property J. 

In order that an extra curve shall be <’onsistent with a given 
wave set (that is, in order that I>oth shall behnjg to a single 
medium) it is ne(*essary and suffHaent that the etirve shall cross 
the surfaces (of (‘ourse obli(|uely) in sik’Ij a way that at any point 
of intersection the circle of (‘urvaturt* of the extra cnirve shall 
intersect the circle of curvature^ of the emrve orthogonal to tlie 
surfaces. Wlum the curve satisfies this restri(‘tion, it <l(dines 
with the given wave set a uniciue natural family. 

50. If we are merely given oiu^ wav(» scl, the number of possible 
media is oo'* (since r involves arbitrary functions). Each of 
these has oo** rays (forming a natural family). The tcdality of 
media give rise to a totality of oC* rays, namely the solutions 
of the Monge ecpiatioii of se(‘ond order (d). This e(|uation is of 
the type 

+ r 0 

(where the eoeffieients are fmudions of ,r, //, //', z'}, wlu(‘h the 

author has shown to l)e chara(d<Ti7.ed by the .Ucaxn/cr /)ro/;cr/y;* 
Those curves which pass throtigh a given point in a giveti din*ction 
have circles of curvature (constnulisl at tln^ <*omm<m p<nnt) 
generating a sphere. 

51. The inverse problem (^omu'cted with nattiral families, 
namely, given the oo^ trajectories to ctmstruct the generating field 
of force, is solved immediately in connection with jiropi^rty A. 
The force acting at any point p ads in tlie lim* j(nning that point 
to the corresponding pcant 1\ ami its intensity is propiulional to 
the reciprocal of the distance hetween tln^ two points. f This 
construction may he carried out if we know a sufficient number of 
trajectories, without knowing the whole systtum 

52. The greatest number of rays which two distind media 

* Ktisner, Bull, Amer, Math, ^ec., vol. 14 CiUOH), pp. 461 465. The 
result includes the extension of Meusnier’s tlieorcin tnmla by Lie, aiul is in 
fact the largest general illation pcm^ible, 

t The determination of the |K)tential functkai lECx, ;/, z) or, wliat is e(|uiv- 
alent, the index of refraction >^(x, recpiirw a <|uiwlratun*. 
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can have in common is oo- (one through each point of space). 
If two media have that many in common, it is easily shown that 
the resulting congruence is necessarily normal Any normal 
congruen(‘e can be obtained in this way, for, as stated above, it 
belongs, not only to two, but to oo"' distinct media. 

53. We mention only one special problem: the determination of 
those media in which disturbances arc propagated by Lame families 
of surrac(\s; that is, every wave set is to be of the Lame type (thus 
forming part of a triply orthogonal family of surfaces). The 
index of refra(‘tion is found to vary inversely as the i)ower of the 
point with respited, to a fi.xed sphere; the rays then are the oo^ 
circles orthogonal to tliat sphere. Since the radius of the sphere 
may be /a^ro, real, or imaginary, these media yield well known 
interpretations of paraboli(% hyperbolic, and elliptic geometries. 
(See 'rratisaciloths of ihv American Mathematical Society, volume 
12 (191 1), pages 70 -71.) 

§§54 (U. A Se(’ond Lonvekse Pkohlem Connected with 
THE Thomson-Tait Theohem 

54. ('onsidta* tlu* geiuT'ul (‘onservative field, defined by its 
work fum*tion //, ;s). With any motion of the particle there 
is asso(’iated a definit(‘ value of the constant of total energy 

^ - //. 

If // is not assign<‘d th<M*omplete system of trajectories is made up 
of oo^’ curves. 

Consider now an arbitrary surface, which we term the base 
surfa(H\ 

(i:) /(*r, ?/). 

From vtxch <»f its points we may draw normal to the surface oo^ 
trajectories since th(^ initial value of the speed v is arbitrary. 
We tlius have in all oo'* trajectories normal to In order to have 
a congruence wo must assign the value of r at each point of 
that is, we must give a law of distribution of the initial speed. The 
question arises: What form of law will make the corresponding 



62 TIIH PHINCKTON COlJ.OQnrM, 

coiigriieiice a normal (‘on|i:nuMU‘oV Of course^ for any law the 
(‘()np:ruen(‘e will be orthogonal to the bast' snrfata', l>ut ustuilly 
it admits no other orthogonal snrfa(*es. 

The Thomson-Tait theorem (in its eompletc' dynamical form) 
gives oac’sneh law: it states that if the initial speetl is st'h'ett'd so as 
to make h have the same vahie at all tin' points of the eongru- 
enee will be normal It thns gives a phui for eonstnn'ting oo* 
normal eongruenees for a given bast', ont' for t'aeh valnt' of A. 
We shall refer to any one of tlu'st' as “ etatstrueted aeeortling 
to the Thomson-Tait law/' 

Is this the only answt'r to onr (pu'stitm? If oc- trajet'tories 
are drawn orthogt)nal to and if they form a nttrmal eongrnenee, 
does it follow that the distribution of vahn*s td tin' initial speed 
is precisely such that the sum t>f the kiiu'tic ami |>ott'ntinl t'nergies 
has the same value at all pt>ints t)f I'Y 

The requisite distaission is ntU simplt'. Wt* shall mt'rt'Iy state 
the results we have' obtaiiu'd. 

55. The answer to our (juestion is “ in gt'neral ” in tin' aflirma- 
tive. The first ('onverse theon'in, dis('ussed in § 57, is true 
without exception. The present is tnn' with exc<'pticais whit*h 
may be definitely limited. 

For a “(/Caere/” /me .var/acc io a (jiirn votuHormtirr fidd of 
force, the oohj con{jruenceH, formed hij oo“ trajeriorles t^rihtHjooal io 
S (one draivn at each jioitd), which admit an infinitude tf orthogonal 
surfaces, are those constructed according tt^ the ThomsoU’^Tait law 
{so that the total energg has a constant value), 

56. To make this prec'ise we nmst of c’ourst' limit tin* ('lass of 
exceptional surfaces connected with a given fielfl 51n*se appear 
in the analytical discussit^n as tin* solutions of a c'crtain partial 
differential equation of the second (»rde'r* 

n\ + pii\ iT.+ /dr,| 

W,+ qll\ n\+ qWJr ^ 

*** The expancknl result is ef the form 

F,r + Pia + Pd + * ih 


where r, a, I denote the derivative's «>f second order <if z » fix, y). 



ASPECTS OP DYNAMICS. 


63 


where W is the kivcu work function, and 

TP ^ + ^iWy-W. 

+ 

This (^qinition definos a class of surfaces which is 

seen to depend only on the equipotential surfaces 

;//, z) = constant. 

The result may he put into geouK^tric form and stated as follows: 

The only .verjaev^i which may he exeeptional in the theorem of § 55 
(that h, which may (jiTC rhe to vormal congruences not included in 
the ThomsoimTait law) are those with this property: along each of 
the e(iui potential lines* of the surface the component of the acting 
force normal to the surface is constant. 

57. ()hscn*v(‘ that it is not stated that the surfaces described, 
which exist in any held, actually give rise to additional normal 
congrucm(‘(\s. 'I'o umh^stand the situation more precisely, it is 
ne<‘essary to oI)S(‘rv(^ that iii the analytic discaission the condition 
for a muunal congru(UK*(‘ is (h‘veloi)ed in the form 

/ 12| 4“ t"Q*> 4“* ’ * ' = Ot 

where' / is tlu' paranuder which varies along the (nirve, starting 
with th(‘ value' y.ero on the surface li, anel the ce)eflicients Q arc 
funedions of the' twe> puramede'rs elefining the initial pennts on 2. 
By assumption the* e'emgruemce is e)rthe)ge)nal te) se) the term 
inelependemt of /, will not appear. For a ne)rmal (*e)ngruence all 
the <*e)edru‘i<‘ntH 12 must vanish. If e)nly a certain number vanish 
tlie congrueuu*e may be' eh'seTilx'd as apj)ro.rimately nonnal (the 
appre>ximatie)n being of ele'give n if 12i ==()): 

the curves are tlu'u orthogonal not e)nly to 15 but alse) to one or 
more (infiniti'simally) adjacent surfac'cs. 

58. If now we impede em the ce)ngruene‘e e)f trajectories ne)rmal 
to S the e‘o!uIitie)n S2i ~ Cl, we fiiul that this may be fulfilled fe)r 

*The ('C|uipote*ntial line's of any Hurface' urc' the line's (‘ut out by the^ oqui- 
poteaitial surfares IF « e'eaist. 
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any surface: the restri(*tiun ih merely on tlie law of initial speed 
and means that the total energy must Ix^ tlu^ sanu% not nec^essarily 
over the entire surface, but along each e<|uip(itcntial Hue of the 
surface.* 

59. If we further impose the condition 12-^ — 0, then for a 

general surface tln^ law of sp<a*d must be tlie Thomson-Tait 
law, but for an “ exceptional surface tln' law is th(‘ more general 
one just stated. 

(K). The discussion of the higher (’oiulitions ih — 0. etc,, we 
have not completed. It is thendore n<it kn<nvn prtansely in 
which cases normal coiigrticnces (in tlie exact sense) uiay arise. 
For central and parallel fields it may be shcnvn that the i‘X(‘eptional 
surfacest actually give rise to normal c’ongruenc(\H (in addition 
to those included in the Thomson-Tait theory): for sm‘h fields 
the vanishing of the higher coeffnaents follows from tin* vanishing 
of the first two. 

61. The principal results of the conv<*rsc^ pr(ibh*m may I)e 
formulated as follows: 

If 00 ^ traj(Tiori(*f{ (of a coNucrmtivf /iVW), ourtlog a surface 2 
OTthoganaUjf, arc also arthagonal to an infiniicsimatli/ adjacent 
^Hiirfacc, then the ioUtl energy along each equi potential line of iJ 
is constant. 

If Qo'Hrajeetories, seteeied f nan the complete system of 'oo^\form a 
normal congruenee, then in general they will all belong to the same 
7 iatural fa 7 nily (that is, the total energy will be the sameftw all the 
curves); cjceept possibly when the orthogonal snrfaeesl are fj*™ 
ceptional in the serise defined in § 56 {the additional vongruenees 
then a 7 id only then are normal to at least the second degree of 
approrimation). 

Normal eongruences not of the Thomson-'Tait type (that is, not 

* If, in partirular, Uie Hurface is one of the etiuipolential sarfiiros, the* di«- 
tribution of speed is thus entin*ly arl)itrary. 

tin the case of ordinary eonstant icravity the <*xt*eptionfil snrfac’t‘s an* 
those termed moulure surfaet^s by M<mgfU they are generated by rt>lling tin* 
plane of any plane curve about a v<*rtica! cylinder of arbitrary cross section. 

tif one of these surfacw is exceptional, all will be. 
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selected frovi within a natural family) actually arise for central 
and parallel fields. 

§§ ()2-67. (Jeom ethic F<)HMin.ATXoN OP Some Cceious Optical 

Properties 

62. In Thomson and Tait’s Natural Philosophy* the character- 
istic function of Hamilton is applied to the motion of a particle 
in a conservatNa' field of force, and certain results are obtained 
whicli w(' shall tr.Y to r(‘statt‘ as pma'ly geometric properties of 
a natural family of f rajh'ctories. To what extent these properties 
are characteristic is not setthal. We quote the principal 
passages ref(‘rrc'd to. 

“ Let two stations, () and O', be chosen. Let a shot be fired 
with a stat('d velocity, L, from 0, in such a direction as to 
pass thnmgh O', d’lu'ia' may clearly be more than one nat- 
ural path by which this may be done; but, generally speaking, 
when one such path is chosen, no other, not considerably diverging 
from if, can be found; and any infinitely small deviation in the 
liiu' of fin' from 0, will caus<' the bullet to pass infinitely near to, 
but not through. O'. Now U't a circle, with ii»finitely small 
radius r, be dcs<'ribed round 0 as center, in a plane perpendicular 
to the line of lire from this |)oiiif , and let all with infinitely nearly 
the same vt'loeity, but fulfilling the condition that the sum of the 
potential and kinetit- energies is the same as that of the shot from 0 
bulletsbe fired from all pointsof this circle, all directed infinitely 
lu'arly parallel to the line of fire from 0, but each precisely so as 
to pass through O'. Let a targi't be held at an Infinitely small 
distance, beyond O', in a plane perpendicular to the line of the 
shot reaching it from 0. Tht' bullets fired from the circtim- 
ference of the circle nnmd 0. will, after passing through O', 
strike this target in the circumference of an exceedingly small 
ellip.se, each with a vehx'ity (corresponding of course to its 
position, under the law of I'uergy) differing infinitely little 
from L', the common velocity with which they i)a.ss through O’. 
Let now a cireh', etiual to the former, be described round O', 

• Part. 1 (('iiniliridui', HMWn pj). 

13 
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in the plane perpendicailar to tlu^ <H‘ntral path throni^di ()\ and 
let bullets be fired from points in its einanniVnaHv, (^a(‘h with 
the proptT vel<)(‘ity, and in sin'b a dinalion infinitt^ly nearly 
parallel to the e(uitral jiath as to inal«^ it pass throuf>:h (K Th(‘se 
bullets, if a tar^i^t is h(‘Id to r(*e(‘iv(* tlnan p(*rp(*ndi(‘ularly at a 
distance a = beyond (), will strike* it alon^ the* (‘ireuin- 

feretua* of an ellipse equal to tin* fornn*r and plaeeal in a (‘or- 
responding” position; and tin* points strtu'k by tin* individual 
bullets will correspond; a<‘(‘ording t(^ tin* ftilhnving law (»f ** (*(H‘- 
respondence L(*t P and P' la* points of the first and second 
circles, and Q and Q' the points of tin* first and sec(nn! targ(*ts 
which bulU*ts from them strike; tln*n if P* la* in a plain* containing 
the ccmtral path through O' and tin* position which would 
take if its (dlipse were made cinadar hy a pun* strain; Q and 
are similarly situated on the two ellipses.” 

03, The s(*cond passage is as follows: ** din* most ol>vious opti<*aI 
application of this remarkahh* n*sidi is, that in tin* nsc* of any 
optical apparatus whatever, if tin* eye aud tin* olijiad he iut(*r- 
clianged without alt(*nng the position of tin* instninn*nt, tin* mag- 
nifying power is imalt(*r(*d.” . . , ” Let the points and O' he the 
optic cjcnters of the i*y(*s of two pt*rsons h»oking at om* anotlH*r 
through any st*t of lens(*s, prisms, or trnnsimri*nt iin*dia arrang<*d 
in any way between tln‘m. If their pui)ils art* of tapial size in 
reality, they will be se(*n ns similar <*llips(*s of e(|ual appan*nt 
dimensions by the tw'o observers. Hen* the imagimal parti(‘Ies 
of light, projected from the eir(‘umfer(*nee (d tin* pupil of (*ither 
eye, are substituted for the proJeetih*H from the eir(‘umft*renc*e 
of either eirde, and the retina of the otlier (*y(* takes tin* phua* 
of the target reeeiving them, in tin* general kinetic Htateiin*nt.”* 

fa(*,t and many other appUeathiim are ineltifled in tlte following 
gcm^ral propoaition, The rate of iiK’reaac* td any (»ne eoin|w»niiii iiuaiHiituni, 
corresponding to any one of the coordinate, |M*r nnit of innetw <iC niiy othc-r 
coordinate, is (K|ual to the rate of increase of tin* coinpoiH‘nt inmnentuni cor- 
responding to the latter per unit inereaw^tjrdinuuwion of tin* fijrairr c’oc»niinat(% 
according as the two (‘oordinatc^s eh(«4«*n belong to one ronfigtmition of tint 
system, or one of them belongH to the initial eonfiguriition mid I hi* otlier to 
the final.” 
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64. The statement in the first passage is not purely geometric; 
for it involves not only the curves described, but also the speeds 
V and V' at the points 0 and O'. We therefore try to formulate 
the part of the theorem which is really geometric. 

We have a natural family made up of '»'* curves in space, 
one for each initial lineal element (point and direction) of space. 
Select any one of these curves c and any two points 0 and 0' 
upon it. (’onstruct the planes p and p' normal to this curve at 
0 and O'. 

For each dirc'ction through 0, a curve of our family is deter- 
mined : this strikes the plane p' at a definite point. We thus have 
a certain corrtwpondeiu'e between the bundle of directions 
through 0 and the points of //. For directions infinitesimally 
close to the din'ctiou of c at 0, and for points close to O', this 
eorrespoinlenee is linear; and by a proper selection of cartesian 
axes at 0 and O', w(i may write the correspondence in the canon- 
ical form 

$ = «i.r', 71 - $ 1 }/', 

where (x', //') denote the coordinates of the point in the plane 
p', and tlu' corresponding <lirection at 0 has direction cosines 
proportional to : 1). 

In an entirely analogous way, by considering the curves of 
the natural family which go through O', and the points of inter- 
section with the plaiK* p, w<‘ obtain a second linear correspond- 
ence which may be reduced to the form 

~ 7 )' = iSaiy, 

where (x, y) is the point in the plane p and ($' 'tj':!) gives the 
corresponding direction at O'. 

If w<^ were dealing with an arbitrary family of cjo^ curves, in- 
stead of a natural family, these linear correspondences would still 
exist; but the choice of nx<‘s in the second canonical form would 
be differtmt from that napiired in the first, and the two constants 
appearing in the second form would be independent of those 
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appearin|>: in thv first. TIw pvrulUtritij aj the natuml type mail he 
.stated in the fallaieing farm: Fir.st, the rananteal axe.s far the tieo 
carrefijiandeneeiS eaineide: serand, the rafia af the rharaeferiHtie 
comstanfH Inns the mime ridne fta' hath earre.spandenee.s. 

This is the (‘sstapial gc^onulrie e(»ntent of the lon^^ stnttnnent 
(pioted above from Tlnunson ami dait. Is this ehnnteti*ristic 
of tlH‘ nattiral typi*? \\V da not kimw. 

(M'. Astattammt in imu'e <*on<-n*te terms is of interest. If we 
start out from () in din'etions etinally inelims! lth«^ fixtsi angle 
is of eonrs(‘ assuimsl inlinilosimah to tin* direclion of r, 
that is, along a c‘one of nn-olntion having for axis the tangnmt 
of (\ the resultitig trajeetorh's ft»rming a sort a! cmrvilimatr eone, 
we strike points on // ha’ntetl on an ellipse with it' as eeiiter. 
By ehanging the anglt^ af the eom^ we otifain a family of similar 
atid similarly situntt‘(l ellipM‘s. Hie primapal nxt*s of tluNse 
ellipses are tluM^anonieal dirialitniN referred to alsjve for tlie first 
eorrespondeiKT, and the rati<» af tin* diameters is (*<pnd to the 
ratio of tlie eanonicad (‘onstnnts (oj B\ starting from tlie 

othtn* point (F along eom\sof re\tdntion ha\ing ft»r axis tin* tan- 
g(mt to e, \xv strik(* the plane p in a st*eomi set (d Immotlndie 
ellipses. The tiea mLs af ettipne.s (Inis ahiained, tme in the plane p, 
and the ather in the plane p\ are similar. Hns is part of tin* 
property stated, hnt imt tin* whcde. It slnnthl be ofvasrveil that 
it has no nn^aning to say that the two sets are similarly sifuated, 
sinee they are in differcmt planes. 

G5, We may, lmw(*vt*r, olitaiii two s(*ts in the same plain* as 
follows: If we start along tin* eone fd revolution fismifbwe hit // 
in an ellipse. If we wish t(» Int p in a ein*le, wt* must start at (T 
along a certain elliptieal eone: the seel tons of this eone by planes 
parallel top , projeettsl orthogonally on p\ give a M*t of homotlietie 
cUipBes. WT thus Itave in the plane p\ two sets of ellipses, the 
first set being obtaimal from <‘oneH cd revtilulion at it, and the 
second set being obtained from elliptieid vanv^ at it* by ortluigonid 
projection of parallel seetions. If w<* were dt*aling with an arbi- 
trary family of curves, the two sets thus olitidnetl wotdd !h* un- 
related: for a fiatural family^ hawever^ the iiea sets ridneitle. 



ASPECTS OF DYNAMICS. 


69 


66. Of course we could also construct two sets in the plane 'p 
and these would coincide; but this would not give an additional 
property. In the statement quoted, certain pairs of congruent 
instead of merely similar ellipses appear, but that is due to the 
introduction of kinemati(*s: namely, use is made of the velocities 
V and V' at the points 0 and O'. “ If 0 and 0' are regarded as 

optic c*ent(‘rs of the eyc's of two persons looking at one another 
through any optical apparatus, and if their pupils are of equal 
size in reality, they will be seen as similar ellipses of equal 
apiiarent dimensions by the two observers.” It should be ob- 
servcnl, howc^ver, that the dimensions will be equal only under 
the assumption that, tlu^ two (\\ts are at positions for which the 
vcdocities T and T', or, what is c'ciuivalent, the indices of re- 
fraction V and ar<‘. ('(pud. In the most general case of an 
isotrot)ic nu'dium, the c'llipsc's will not have equal apparent di- 
mensions, but the ratio of the dimensions will be equal to the 
ratio of tiu' two vc'locitic's. 

(u. Two c()nv('rs(' ((uc'stions remain unanswered. First: Find 
all systc'ins of curve's in spat'c such that circles about 0 and 
0' appc'ar as similar ellipse's. 

Sc'c’ond: Find adl systc'ins such that the sc't of ellipses in the 
plane // fornu'd by starting from 0 along (‘ones of revolution, 
and the s(*t of c'llipsc's found by orthogonal projc'C'tion upon ]/ 
of the si'ctioiis (‘ut out by planes paralli'l to //of those (elliptical 
curvilinc'ar) conc's at fF which strike ])lane p in (‘ircles, — such that 
tlu'se two sets of ellipse's shall c'oincide. 

§§ (is 72 . The So-caelei) (Jeneuae Proiu.em of Dynamics 

68. C'onsidc'r any material systc'm (particles or rigid bodies) 
with n dc'grec's of frc'c'dom, so that its position at c'ach instant is 
dc'terminc'd by a independc'ut c'oordinatc'S denoted by Xu , 

Xn- The kinc'tic' c'lu'rgy T will be rc'prc'sentcul by a quadratic form 

2T - 

whc're the coelfich'iits a are functions of the c'oordinates, and 
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the (lots (IcTiote time derivatives* If th(‘ at*tin|j: f<>r<*(\s are (mn- 
servative, tluTe will exist a force fuiietiou 
which is assumed to he ind(‘pendeut of tlu^ tinH% and tiu' (aiuatioii 
of energy 

T - ir b 

asserts that in any given motion the sum cd tin* kinetic* and 
potential energic's is constant. 

The so-called general prcdilem of tlynainics rca|uir(\s tlie 
determination of the motions when we an* given the* form f, 
the function 0", and the enmstant h. The* possildi* trajectories 
are then given by the Jac^obi primaple td least ac*tion as tlie 
extremals of the integral 

/ V||- -j. h vi:«,K/.r,r/A. 

This definc'S the mmi genrmi tmturnlfamihj. The* inte*grnl is of the 
form f Fchf where F is any point functhm and (Lh is the lengtli- 
element in a general a-dimensional variety didimal by 

dir ^ IViadrateA* 

69, Siudi a family c*onsists of enrvt*s. in tiu* spaee 

one passing througli each point in eacdi dinaTion. A ntmplete 
eJiantcienztitkm is given by J. Ltpki% in Ins dta1«»r*s diHsmiatioin* 
as follows: 

(Ax) Thelocnisof the centers of geodesie cnirvature of tlu* » 
curvets passing through any point cf Vn is a flat spaet* id n — I 
dimensions 

(/l^) The oseulating geodesit* surfiic’es (two-dimensional 
varieties) at the given point form a bundle of surfiict*H, idl c*on- 
taining a fixed direction (and liencT tin* geodc\Hi<’ line in that 
direction) which is normal to the S,, i of property Ai, 

(B) The n direetions at any point, in which, m a (*<inHe(|uenc‘t* 
of the preceding properties, the oHctilating gecHlf*Hie ein*Ies ((‘ireles 

*Tram, Anirr. Mutk voL 13 (1912), |ip, 77 Pfi. 
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of constant geodesic curvature) hypcrosculate the curves of the 
given family, are mutually orthogonal. 

70. This gives tlu' generalization of properties A and B stated 
in §§29-dl. The simpler results there given for ordinary space 
apply to a (nuTidean space of any dimensionality and also to 
spa<-es of constant curvature. In the general space of variable 
curvature, the geodesii; circles constructed at a given point do 
not all meet at a second point, and so no analogue of the law of 
reciprocity of natural families presents itself. 

71. Tlu' theorem of Thomson and Tait remains valid for any 
space.* The <-onversc (piestions connected with it have not been 
settled. I n all probability the Thomson-Tait geometric property 
is characti'ristic in any space (flat or curved) of dimensionality 
greater than two. Obviously in the (;ase of two dimensions the 
geometric converse' is not valid, since any system of ooi curves 
admits oo' orthogonal curve's. 

72. d'lu' syste'ms e'harae'te'rizeel by property A (meaning Ai 
teige'thcr with .h.) are' tlu' me)st general ve'le)city sy.stems in F„. 
The e-ase' n ~ 2 pre'sents a pe'e'uliar fe'ature; fe)r then, included in 
the vcleie-ity type', we' have', in aelelitie)n te) the natural type, another 
spce'ial type' e»f inte're'st (ge'emu'trie', rather than elynamic), namely 
the ise)ge»nal type'f (syste'ins fetrme'el by the' as * isogonal trajectories 
e)f an arbitrary .simi)ly infinite sy.stcm e)f curves). In the case 
e)f the' plane' (or any surhie'e' e>f e'e)nstant e'urvature) the recipre)city 
e'e)nstrue'(iein feir ve'lea'ity systems is available, anel eae'h of the 
spe'e'ie's,’ natural anel ise)getnul, is self-re'e'ipre)e'al. The only 
fumilie's e-ommem fe» the' two spe-e-ie's are the)se femneel by the 
ise)ge)nnls eif an isotlu'rmal .syste'm, e>r, what is the same, by voleK;ity 
.systems ge'iu'rate'el by Laplae'inn fie'lels e»f fe)re'e.+ 

• (’f. Diirhonx, I,t'<;i>aH, vol. 'i, last <'luii>t('r, where' re'fe're'ure's to the; memoirs 
of Liimi'hilz nail Itellrinai arc given. 

tHchclTcrs intrislucc.I the systems of plane curves /y" = (if' - J/V) 
(IT 1/'^^ la I'onni'clion willi tire thi'ory of isogouuls, and ohtaim'il a law of 
reeipr<M*ity for isogonal systtans. t'f. /.ef/ufj/er ifene/ae, IHOS, IIKK), Aialhc~ 
rntitixelw Anmtlni, vol. lit). 

t Clf. the author's note, " Isothermul syste'ms in dynamics,” Bull. A7ner. 
Math. Nor., vol. 11 (HHtSt, pp. U«K172. 
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We note finally this <*!iuraeteristir fiisiinclitm hetwiTO tlietwo 
noteworthy apeeien: 

For 1x4 !i niitural aiul iHogtonil fami!ii‘s in the plane, the (areles 
of curvature eon.Htrtietta! at any puint p hn\e another point P 
in conunon. 110' point trunHfonnatitjn T ffnun p to I*) in the 
natural (*as(' in such that l!it» tw(» lineal elements at any point, 
each of wlu(*!i is converted int<» ii eoeirenhtr eleineiit, are orthog- 
onal; while in the isogona! caine the two elmnents, ein^h cd whi(‘h 
is converted into an (‘lernent la^nnid to a coeircnlnr t‘lement, are 
orthogonal. 

If the transforinatioii T vmmwtvd uith a vehaaty Hyslem is 
recpiired in he {*lin*et) coiiforimdi the eotre’^ponding field must 
he Laplacian. Sueli fields are distiiigiiislHal from tdl others l»y 
tlie faet tliat eaeli of llte infinifuile (d >\>temH of vidotaty eurves 
is then expressible liiieitriy in the two piiraineterH iii\s4viai. 



CHAPTER III 

TRANSKORMM'ION TIIIOORIRS IN DYNAMICS 
§§ 7:? SL Pu<UK(n'iVK Transfoumations 

7R. TIh' g(‘iu*ral objtH't of a transformation theory is to relate 
new probUnns to old pr(d)l(nns, and so to proceed from the solution 
of the latt(‘r to the solution of the former. The most important 
geometric* transf(»rmations an* the projective and the conformal. 
Both grotips play important nMes in dynamics, the former in 
eonne(*tion with gcmc'ral fields^ and the latter in connection with 
const*rvativ<‘ fields. 

7-b ddu* importanci* of proje<*tive transformations in dynamics 
was brought out by Appc'll in ISSi). (Jiven any positional 
field of force* in tin* phuu*» tin* <*orresponding eciuations of motion 
are of the form 

d'ir ^ . (Pji , . . 

(1) - ^(.r, //). (/). 

If Hii iirhitniry i>uiut transformation, Jinaccompanied by any 
change in the time, is ai)|>lie<l, the new (litrereutiiil equations 
will usually involve not only .r and .v, but also the velooity eom- 
jtonenfs d-r dt, dtj dt. In fact tlie only exception is where the 
point transformation is merely afliue; 

.r, it.r i /o/ 1 e, (/i - «'.r + //,(/+ r'. 

Appell showed that if a general <-oIlinentiou 

((.!• 1 hij 1 e «'-r 4- h'n 4- <■' 

I //'// } r"‘ «''.r 4- //'.V 4- e" 

is Heeinni>aiiie(l by a eliunge of the tiuu* of tin* form 

dt 

k\a''x 1 h"tj 1' e'')* ’ 

7:t 


( 2 ') 
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the new (lilTerentinl etjuntiuiir* %\iU In- nf the orininwl form 
iPxi , . iPju 


Ci) 


^^^^3 V"j«x,. J/i). vf l*.ft. .Vl'. 


and tln'refore tiefhie motion in ^>om^■ new poMitimml lie'hl <tf force. 
The M'lntion l>etweeii the nev\ field and the ori|;inal fii'ld Is 
explicitly as folhiws 

ipi 35; + e’')’jf'i.i-^ — yv"! } W'v" ” 

4” 4‘ *•“’ Ih"" 4‘"' •#!, 

whiTt* tile riipitiil IrttrrH ileiiufe itiiiuir.> in t.lif ^Irtrrminant 
[afeVi cif (2). 

74'. T!ie tnijertiirieH nf tlii* nrigjml ftrli! lire rmivi^rtrcl liy tlir 
eollineiitbn ititii the Iritjerfnrie?^ nl t!i«* iimv fit4ti. AIho the 
climlionH nf hireen nf the twn {if44.*^ lire jirnjeetively rt4Hte(!. 
It muHt lint be thnilglil, lunvever* fliiit tln^ fnriT vtninr iieting 
lit a given iiniiit {/» 1 /') in flie prnjrrfeil intn the 

new fnree veetnr iietiiig iit tlie pniiit ixt, i/t) nf flit* Bernini plune: 
the initial pnintn nf the twn veetnr^ will etirreHpdjnl, nf enur.^ei 
by the given enllinentinin Intt the leritiiiiiil pnintn will nnt. The 
quentinn therefnre irlinf 1 ^ flie iirfuiirfriV rrluiiim hriurrn 

the new feetar field nml I he nlil rerffir field f 
To finsw’er thm qiir^tinii we lake ntir reetiuignbir iiKen sn that 
the eollineiitinn take?< lU metrical! imriniil fnrtii, (Affinitie.s nf 
enurne require a Hepiiriite ihHcnniHinn.l The eatinnirit! fnrinulaM 
for nur triinsfnrmatinti iirt* 


(5) 


77 1 

jt 


I/I 


hn 

t 

.f 


v?i " Pryi-fV. ^1 ■*” yy’h 

together with 

(60 tl(i *» 

To each collineation betwet'n the two pinnes <-«rrcsponils a defi- 
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nite vector transformation. The vectors are here of the third 
type (hoiittd vectors) descrihed in the Introduction, requiring 
four coordinati's for tlu'ir detennination. The original vector is 
ilefined hy the four nninliers (.r, y, <p, the first two defining 
the initial point, and the last two giving tlie components of the 
vector. The eoordinati's of the new vector are (.i-i, i/i, <pi, ypi). 

The rector traiififonitatioii induced by the given collineatmi in 
not projcclirr. 'I'he new vector lias tlu' same initial ])oint and 
the same direction ns the projection of the old vector, hut has a 
diflerent limgtli. ’'I'lie ratio X hetween the actual length of the 
new vector and the length of the [irojected vector is 

(5") X - hVix + ^). 

Noting tliat in tlie canonical form .r and .r+ denot e the distances 
from the initial and terminal i>oints of the original vector to the 
vanishing line in the first plane, we may state this result. 

Any giren (non-itj[finc*) ctdliurntiou (2) inducra a certain vector 
tran.'ifoniiation {deteriiiincil up to the factor k) defined analytically 
by (2) and (1), and yconietritadly ae fidloice: If PQ in any bound 
vector in the ft rut plane, and if the collineation conirrt.'t the initial 
point P into P\ and the terminal point Q into (f, then the trann- 
forined bound rector in not Pf^u bat Pdf, where (f in the point 
on the line joining Pff niieli that the ratio X — PiQflPiQi etptaln 
A*^ timen the cube of the dintance from P to the raninhing line timen 
the dintance from t) to that raninhing line. 

Tlu‘ transformation <-onverfs the hound vi'etors of the first 
plane, represented hy the independent coordinates (.r, y, <f>, ip), 
into the honm! vectors of tlu" new plane.f In the dynamn-ul 
application, y und^ are given as fuin-tions of .r, y, that is. we have 
a field of vo-* vectors, one for each initial [loint: the re.sult of 

* In riifii* iff fill idtini* ritllmi’iiliMn, iiniurcii vwtfir tmnHftinuatum 
fnr flir rittififiiii! flirt i»r k, utrrrlv llir rrHiilt of it|i|ilytDK thr affinity 
ici l.K')th Hiiin of thr vrriiir. It tn ihuH liltrar. 

t Thr vrrtur iiHltinni hy invrm* nillinrathma arr iuvrwr 

to tmrli citlirr, 'Hir art* Ihrrrhirr C’reniona 

tniriifonfifilifaw. 
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the transfonnation is a new v"i ex|)ressil)le in 

terms of Xu ?/i. The oo** trajetdories (>f tlu* first field are eon- 
verted l)y the (‘oUineatio!is into the traj(‘(‘t(»ries td the new 
field; it is to he notieed however tluit, during any eorrt^spond^ 
ing motions, positions whieh <'orrt\sp(nid aeeording io the (‘ol- 
liueation will nsually not eorrespcmd to the same instant of 
time; in fact from (2') 

I - f 

‘ ■■ .1 r(«".r I h"„ + r"l- 

76. If X, F denote* the* vehanty etnnponents at tin* positioii 
X, y and if the (*orn*spcmding veleuaty in the staannl plane is 
Xu Fi, acting at the position X|, //i, tlnni wt* find, from tlie ea- 
nonical form (6), 

= 77i/.r, til JiH X, 

^ Ji= - IcjjuW Ih hiixY yX), 

Tims we have a different vector tnuiNformiithm which may he 
termed the tran^^irmatitm fin tlistim’tiini from the/om? 

Iranitformatioti of § 74): it gives the relation hetwec*n tin* (corre- 
sponding phases in the twu plju»*s. 

If we speak (d ptnnts and V(Hii»rs whie’h oorrtc^pond in tin* two 
|>lanes according to the given etillineation projrmivoly re!at(‘d, 
then the r(*sult tuny he* stated in this form: 

The new jt/nm' mine dnea not raineidr wiilt the /iro/Vr’/hni the 
gimi phase miar: it him the same initial piant, fad the rat la af the 
actual length fa the length af ike prajeeied treiar Is tr times the prmluet 
of the dmianceH ffain the ends o/ the angnial eeiiar ta the vanish! nif 
line of the eollineation. 

7(5. Having studied the Appell transformation and its geo- 
metric! interpretation in tc*rins (d foret* viH’tors and phast* v(*etorS| 
we now ask whether other more gimeriil transfurinatioiiH enn 
play alike rfile, Appel! |iroved tin* hallowing tamverse tIi(*orem: 

’♦'ThD phane of a partieb at any instant, in iht* mam* of CnlibH, is its 
position toji^cala'i* wit hits vel(H*ity : it iMih‘tini*il hy llifCotir ntnitl»i>» of, »/, i*, yu 
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The only transfonnations of the form 

a'l = 4>(a-, ?/), ?/i = y), di^ == /x(:r, y)dt 

whi(‘h (^oiivi^rt every set of dilfereiitial equations 

(1) ‘Iff = “pC-''' //)• 

into on(‘ of sanu^ huan an^ tliose defined by (2), (2'). 

77. liy ('ruuinatin)^ the time from (1), giving the differential 
e<iuati(m of tlu* tnijeetories iu the form (])age 7) 

(7) //V)//"' - - ^.)!/ - <py'\ir - ^<py"\ 

the author provtai that the only i)oint transformations which 
eouviu’t evm\v traj<a*t<)ry system (of a positional field) into a 
trajectory systcmi an* tin* colliiu^ations. Tliis remains valid 
even in the domain of all Cimtad transformations, as we now 
proceed to show. 

W(‘ first <‘onsid(*r tin* class of diilVrential equations (cf, page 11) 

(8) //"' - (/(.r, //, //')//" + //(.r, ?/, ?/').?/''“ 

in(‘Iuding (7) as a sptanal cast*, ami cliaraclerized geometrically by 
the possession of pnqjcrty I (that is, the focad locus for each ele- 
ment is a circh* througli tin* given jHant). We prove this theorem: 

Thr only vontnvi irnmijormntioius which convert every equation 
of type (S) (llmt In, every .Hynieni (f enrve.H with property I) into 
one of the mtme type are etdlineathan^ and eorrelaiions. 

That m» cdlicr trausft»rmati<ms are possible is seen as follows. 
If a {‘ontact transformation is to (convert type (8) into itself, it 
must ecouviTt the part common to all systems of that type into 
itself. Thv <nirves tlcdiiusl by if' = 0, that is, straight lines, 
obviously satisfy (S) for (‘V(Ty form of 6^ and IL It is obvious 
that mo otluT (pnoper) eurves satisfy all such equations. But 
since we are (hailing witli (*onta(‘t transformations and not merely 
point transhormations, we must replace the concept etine by 
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the concept union. In tlu* plum* tlu* only unions \vhi(‘h arc not 
(proper) curves are points. A point is rej^ardecl as inach^ up of 
00 ^ lineal eleiuents; so ,r is (‘onstant, // is constant, //^ is ar- 
bitrary, and thcn^forc //" and //'" an‘ infinite. lN)int unions 
are to be refj;arded then as solutions cd all (ajuations (S). The 
coruinon part thus consists of tlu* straii^ht Hiu's and tht* oo- 
points of tlie plane. If this is to go into itself, (*it!u*r points 
go into points and lim*s into lines, or elst* pennts g(» into lines and 
lines into points. We tlnis <»htnin only c^ollineations and (Cor- 
relations. 

That the collineations actually \vnvn typ(‘ (K) un(*hang(»d is 
easily verified analytically.* The work for (*orrelatioiis is simpli- 
fied by observing that (nuTV eorrt*lati(m may I)(* rtalueed, by 
means of collineations, to the f(»rm of Ia‘g(*ndr(**s transformation 

(()) xi = — th - XI/' - //. //d “ X, 


(which is simply judarity with rt‘spe(’t to tin* (*oni(* .r***! 2//— 1 - 0). 
Extending (9), we find 


This converts eciuation (K) into one (d the* samt* form 
(10) in'" » (idxu }(u + Ud^u //.. 

the new coefficient funetioUH fieinj? relnte<i to tlie ohi an follows: 

(h ** /a- V\, J-ii/t' - in, ~ xd, 

III “ (»'(- !h', -tilh' - in, - x,). 

This completes the proof of the theorem stated on the previons 
page. 

78. If we impose prcjperty H on the sy.stem (K), that is, if we 
consider the subclass in which 


y'-o>0,iiy 

' Trang. Amer. Math, Soc., vol. 7 (ItKXl), p. 420. 
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tlie corri'Iafioiis arc no loiifror available. That collineation? 
actually convert this subclass into itself is readily verified. 
The same is trut' for tlu' still narrower class, characterized by 
properties I, II, and III, in which the differential equation is of 
the form (ef. pafj(* Id) 

(12) (//' “ w)//'" iX//'" 4- ixy' 4- v\y'' 4- 

7i). We pass now to the cast- of dynamical trajectories, defined 
by type (7). and .state tin* fundamental result: 

CaUhmititm.H are the only enntaet tramfonnafimw of the plane 
ivhieh eanrert every syxtem of '»■* tlyitnmieal ir/ijerfories (hclonging 
to an arbitrary pamtiana! field of foree) •into xiich a system. 

'file only possibiliti(‘s hen* also are eollineations and corre- 
lations. Th(> former a<'tually have the reipiired property. 
The latter have not, as is seen by observing that the application 
of the la-gendre tran.sformation (9) to a dynamical equation (8) 
will result iti a new e<]uation, which, while still of the general 
form (8), will not usually la* of tin* dyuainieal form.* 

SI). Systems of traj<*etori<*s are eharaeterized by the set of five 
geometrif* properties of pag<* It). Therefore projective transfor- 
mation will <*onvert any system of curves having these properties 
into a sy.stem having the same properties. So, in .spite of the 
fu<’t that tin* [)rop(*rtii*H as stated involve metric ideas (osculating 
parabolas, angles, circles of curvature, etc.), the .set is actually 
proj(*etively invariant. It ought to be possible therefore to 
re.'itafe the geometrie ehnraeterizatiun in projective language. 

W<* shall not att<*mpt to »*arry out this idea completely, and 
merely restate properties I and II ns follows: 

Consider tin* trajt*etories pas.sing through a given point 0 
in a given direetitm wlnts<* slope is y'. For each of these tra- 
jectories <‘onstru<*t the conic which has four-point contact at 0 
and touches the line determined by two arbitrarily selected 

* W«*H(*<* from ilD’i that tUpcm-fliciiaitiir/anil II, which are rational withre- 
HiH*cl to y', art* conviTfi**! into em'IReienta which are not usually rational. 
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points^ A luul If (which remain fixecl in the* fulluwing statements); 
through A and li draw tangents to tin* conic* (in additicni to the 
fixed line) and join the jxnnts <)f contact. 77ie ///c’.v rorh 
sfniefrd, one for each of the x ^ (rajerforltN, will form a iwneil 
([iroperty I), 

Ah the initial direetion (that in jf ) mr/nv alH>ui (), the eertew of 
the peneit jant denerihed wilt move nUauj a Hiraiijht line\ paHHing 
through 0 (property ID. 

The other properties, especially tin* fiftlu arc much more 
eompli(‘ated, 

81. In conclusion we point out ainUlier way in \vhic*li the 
projective group enters in dynamics. If an arfntrnry point 
transformation 

.ri <h(vr, I/), //t T(/, g) 

is applied to the dilTerentia! ecpuitions 

f - tfijt, //), // 4^(j\ yh 

defining motion under a purely ptesit tonal f<»rce, tin* new difier- 
ential ecjuations, of the more general form 

d' -{ dVi,!/" ' ■ dM. 

+ ^mlT” 4 " 4 '■ 

will usually define a motion due to a positional force togetlier 
with a force depending on the vehaaty i\ y. If tliin httt<*r force 
is to be absent the transformation will be nlline, as already re- 
marked (I 71). If. instead, we demand that the hitter foree 
shall aet in the direetion of the veloeit\ fund thus In* in tlie 
nature of a reHlstanee), we find that the {ransformation may 
be any eollineation. 

More generally, projeetive tranHftwmatioHH nrr the o«/// poitit 

In the original metric slateifient^ Haw are of rmioie the rirrular fM>ints 
at infinity, 

tThe foree direetion will Im deimtiimsl proicrlivrly m the hiirmonir ol 
thia line with rmiMxd. to the liiic^ joiiiirtg O to A mul H 
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tramformatiojiH which leave invariant the type 

y) + xR(x, y, X, y), 
y = ^(•r, ?/) + yliix, y, X, y), 

defining motion of a ■particle vndcr any positional force together with 
any resistance term acting in the direction of rnotion. 

§§NLM)L (’onfoumal Tkansformations 

82. Tlu' iiuportance of conformal transformation is well known 
in connection with the theory of the potential. Geometric 
inv<'rHion or tran.sformation by reciprocal radii, for example, 
yields the nu'thod of ele<-tric images due to Sir William Thomson. 
In connection with dynamics, the importance of general con- 
formal transformuti(»n.s has Ixsm emphasized by Larmor, Goursat, 
and Darbonx.* 

88. Consider any conformal representation of the points of 
two surfae<‘s 8 and *S'i. The first fumlamental forms of the 
surfaces may be taken to be 

ds~ = Kdtr ■+• 2Fdiuh -f (Ids", 
ds{~ ~ \{I'!did -f- 2Fdnde 6V/e^), 

where corresixmding points have the same parameters u, v. 
The principal theorem is that every natural system on one surface 
becomes by the conformal representation a jiatnral system on the 
other. This is obvious if we remember that natural systems are 
obtained by minimizing an integral in which the integrand is 
the element of length mnitiplied by any point function. Hence 

7'he only point transformations {in any space) which convert 
every natural family into a natural family are the conformal. 

84. Consider now the oo* dynamical trajectories on S produced 
by a eonservativi' field t)f force, tiie work function being W. 
The.se consist of <» ‘ natural families, one for each value of the 

* Cf. iht^ dwcuHHitHi in lioiith, DynaiiucH of a Particle, Nos. 628-635 
{method of iiivc^rmon aial iumjagate funetiona). 

14 
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constant of total enerjiy h. It will h(‘ ('onvoiiic'iit to refer to the 
particular natiiral systeiu produecal in the f'iv*'!! field H’ for a 
f)artieular value A, as tiu' family du(‘ to 11' -f- A. 

The corresjiondiiig family on tS'i is due to 

If + /> 

X ■ 

Ilcnce the <»' related natural families on .S', found by varying h, 
go over by the conformal representation into « * natural families 
which are vot usually related, that is. do not form tin* complete 
system of trajectories belonging to a (suiservative fiehl. The 
only case in which the new families are related arises when 

ir « X, 

for then the new systems are due to the work function 

ir, lA. 

We then rt^ach the conclusion that in nnij rimfornial ri'jirmniintion 
{exchiding the trimal homothiiii' raw*) thi n- ie a imuiuv rcirmrratire 
force whose complete system of dynumienl Iriijertories is eon~ 
verted into the complete system of some {usually ilistinet) conserva- 
tive force. The 'UH>rk furteiion of the force in tjuesiion is defined by 
the squared ratio of magnification. 


85. Similar statements may be madtr for bntchistoehronc.H, 
Every system of oo^ brachistochrone.H due to any work functioji 
and a given value of h of cour.se becomes such a sy.stem, bir any 
natural family may be regarded as a family of brachisfoclirones. 
But there is only one complete system of so* hrarhistoehroncs which 
is converted into a complete system, namely, that defined by the work 

• It is obvious that in thin cfli«flewTgconu>l'*t.e system of trajci-Utries iHTf.mes 
a complete system. The same holds for braehistm-hnmi-s aiul nilcniiries. 
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fnndum 

w = lA. 

For any other work finietioii tlie co' families of brachistochrones, 
due to IF + /;, become =0 > non-related natural families on Si 
due to 

X(lF+/0. 

Sti. In the ease of catenaries due to IF+ h, the 00 ^ usually 
non-related natural families <;<»rrcsj)ondin{!; on Si are due to 

IF+ h 

Vx • 

Hence llw onhj compldr Kydcm 0 / cafcnarics which is turned into a 
cumpldv system is defined by the work fundion* 

jr= Vx. 

87. Consider, for (‘xample, the conformal representation of the 
plane 

2 = .r iy = rd" 

on the plane 

2j = -f hji = ric*'"* 

(h'fined by 

ntfi 

where n is lu'ither 0 nor 1. 

Here the s<iuared ratio of magnification is 

2<n — n 

X 3= ssr Ti . 

* The* IhriH* pliywicul nwntioiUHl may he ineludecl in one general dis- 
<ni«ion hy foiwidering the extreniala of 

+ /i)** hh « minimum; 

wlicm m " 1, hiive leiwt actiem anti trajectories; when m ** — 1, least time 
and l'»rachi«tt»chroi-u». For every value of m we obtain, by varying h, a sys- 
tem of curves. C'f. tlm gentTal discussion of tlie systems Sk defined (for 
arbitrary fickls) in C'hiipter IV, 
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Applying the theorems staitiul above, we find that tlie trajtH'lories 
generate(i hy 

IV *’ 

go over into the trajectories of a new fic‘ld 


For braclustoelirones the <’orres|HoiuUng fu^lils are 

ir r ", If, r, 
and for (‘atenarios 

If = r" If, r," 

The partieulnr truashorauition Zx r, that is, n 2, gives 
rise to simple fields. Stating the results in terms of t!ie Iiiw of 
the eeiitral forces ohtiunt‘tl, insteml of the eorrespondiiig w'ork 
lunctions, we Itave: 

The trajectories of a central foret* varying as r (tliiit is, tlie 
conies deserihed nlnnit the renter of foree as camler) hrcaiinc 
the trajectories of a mitral foree varying as rx " ffhiit is, tlie 
conics deserihed abont the i'cnfcr of foree ns bionsj. 

The briichistoclircme.H of a rent ral foroe varying ns r lircaniie 
the brachistoehroiies of a eentral fona* of t'tmstant intensity . 

The eatemiries of a centrid forcT of etnistant intemdty befoine 
the catenaries of a eentnil furc*e varying ns rj ^ \ 

88. lieturning to the general eonfornud representation, ma* 
observe that natural fainilies forming n i’omplt‘te system of 
trajectories can never heetune a eoiiiptele system of hriudiis- 
tochrones. For the trajectori<\H on H due to IF f h bcfamie 
natural fainilies on Hu whicti, wlien rt^giirded ns briichistoehroneH, 
are due to X/Clf' + /O; and there is no w«»rk fimetioii wdiieli 
reduces this expression to the form of a fumiion of ii. r plus ii 
constant depending only on /i. Thus for it given Inon-hoinotlietie) 
conformal transformation there is mie system of triijeetorii^s 
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whi<-h is con\-ort<‘(l into a system of trajectories, and one system 
of hraehistoehrones wliieh is converted into a system of brachis- 
tochrones, l)ut tluTc' is no system of trajectories which is converted 
into a systiMii o( braeliistoclirones. The same is true for any 
two ot th<‘ thr('(‘ type's trajee'tories, brachistochrones, catenaries 
or of tlu' infinite number of types described in the preceding 
footnote (page .s;i). 

W). As another application, consider the eclocity cunes con- 
nected with a, plane field of force whose work function is W{x, y). 
For a givc'ii spec'd vo, wc' olitaiu co'-^ such curves, defined by 
th(' prop('r(.\' that the curvature at each point and direction 
c'cjuals the curvature of a free particle starting out from that 
point and din'ction with tlu' speed ro. The differential equation 
of tins vd<K'ity systeiri is 

■ 

This is recognized as a natural family; it corresponds to the geo- 
desics of fh(' surface' who.se first fundamental form is 


2 ir 

f + (hf). 

By varying ro wc obtain th<^ oc* vclo(*ity systems belonging to 
th<* given fh<*y arc pictured by the geodesies of oo^ surfaces. 

(’onsider now a (‘onformal representation of the a*2/-plane 
upon itself. Tins ('onv(*rts ({.r + rf// into 

+ dir), 

where //(x, ?/), by known theory* is a harmonic function. We 
thus obtain new nattiral families corresponding to the geo- 
desies of the oc ^ surfaces 


{dx^+dif^). 
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These natural fuinilies eannut usually la* regairded as related 
velocity systems for some new flt*l<l: the najuisite (‘ouditiou is 
that W shall he the same ns // ex(*<*{>t for a (‘onstant faetc^r. 

lienee for a given (*onformal transformation of the plane 
(\vhi(’h is not mer<*Iy a similitude), there is a unicfue complete 
velocity system belonging to a <’onst*rvative field a! forct* vvhi(*h 
is converted into a (‘omplete syst(*nn Tin* uni<fue work function 
is 

IV - // h^g X. 

where X denotes the stpiarisi rutit> o! magnihu’tiim in the given 
conformal represeiitatit>ju The fields obtained are iMplarian, 
that is, satisfy the condition 

»«+ - 0 . 

As an example, the traiwh^rmafitm Zi logs ccmverts the 
00^ velocity curves the fiehl H' ^ log r (in wliicli the* force 
varies inversely as the clistance from tin* origin) iiit<j the 
velocity curves of the fichl Ifh xi (fon’c verticid atui cimstant). 

90 . It was shown al)ove that ctmftumud t ransformulionH arc the 
only point transformatitms which <*otivcrt t*vcry niiturid family 
into a natural family. Natural fiimilicH arc c!iariicti‘ri?4al l>y 
properties A and li of § :il. It i^ af interest to uoft«*c that 
property A by itself is conformally invariant. Hic most general 
system having this property (that osc^ulating <*in’I«*s constructc<i 
at any point have another point in coinmmi) is what we have 
termed a velocity system. Wv now jirovc that 

The only point tramformatiunH whloh ronrerf rirnj retmnty 
eysteni ttito u velocity ayetem are the confoTmnl (raosftirmniiinhH^ 
Consider say the threiMlimcnHional ciisi% wlicrc tin* genend 
velocity system is 

^V)(l + y'® 4 - 2'^}, 2^' (x - 2 V){I + i/^*+ 2^"). 

The only curves which are common to all such systems must 
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satisfy 

1 + y'- + 2'’- = 0, y" = 0, z" = 0, 

and are therefore the minimal straight lines of space. Since 
the only transformations converting minimal lines into minimal 
lines are conformal, we have the result stated. That conformal 
transformations actually leave the velocity tj'pe invariant is easily 
verified analytically*. The result is obvious sjTithetically (in 
the case of more than two dimensions) since the conformal group 
converts circles into circles and bundles of circles into bundles. 
Hence if the original system possesses property A, the same will 
be true of the transformed system. 

91. It maybe shown that, for any given non-conformal trans- 
formation, there exists one and only one velocity system which 
is converted, into a velocity system. 


§§ 92-94. Contact Transfoem.\.tions 

92, With each natural fanuly, or, what is the same, with each 
isotropic medium, there is associated a definite infinitesimal 
contact transformation. This connection, which ap{>ears im- 
plicitly in Hamilton’s fundamental memoir of 1835, was worked 
out in detail by S. Lie.f 

If the index of refraction is v{x, y, z), the associated contact 
transformation has the characteristic function 


( 1 ) v{x,y,z)-^l + 'p'^+^, 


where x, y, z, p, q are considered as the coordinates of a surface 
element. If the one-parameter group generated is applied to 
an arbitrary surface the resulting od surfaces form a wave set. 
The trajectories or rays appear as the path curves of to^up. 
Lie showed that the category of transformations which thus 


*Cf. Ar:i^ ^Jourruil of MatkemalicB, vol. 27 (1906), p. 213, for the twe^ 

* • -Lj /--(QQnx wk-Tk A very discussion, with, new r^ulte, 

f vol. M IMIO, pp. 
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appears, with a cluirarteristu* uf lypt^ (i Kaiul whi<*h he 

termed ** the iufiiiitesimal camtaet transturmatioits of mec‘liauies/’ 
is (listini^uishec! i^eometrieally hy the fa<’t tliiit tin* so-ealh‘(l* 
(ratuHvermillfji n'laition re<laees <»rtht>^(malit> . 

98. The following simple aiul easily pn^ved theortau appears 
to he lunv. 

The alfernant (or Kltufimenuisttnirk ttf Ur) of the rufitaoi /mmt- 
formatioiUH (UHHoriated leltb ntiji ttvo mrilin ohraiis o poini tram'- 
fortnalltnL 

94. Ilerc^ wv are (hading witli two natnrid funii!i(*s in tin' same 
three-dimensitnnd sjaiee. Jn etnuuaiiun with the most gtmeral 
problem of dymunies f pag(* 79), spares td any tlimensii nudity must 
be eonsidered, with arbitrary variable enrvatur(\ 41n* sput’e 
depends on the tpiadratie ft»rin didining tin* kitn*!ir (*m*rgy: 
this determines the (juadrath* t*\pn*SHion apptairing ninhn* the 
radical in the getUTalizatioii of I I I. 44»r pottnitiaU ileternnmvH 
the factor v which may la* any point fnnetion. Tin* gt*nt*ral 
theorem is tlH*n as follows: 

The alternant of the eonfaet trannfifrmaiitoh'i mwoem/rd lelth iteo 
dynamical prohlemn (or natural Jamitie^i) leill he a point /nnov/oram- 
tion when, and only when, the taut expreHNionn for the kinrilo eneryy 
are either the mtme or differ hy a faetor i which may hr any point 
function); the two ptdentiul eneryicH remain entirely tirldirary. 

In particular, if any two natural families are (’onstrnet(‘d in 
the same space (which spact* is entirely arbitrary I, the idt<*rnant 
will be a point transformation. 

For a tietailed diseiisshmi of the t wiHdiim^nsionnl ease, in- 
cluding a num!)er of eonverse results, the render is r(*f(*rred to 
the author's paper, eitisl in the first footnote 1h*1ow. 

* Lie docM art uw* tliw term. The author horrowH it from the ehmely 
conneeted problem in the eideuhm of variiittiia, Si-e ’* Hit* iiifinitefiimal 
conta<!t transformatkaw of meehnnies/' Ifull.Amrr. MmirSue., vnl. If! CHUOl, 
pp. 408-412, 

t Here eoiwidennl m inelnding the energy etapfaiif /i, wliieli fixed, sinee 
we are dealing with a natural family. 
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§§ on 97. A (IhoFF of SPAFFXriMF Transfoiimations 

95. In thn fuiulanunital (ransformatio!! of the relativity theory, 
known iis the l.ortnitz transhirmation, the position coordinates 
j\ //, ^ and thv ilnw <*oordinate t are merged: the new position 
ami ihv new tina* app(‘ar as funeticnisof both the original position 
ami t!u‘ original time, 'klie I.onmtz group ivS composed of the 
lin<‘ar transformations of tlie f(»ur variables .r, ?/, ;s, t which leave 
invariant tin* (juadri<* 

.r" ( / -I ^ 0 . 

Its importaiu’e is dtu* to the fa<*t that it leaves unaltered the form 
()f the Maxwell e<|uations. 

\V(* eonsidt*r in this s(H*tiou an entin^ly different group of spaee- 
tinn* transhu'mntions, d<*pending on arbitrary functions instead 
of arbitrary eonstatPs, It arises in (‘onnec'tion with ordinary 
(newtonian mlynnmies in the theory of for(*es depending on the 
timt* as wt‘11 as position. 

We etmfim* the disrussitm for the* sake of simplicity to the case 
of two ^iimensions. What transformations of the three vari- 
Hbh*s .r, //, t will convtu’t any set uf etfuntions of the form 

{ 1 ) v"Pr. //, /b - ^(*r, !h 0 

into another set of tin* same form? An arbitrary transformation 
would pnabire «a|nutions repre^senting a fona* clepending, not 
<inly on ,r, //, b but also an the veh»eity tlx r//, diijlt. The problem 
is find tho*.e poeutiar truusfornuitious whieh do not introduce 
the vt'loeit \ in the final lapiations. 'Flu* n\stilt is as follows: 

77ir fw/i/ sparr-timr irathiformaiiom which ronreri everi/ space- 
timcfirltl o//orre Intu ti sptirr-iimr firld arc time oj the form 

(2) it /i/i, xx - tmr d' %) V/70 + f/(0. 

//i Ce.r b dp) Sj'iO 4 ’ h{i). 

The group Z/n/.f iundefs three arffiirttrp JuuctHUis f{t)^ ^(0? ^(0 ^ 
urll m four tirhiirurii ctnisiauis a, h, f% d. 
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on. Another rcprt'sentntinii of the Minn* group, whicli has the 
advantage of avoiding rndica!.'*, i** 

tit 

.<'1 iii.r 1 hi/'iXii) } nitK 

(•■«) 

i/l <er I illlXd) } t'lti. 

When HUeh a triuinfonimtion i?- applietl to e<{ua(ions (1), 
the new equathins are found to ho 

« (XX - I fii/\ i X-tUy- I Hi t Xh - 2Xg. 

ira (XX — 2X’')(e/ f <///) } X’p y" i l t Xi' — L’Xe. 

Of course the original vuriahh"* .r, »/. t are here to he replaeeil I)y 
their values in the new vuriahlen X). //,. h. 

97. The trunsfonnation «'on\ertH the Hpuee-time eurvi-.s of the 
original force into the .Hpae«'-tinje <-urve>( of a new force. Of 
course it ia not a {mint transforinution of the xi/-phine, .s(» it does 
not, as was the ease for the A{»{m‘U trnnsformntioiv (page 70), 
convert trajectories into trajeettiries. 'rhes«* remarks apply even 
in the s{H‘eial ea.se where the force is positional, ("onsider, as 
a simple example, the transfortnution 

/i »s |e’', xi » xe', f/i ifi’, 
apidiwl to tlie e(|uatiotia 

jt w X, a » g. 

The transfortiHHl equations are f«»und to he 

» n, iti ti. 

The flret field is centml, the force varying directly as the distance, 
80 that the trajectories are conies with the same center. 
The second force is everywhen* stern, so the trajectories are 
merely oo* straight lines. 
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CONSTRAINED MOTIONS IN A FIELD. GENERALIZATION OP 
THE TRAJECTORY PROBLEM INCLUDING BRACHIS- 
TOCHRONES AND CATENARIES 

§§ 98--114. Systems Sk Defined by P = kN 

9S. In (;<)nneotion witli a field of force, the only curves usually 
studied arc the lines of force and the trajectories. In the plane 
the lines of force form a simply infinite system, and the tra- 
jectories a triply infinite system. The former system has no 
peculiar properties, since any set of oo ^ curves may be regarded 
as the lines of force in some field, in fact in an infinite number of 
<lifferent fields. The triply infinite system of trajectories has 
peculiar properties which have been discussed in Chapter I. 
Other noteworthy systems of curves are connected with the field, 
for example, brachistrochrones, catenaries, velocity curves, and 
tautoch rones. 

99. Omitting tin; tautochrones, the other three systems named, 
together mth the trajectories, may all he obtained as special cases 
of this simple general problem: to find curves along which a con- 
strained motion is passible such that the pressure is proportional 
to the normal component of the force. 

100. If an arbitrary curve is drawn in the plane field of force, 
and the particle, of say unit mass, is started along it from one 
of its points with a given speed, the constrained motion along 
the given curve is determined. The acceleration along the curve 
is given by f, the tangential component of the force vector. 
So the speed at any point is determined by 

(1) = fTds. 

The pressure P (of course normal to the curve, since the curve 

91 
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is <Minsitlrn‘d siuiHitiil is irivc’n hy llir rlniifnitary forinulu 

i2) /* .V. 

r 

If \V<‘ iiHTi'iiM* flu* iititiiil Npri^l. ihv flTrt't is t(» liHTrjisr r hy a 
('oiistniif r; aiai ht^nrr /* flump’s hy t!if iithlitifu a tfrin uf the 
fcinii r r. 

KH. If tlif is n f nijftiftn . liif luitial speed nuiy I)e 

s<» eliUMii ttiiif the pre--'surr vaiUHlie^^ tliruU| 4 :h<nit the luutioii; 
that is. trajeeturies may l»e (h‘fiufd as eur\t*s td mi etaisfraiut. 
Of etnirse, if it dilfereut initial speet! is used* I* will he ed the furm 
r'r; liut* iis reptrds the eiirves, tliey are isiiiipletely eharaefeir/aHl 
hy P th 

H)*i. If the given enrve is n hrueliisfitehruue mu! if the inutitm 
along it is hraehistfH’liroiunis, Knler pnned iUHvauning tlu* fnree 
to he «*onservative) that tlu* prenHiirt' uas douhle flu* normal 
eorn|HUtent of the iieting fnree and i»ii|ardfr to it in direetum. 
that is. /* *•- If the fnree is not eonser\ iitive. the r<*nl 

hniehistoehrones. andidiiied hy a pmhlrm i»f tlie ealetihts nf viiria- 
thins* ftirm a ffmidruply tniiihte Hysfem. Tlie eur\ es defimnl liy 
the property /* 2»V then form n tripl> infinite system of what 

shonld he C’idled pseililo-Iiriiehisfuc’ltrolies, dliese eiirves are 
really hrnrhistoehrones only in the eo!iHfU‘\ati\r ease, Xo 
iimhignity however will iirist* hy terming tfir sisfein here eon- 
Hidenal Itriirliisto{*hroiu*H iitHteud of pHetido-hraeliisfoehrones, 

HKI. T hi' Iff firm! pruhlrm nugfp’j^trtl is in fi ml rurrrs Jiir/i thut P 
^hall bf pruimriitmtit in A. So I* kX, To a given \idm* <d 
k there eorrespfmd snefi eurves: the system so tihliiined will 
he denoted hy »S\, 77ir /our sprtinl nLm\^ o/ pluisiral i$iirrt\ni are 
fi# fallnwMi 

k * (I given iVii, the system of irujrrittrit'si 
k "" 2 gives S-.j, the sy^stem of brnrhishM^hrnfitsi 
k * I given K|, the nyntem O'f minmrirs; 
k » m given the nyntem of rr/inVi/ r«rr#\t. 
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104. 'rh(' last ca.st' r(‘(iuires a justification in terms of limits 
which is easily carried out analytically. 

lOf). d'he third cas<' follows from the known fact that when an 
inextensihh' flexihh' honio}!:eneous string is suspended in any 
fi(dd of forc<% tlu' resulting form of wiuilibrium, called a catenary 
in the geiun-al sens(‘ of tlu' term, has the dynamical property 
that wlu'ti a. particle, started out with the proper initial velocity, 
rolls along tin- curve, tin* pre.ssure at any i)oint equals the normal 
<-omi>ommt of the fore(‘: that is, catenaries are defined hy P = N, 
corresponding to k -- 1. 

lOf). Of conr,sc a triply infinite system iS’* exists for any value 
<if tin' paranu'ter Ic. 'I'ln' dillVn'utial equation of the system, 
in intrinsi<' form, is ('usily obtained by eliminating v from the 
ccpintions 

(3) r’/r - {/.• + l)A’, J'r, = T. 

Tlu' r<‘sult is 

( 4 ) Nn-- (»+ l)T-r% 

when* 

(4') ;/ = 2/(/r+l). 


We may readily find vairious properties from this intrinsic 
e<iuaf ion, but in or<ler to obtaiti a complete set it is necessary to 
have re«’onr.s<> to the (‘(pii valent ecpiation in cartesian coordinates 


Iv^r d- i'I'u - - <Piiy'‘W' 


(A) 


•i 4 - ~ 2)(y7 + y'lp) I „2 

' 1 +' ?/'- 


This (.bviously reiim'cs to the familiar trajectory equation of §l 
when n 2, corresponding to Ic ~ 0. Brachistochrones cor- 
respond to n - 2, catenaries to n- I, velocity curves to 
n i- t). 

107. We now state the chnraeteristic properties of a .system of 
the above type for any value of u. that is, any value of k. 
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is considmHl sniooth) is ^ivt'U by thr tdriiHnitiiry fnrititila 


If we inereast' tlu' initint sprrd» the vifwt is to iuereiise r by a 
eoiistiuiit r; ami hcaica* I* elinii)^<‘s l»y the athlifioit of a term of the 
form e/r, 

101. If tht' given eurve is a f rajeti<jry, tfie iiitlial s|Haal iiiity be 
HO idumeu that the prt'ssnre vaiiiHln^s throtighouf tfu^ motion; 
that is» tnijec'tories may be ilejinet! ns etirves (»f no eonstraint. 
Of etnirse, if a tlifferent initial s]u*eil is mvi\, will lie of tin* form 
r/r; but. as regards tin* eurvt*s, the\ are eom|ttete!y eharaeteri74*d 
by P = (h 

102. If the given curve is a bnnduHtoehrone amt if t!ie motion 

along it in brnehistoehromms, Hnler proved lassuming tin* fon‘e 
to be conservative*) that tin* pressnre was donble tin* normal 
component of the ae‘ting force and opposite to it in rlin*etion, 
that is, 2*Y. If the force is not eonHf*rvative, tin* n*al 

hraehisteK’hrones^ uHelefmed by a problem itf tin* tailentns of varia- 
tions, form a cpnulntply infinite h\ stem, lln* tnirves defined by 
the property 2.V then form a tripl} infinite sysimn of whiil 

should he ealltsl pHendo«briiehistoelironf*s, l1n*Hf‘ rurves are 
really hraehistoehrones only in tin* ennsfr% alive ease, Xo 
ambiguity however will arise by terming the In-rt* eon- 

sitlered briiehistoehrones iiistend td pseudo-briiehistoehroiies. 

KK'h Th^ grnfnd prahlem nNggt.sinl iV mrirs .^uth tkni I* 

Bhall he pwputtitmal to *V, iso /* ■■■'■ A‘.V. do a given valui* of 
k there eorrespoml Hm*h curves; the system so obtiiiiied will 
be denoted liy Hk* The four iiiweml vum’s if phiisiml inirrent are 
mfollmmi 

k ^ i) gives iS’e, the system id fmjreforir.f ; 
i — 2 gives the system id Imithhitit^hroiiex; 
k » I gives Su the system <d eaienarie.^; 
k ^ QO gives the system cd rrlatiin riirmt. 
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104. The last cnsi^ r(><iuires a justification in terms of limits 
wlik’h is easily <-aiTie(l out analytically. 

ion. The third ease follows from the known fact that when an 
iiu'xtensihle flexible homoneneous string is suspended in any 
Held of for<a‘, the ix'sulting form of equilibrium, called a catenary 
in the gem'ral s<'nse of tlu' term, has the dynamical property 
that when a purtieh', started out with the proper initial velocity, 
rolls along the <'urv<‘, the pressure at any point equals the normal 
<-ompont'nt of the for<-e: that is, catenaries are defined by P = N, 
eom'spomling t«» A' = 1. 

100. Of course a t riply infinite system iS'* exists for any value 
of tin* parameter h. The (lifferential ecpiation of the system, 
in intrinsic f(»rm, is easily obtaine<l by eliminating r from the 
e(iuutions 

(H) r/r -= (h + 1 )A', <’)'» = ?'• 

The result is 

(4) A’r„ ” (h + 1)?’— P)!, 

where 

(4') « = 2/(Ar+l). 

We may rt'udily fiml various pr(»perties from this intrinsic 
equation, but in order to obtain a complete set it is necessary to 
hav<* reeour.se to the etpiivalent eipiution in cartesian coordinates 

\^r + (<Ai/ - tPx)//' - 

(A) J , , (« — 2)(<p 4- yV) 1 „2 

_j,,+ , 

'rids obviou.Hly reilnees to the familiar trajectory equation of §l 
when ti 2. eorre.sponding to k = 0. Brachistochrones cor- 
re.spon<l to // - 2, c-atenaries to n = 1, velocity curves to 

n -- il 

W7. W<- now .state tlu' churaeteristic properties of a system of 
the above tM>e for any value of a, that is, any value of k. 



94 


THK rillNt'KTHM i'dlXOyt H M. 


Charm'lerintic Propvrlh'H of (hr Sjintnii Xj. 

Proprrfji /. For any givon (■lomont’’(.r. i/') tho foci of the 
osculutinK paraholitM of tltc .single intinity <tf curva-H dctcrniincd 
by the Kiv‘‘» eh'tucnt lie on a circh* pa.s.'iing thr(mj;h the )j:ivcn point. 

Prapcrin i(.- At any point 0 the tangent of th«' aiiith' which the 
focal circh' makes with the giv«*n element is to tin* tangent of 
the anjtle which the given element make.s witii a certain (lire<’tion 
fixed at () (the direction of the acting fori'c) as ;i is to n + 1, 
that is, as l\Ic + is to A' d* .'5. 

Property S, Through a given point there pass a single infinity 
of curves admitting hyiKToscuhiting circles of curvature; the 
centers of these circles lie on a conic passing through the given 
point in the direction of the force vector. 

Property 4-'~ The normal at the given point 0 cuts tin* conic 
described in property.'!, at a distance ctpial to « f 1, that is 
{k + ’\)lik + 1), times the radius of mirvaturc <tf the line of 
force passing through //. 

Property o. 'Thh is of the .same form as property V (§ :{) 
obtained in the dis<*ussion of trajectories, the number •'! being 
replaced by the number n +• 1. In the notation of page 11 

d 1 , d 1 (M,y — 

dx A.r dy BIV (« + I )w’ ' ' 

108. The special case whert* » erpials — 1, that is, the sy.st«*m 
S_8, is exceptional and re<piir«*s a wparate disi’iission; but as 
we do not need the results, this case is omitted. 

109. While the propertie.s corresponding to dilTerent values 
of h are analogmus, they are of course not iiieutiea!. 'I'he first 
property is common to all the .systems. But the second jiroperty 
involves the parameter A*. Thus, while for trajectories the <‘on- 
stant ratio that appears is 1 (bisection), it is — for brachisto- 
chrones, 3/2 for catenaries, and 3 for velocity c*urves. .N’ot only 
are the triply infinite systems *S'*, tsjrresjtonding tf> <iiffert*nt 
values of k, distinct in any given field of forts*, but alsti im two 
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systoius nrisin);: in two distinct fields can ever coincide. For 
exainpfis if a certain .system of co-'> curves arises as trajectories 
in one ficdd, it (‘unnot also ari.so as catenaries in either the same 
or another field. 

1 10. If wc combine all the sy.stems Sk, in a given field {<p, \J/), 
we obtain a. (luadruply infinite system which we now proceed 
to study. 'riH> difb'nmtial e(piation of the fourth order defining 
this systcan is naidily obtaimsl by eliminating h from the equation 
of /Sh-. It is more convenient to carry this out in terms of in- 
trimsic (inanliti('s, using (dtluT the radius of curvature and its 
first and s(‘cond derivafives with respect to the arc, quantities 
d(*not<'d by r, r., r,„ or else the radius of curvature together with 
the radii of tin* first and second evolute, quantities which we 
denote by r, r\, rj. 'I'lie two sets of quantities are equivalent, 
being connected by flu' r<‘Iations ri = rr„, = r-r^, + rr,^. The 
equation of the (piadnqdy infinite system may then be put, using 
the notation of § 2, into the form 

I AV. + r'Jf r ^ ^ 

r. X + j 

This may be writt<'n in either of the forms 

r„ = Oil + 0«.r~'^)r, + + ft, 

r, = r + (0ir + 02)ri + ftr’ + ftr^, 

where the /t’s are functions of .r, (/, ?/. 

HI. We uotic<> first that is (piadratic with respect to ri. 
Hence for giv<ni values of .r, »/, ?/, r, that is for a given curvature 
clement, the co ’ <‘urv(‘s of tlx* .system have the property that the 
locus of the third center of curvature is a parabola with axis 
l)arallel to the fixed radius of curvature, that is, perpendicular 
to the initial dire<-tion ;/'. 

112. An e(|ui valent statement is this: If for each of the curves 
we coiistruct the osculating conic (five-point contact), the locus 
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of the rentrrH of thtrsi* nutirs i'% a t’oiiir piiHsio^ throiigls n ^iven 
point in thogivrti tlirmtion. It i,^ porliapH worth while to restate 
this, so far as it eoiHi’nislltr foursperitil riiHenof ph\ >ieal interest, 
as follows: In any plum* fiehl of forc e selec t an) fixtsl c‘lc*nnnit of 
curvature; eorresponciin^^ to flic initial vnlnc^s c»f j\ i/. ami r so 
given, (‘oiistruef the nnapie tnij«*etiir} . itniijue hnielhsto<’hroi«% 
uni<|ue caitenary, thc^ nnitpn* \'elo«il>' mirve. ami fin* rrspeetive 
centers of the oscniliifiiig eoni«*H; the fc*nr emilc‘rH so fouml ami 
tlic given point ur. i/i will lie on a esnhe {lie^Htng tliroiigh tin* latter 
point in the given clireetion i/'. iC *f. ttie first footmete on page ilK.) 

IIH, Keeping the ciirviitnre elrnieiif {i\e«l ami var>ing the 
parameter /i% the value of r* or. whiit is rt|tii\iileii!. of r|, varies 
linearly. As hImivc. let n denote ilie frmiion 2 ik | !); then if 
values of n harming an iirithinetie pi-ogrc^s^iori are Heliaiech the 
corresponding values of ri also form an arithmetic* progressiom 
Tin* successive ditferenees in the \jilues of rj eorre^ptuiding to 
the ease of trajeetory, hrin’liistoehroiit*, catenary, aiid vt*loeity 
curve are proportional fee 1, K 

IM, If in tlie systcun A’* we k<*ep x, t/. i/' fiveal and vary r, two 
limiting eases ut iuterext itriHc. First, if r heroine*^ infinite, then 
r,, is also infinite, and the limiting curve olitained is a straight 
line. In fart the striiiglit linen of the plain* form part of 
every system Si, 

On the other hand, if r approarhen /ercu then r, iijiproaelu’s a 
definite limit 

In i irr A\ 

Hememhering tlmt the tangent of the ungle of devintiiui is cuie 
third of r#, we may state the result olitidnist ns folhiws: In any 
system S^ if we take* any linead ehuiimt and let r approin’fi sci^ro, 
the tangent of the eorrespondiiig anglt* of dcwiatioii is to the 
tangent of the angle which the hcret* vector iiinkes with tin* itorrniil 
to the given element in the fixed riitio of « d- 1 to II, The specaiil 
values of this ratio for the four sprc’iid systems of physicid 
interest are respectively I, - I;:!, I :i. In tin* c’lise of tra- 
jectories, it is noteworthy that the tiiiiiting position td tlie axis 
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of (h'viatioii coiiicidos with the direction of the force acting at 
the given point. 

§§ ll") IK!. (hntvKS OF Const.vnt Pressure 

lir». W<‘ now eon.sider a second .simple generalization of the 
I)rol)l('in P — 0, defining trajectories. We consider, namely, 
curve's corresponding to P = e, where c denotes any constant. 
The curves ohtaiiu'el may he termed curves of constant pressure: 
only along such a curve is a constrained motion of a particle 
possible such that tlu' pressure against tlie curve remains constant. 

For a. giv('n value' e>f r a sy.ste'in e)f oo'' sue:h curves is obtained, 
vvhe)sc intrinsie' e'epiatie)!), fe)unel by elilfe'rentiating the relation 

/> =, „'i/r - N = e, 
is 

(r + N)r, = :i7’ - 31. 


W<' see that this syste-m feir any value of c retains property I of 
tlic .syste'iu e)f traje'e-teyrie's. Omitting the discussion of the higher 
preipe-rtie's of the'se' triply infinite systems we eonsieler the quad- 
ruply infinite' system whe)se eliffe'rential eepiation, found by elimi- 
nating c, may be* writte'ii in either of the intrinsic forms 

(3fr‘' - d'/Vir., ^ (2r31 - T)r.- + l^ler- -f- - ZX)r - ZNh, 

rC)lr - :i7')r.. (Hr'Jl - 47>i--l- (312 - SX)r-3N]rri. 

This give's the te)tality e)f 'x>‘> curves e)f ce)n.stant pressure defined 
by a given fielel. 

A.s re'garels .spe'e’iid e'ase'.s e)f intere'st, 'we ne)te, in additiein to 
c = 0, giving traje'cte)rie'S, the case c = oo which gives n = 0, 
defining e'ire'les; hence fe)r any fielel e)f fence the curves of 
eemstant pressure inc'lude the co® circles of the plane, which arise 
in fact as curves e)f infinite pressure. 

lit!. The quadruply infinite system which here arises, as well 
as that e>btaineel in the previous problem P = kN, comes under 
15 



98 


TIIK PHIXCKTON 


the category represent(‘(l hy a dlUVreutial (’([uation of the tyj)e’^ 
yiy (\ 

It therefore enjoys the property, pn^viourde stute<l in the <4.her 
problem (§ 112), that tln^ locus of tin* centers of the <»seu!a(ing 
eoni(‘S corresponding to any (‘lennmt (./*, //, ii\ tD is a c‘oni<* 
touching th(' eleiiuaiit (,r. i/» //^). Of course, siiu’c the forms of 
A, fJ in the two prc»l)lems are quite disfiiiet^ tin* systems are 
distinguished in their Iiigher proper! if*H. 

§§ 117 UK, TArTn(iiim\t>i 

117. Tiuitochrones are not iiu'Iudial in either <if tln^ prevhms 
problems. They are not tlistiiigtiishial In any simple law of pres- 
sure.f The condition fora lautca’ltrone is that tlie resulting e(m- 
strained nudion of a partieh'ahmg the eurv<’ be hanmmie, that is, 

(1) T k(H — %'K 

where k is a (*onstant (which is negative for iKimi! and positivt' 
for virtual tautcx’hroiu's) and a -- denotes the an* reckoned 
from a fixed point of the (‘urve, the eeiitiT of the tautoehronons 
motion. From this 

(2) n, - t) 

and hence, hy expansion, the genmtl rtiunliim o/ the ntiBlrm o/ 
iauioehmtm in any field hi 

(3) Nr^, = T|r* + 7\ 

where the notation is tlnit of § 2. 

This type (noteworthy In that it untfn^ iniiny ilktinet iiaillieiiifita’iil ami 
physical problems) first prwentfsi itself in thr^ iitUhor’a stmly of **Hy«terns 
of extremals in the calcultm of viyriatimw/’ Hull, Amrr, Maih. Sm\, vol. VA 

(1907), p. 200: the extreaads of any intetcral of f hes<T<aaI onler J* fir, 
form a system of that tyiai. In these leetures other |i|iy»ieiil probleiiw lending 
to species included in this ty|M^ are treatinl in §§ 1 10, 135, 137. 
t It may be shown tlmt during any tatitochromaw motion 

P m k(M — 

t ** Tautoehrones and briwhktochronf^/* BuU» Amrr> Math, iior., vol. IS 
(1909), pp. 475-4S3, 
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\V(^ s('<i that r, is a quadratic function of r, and not a linear 
function as in the ease of trajectories and the other systems Sk. 
For a distnission of the jit'otnctric properties of tautochrones, we 
r('fer to th<' dissertation of 11. W. Ileddiek.* 

IIS. 'Phere is no field in wliicli the tautochrones coincide with 
the traj('<-tories, or with any of the systems Sk, in either the same 
<»r sonu' otlu'r field, except for the ease Jc = — 2 corresponding 
to brachistochrones. Tlie classical work of Huygens and J. 
Bernoulli showed that for a uniform field the system of tauto- 
chrones is id<'nti<‘al with the system of brachistochrones. The 
author has shown that the only other field where such duplication 
(X'curs is that in which the force is central and varies directly 
ns th(' distanc(c Tin' only case of duplication in two distinct 
fields is ns follows: The tautochrones of the field <p — Q, yp — y 
coijK'ide with the brachistochrones of the field <p = 0, p = 

The pfirticular fields arising in this duplication problem are in- 
cbulcd in the interesting class of fields, involving eight parameters, 
charactcri'/('d by the vanishing of the clement function Ti. 
I'(tr such a field r„ according to (:i), becomes linear in r, and hence 
the 00 - straight lines of the plane are included in the system of 
tautochrones.t 

I IK'. Fach of the oo-'* tautochrones in a given field has asso- 
ciatc'd with it a certain time of oscillation, determined by the 
value of the constant Ic in (1). To each value of the period, that 
is, to each value of k, corresponds a certain family of oo^ tauto- 
chrones, whose differential cqiiation, in implicit form, is 

rik - 2) = N, 

or, expanded, 

(yp — y'ip)}i" — A-(l 4- ?/■) — Wx+ ‘Px)y'-\- ^vV"]- 

Wc pass over the easy geometric interpretation; and note merely 
the special family, corresponding to the value A = 0, for which 

* Amvr, Jour, of MatL^ voL 3S (1911). 

t The corresponding problem in Bpace m t.reated in Reddick^s paper and 
gives a dtm of fields involving twenty parameters. 
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the jK^riod is infinite, ddii'* srparate^ fhr adual fmin ihr \ irtual 
taut(U‘hroiu‘s. 

§110. NoN-IAUiiUM - 

110, It is a familiar fa<’t ttial M’rtieal parahula > appear in 
ekmumtary dynamics in fun di .tinrf <11 »ii inn .; fir t.a , fraj«*r- 
t(n‘ies (d’ a <*anmm hall, and ’.ertmdl^ a . fnrm > nf ei|uilihrinm nf 
a (‘hain in \vhi<’h the ma-- inr l<*a<l* »d' an> rlmam! i. prupnr- 
tional to tlu' ln»ri7.tmfal pnd<'eti<ni <»f thaf <'lrinenf. Here tin* 
forca^ is ordinary gravitv , d'he pm* fmnari e. uhetheran\ uther 
(icdds of fnroe gi\f rist* fn a like duplirali«m. 

\\t* first (’onsiiier f he ! nlluu iiu! general pr<»h!«ii{ <»! moj unifnrtn 
(*at(‘nurit‘s. It a tle\il)h‘ sfrinn ‘'r eliain. in \Hiieh tie' mas. of 
any (dement (d h*nj.^:th ts prupMrti<»nal !«< niu** ei^ns funetinua nf 
i/. is susptmdeil irj a pudtinnal field, the pn ih|e ftnaus nf 
(‘(juilihrium are didined h\ the eipnitmn 

Nr^-2T—i\ '} rl'K I ■; 1 i ! //'VsM- 

This r(‘presents tlu' / nnn*unifnrm eafemuir Inr a ei^<'n field 
<pU'!lhi^i>^'!i) and a jkdven den-.if\ lau n .r, il . u hma* /# dennte . 
log IX. 

On tlHM>ther Inunl, the Irajeeftnir m the enen field are riefined 
hy tlte tapiatiim 

AV. :;/■ rh. 

Our prnhh'in then is liml thn <- firhl fnr uliii h ihi* tun 
systems des<*rihed eoineide. Tin n.iHti .J.fnuu,! is ihni ihr Jlthl 
wuM he ventral ar parnth L 'Fhe detaih'd tv nit i , a . fnllnu 
lit an) (anitral fltdd nf Inree the * ' f rajeelnrir -. imi) he idsn 
obtained as eatenarie.H t^y luading the ehain sn that if > deii-dt} is 
proportional to tin* perpendienlar drnpped frnm tlir renter tn 
the tangtmt limn In tin* iin»re Hpeeiul lase uhere the field is 
{'mrallel, tlie density is proportinmd tn the * 0111 " nf the uukdo 
between the element uf the eur\e and the fnree 
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It is easy to obtain anaIoK<nis comparisons between brachisto- 
chrones and catmiaric's. In this case the density must vary 
inversely as the' cube' of the perpendicular dropped from the 
(•('liter (or of tlu^ sine of the angle re'fcrrcd to above). For 
exainph', in the ease' of gravity the vertical cycloids which appear 
as braehistoehrone's may be obtaiiu'd as catenaries by causing 
tlie load applie'd to any ele'ine'nt to vary inversely as the cube of 
its liori'/.oiital projection. 

.\11 the' results niay be' inelnde'd in a ge'ncralixation found by 
eoniparing the' non-uniform eatenaries with the systems denoted 
by in § lOd. 'I’lie' density must vary as the (n — l)th power 
of the' pe'rpe'udietilar, where' it is the number defined on page 93. 
The' (ie'ld is ne'cessarily ee'ntral or parallel. 



CIIAPTKH V 

MOHK (^OMPLH’.VTKI) TVl'MS OF 

§§ 12()“]22. Motion in a IJksistino Mkoii’m 

120. We consider tlie niotioii of n luirthde rum iii|{ in t he pluiie 
under a positional field <if force anil iiiflncuccd li\“ ii n‘sistiiig 
medium, the rcsistanccMU'ting in the dircctiini iif the motion and 
varying as some function of tlic speed r. The ('•(iiiutions of 
motion will then he of the form 

(1) '£ ~ <p(x, !/) -I' y = ^(.r. //) I i//i cl, 

where the resistanei' R is lajual to 

R - r/(r). 

The differential equation of the triijccfnrie^ ish»um ito he 
{\p - y'<p)if" ~ -I- it'i'i/y ~ \\ i - '/''•,%! 

( 2 ) 

- Ilv.i/" ~ 

where the argument r of / is tt* lie expressed in ter-ins of x, //, 
y ', y " by means of 

, '/Vh 1 d* .'/'*) 

Considernow the oo‘ tfajectories.HibrtiiiK frunim uix-i'ii element 
(x, y, y'). The focal locus, that is, jlii* hunts of the had of the 
oscillating parabolas, varies in shapw vxith the fuiietinii /, that 
is, with the law of resistance. / 

We know that, if there is no re.Hisyniee, jimimt >• 1 1 af § .'t holds, 
that is, the focal locus is a circle passing throiiKli t lief»:ivcn point. 
Are there any resisting media for which thin prnpt-rly i.s pre- 
served? A simple discussion .sIiowh tliat tlicrcrtrc, the uppro- 

102 



ASPKCTS OF DYNAMICS. 


103 


Iiriatc media being those for which R is of the form + B. 

For such media, property II will not usually be fulfilled; in 
fact the only vit'dhim preHcning the properties I and 11 is that 
in irhich the resistance mries as the square of the speed. 

If w(' imi)()se also j)roi)erty III, both A and B must vanish, 
that is, tlie resistance vanishes and the force is purely positional. 

It is ot inten^st to examine the case where the resistance varies 
as any power of the speed. The differential equation of the 
trajectories is then of the form 

y"' = ay" + ly"' + ey"”', 

where 

m = .](4 — n). 

The focal locus is a eurxai whose inverse with respect to the given 
point is 

X = Oi + M' + cir^-h 


'I’liis be(!omes a straight line (as in the case of no resistance), 
wlnm m is 1 or 2, that is, when n is 2 or 0. 

The curve is a conic when m is 3 or 0 or 3/2, that is, wdien n has 
one of tlx' values — 2 or 4 or 1. When n = — 2 the conic is a 
parabola with its axis parallel to the given element. When 
n = 4 it is a hyperbola, asymptotic to the line of the given initial 
<4ement. Wlnm n = 1 it is a parabola touching the initial line 
(not at the given point). 

121. W<; now .state bricdly the corresponding results in ordinary 
spae('. .No matter what the law of resistance is, property I 
(of tlu' s(‘t of four properties for space given iff § 11) is fulfilled; 
for tlu‘ osculating planes nece.ssarily pass through the force 
vector. The only law's for which property II is preserved are 
tho.se included in 

if = Av^- + B. 

If property III is also to be preserved, the resistance must vanish. 

122. The results may be derived easily from the intrinsic 
<‘<Iuations 

(d) 


= rN, w, — T -j- R, 



104 


TIIF. I’HINCKTON ('OM.OQl'irM. 


obtairiwl by tukiiiK cdniitoiKMits of flu* fonu-s uloiin the 

normal and tangent to the fraje<-tory. The geometric etjnafion, 
restilting from the elimination of r, is <»f the form* 

(4) ,Vr, — r')t I :\T i Jll. 

This gives the relation between r, (the ratt' <tf variation of r 
with respect bi.v) and r (the railius of enrvnltirei. 'rite rt‘sistance 
It, which is given as a function of r. is here to be evpresseil in 
terms of r by iik'iuis of the first of the relatitms (iti. If prop- 
erty 1, of plane trajectories, is to liohl. r, tnic-t be n linear integ- 
ral function ttf r; this will Ite the ease not only when H vtinishes, 
but also, as stated idtove, when it is of the form Jr' 1 /b 

rid lil'i, I'Airnt i.F ON V St m \i i. 

123. The motitm of a partitlc on any constraining •.nrfuce 

X = ip{N, r), // = \ltiu, rt. \(//, r) 

under any ixisitional fori'cs may be in\ i-4igatetl jnost sjniply by 
means of the Lugrangian eriunthms 

(lt \()u } de ’ itl\ (iv } iU' 

where T is the kinetic energy 

'IT «• Eu^ 1* 'lEiii' I (iv' 

and (/, 1' are the components of the fori'c given as functions of 
u, ti.f The explicit e<|tintion.H «if motion are of the form 

H s 4..}. 4- 2. 1 , lie 1 .laC-, 

r I '2 II ill i' 1 /fjc'J 

* From ihiH wt' mny fihliiiit thf^ follimjiig tlvrifioiit-nl : If n 
HtartH from rwt, tim initml mcliiH of nirvitttirr of ih** trfijrrinrv m to tlir 
radiuH of cnirvaluro of thtUito’ of fonu* ihfoiiich ilsr iiiiiiKl m 

37* -{- 2/^ ift to 1\ VVhem It wo Iwiv#’ ilio nimjili* |»ri‘Vioiii«ly 

ataltHl, 

tSw for oxampio Whitiakw, Amilyiiriil p aiiil Hioiir 

rnurd, Jmir. de Math, (5), vol. 3* p. 331. 
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\vhor(‘ define tlie force and the yl’s and B's are functions of 
u, V depcMulin^^ only on tlie given surface. 

1 21. Wi^ (»l)s<n'V(^ that here il, 5! depend not only on the position 
u, V hut also upon tlu* velocity u, y. Hence the motion in the 
v/e-plam^ corresponding to the actual motion on the surface 
is not usually gtauTatc'd hy any positional force in that plane. 
The only (^xeei)tion arisc's when tlie yl’s and the B's vanish 
identically: this is the ease only if the given surface is develop- 
able, and if its r<‘pr(‘sentation on the w«-plane differs from its 
<l<n'(‘lopnuuit on the plane hy a,t most an affine transformation. 

Allot I ht prohhmi including this as a special case is to deter- 
niim^ wlum tlu^ motion in the ar-plane can be regarded as due 
to a positional forci^ together with a resistance acting in the 
dinH‘tion of the motion. The condition for this is 

+ 2/liin) + _ u 

+ 2itiay + li2ir ?)* 

h'x{)anding, \ee find four <*onditions on the six functions A, B, 
\vhi(‘h turn out to he precisely the conditions that the geodesics 
of the surfai’c shall h(‘ pi(‘tured hy straight lines, a result which 
may h<‘ |>rov(‘d dire(‘tly. Hence the only case in which the 
motion on tlu* surfnc(‘ is pictured in the ?/i)-plane hy a motion 
dm* to a positional force together with a resistance depending on 
the velocity compom^nts and acting in the direction of the motion, 
is that in which the surface has constant curvature and the rep- 
restmtation is g(»odesic. 

125. We prociH'd with the general ecpuitions of motion. If 
we eliminate the time, we obtain the differential equation of the 
tliird order defining the trajectories in the form 

== 1 5b + + Ssi/' + 53»'^ + SiV'* + 5sb'^} 

+ 1*0+ «!»'+ 63B'’}b" — 

when* the cocfnciciits are functions of u, v. We confine our- 
selves to tlie oliservatiou that the picture curves in the wo- 
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plane come iindcAlu^ type 

1^''' - F, F^F^ i F,F\ 

where tlie eoeffidents are lintMil»elem<»ut fiuirticais; i!u‘ fuc’al luc’us 
is thus not a eirele, hut u speeiu! <pmrti<’. Heart* if wv ecmsitler 
the 00 ^ trajeetories uui the surfaee t^htniaia! hy starliiii^ a paiitcde 
at a given point in a given <hn^<*tiijn witli tHUVriUit sja^rds, the 
picture curves in the //e-plane have t)?i<nilating pnrahtdas at the 
eoinmon point wliose fo(*i lie on a .spet’ini quart ie etirvt\ 

12(1 What is tlie siinpleht prop<‘rty of tlu* a(*tnal trajhalories 
described on tla^ surface? What is, in partieulnr. tfic locus of 
the osculating spIuTcs tlu' ^ trujtaiorics caui-ddcnal? 

To answer this wc take our surface not in parametric form, hut 
in the explient form 

:: /i*r, U K 

We may take the given point us origin, the tangent plane as the 
a’jz-plane, ami the fixed initial direetiiui us tliat of tin* n\is of x. 
We find, by differentiating tlieeipiatiou of tin* surface am! making 
use of ]/ 0, = 0, that 

^ u, h -i rtF\ 

wliere a, 6, a are constants, (‘cpial respinlively to tlu^ \alues of 
the partial derivatives/^^, jVr^» 1/rs, at tlu* <»rtgim Agaim from 
the genera! eijuation of the trajeetories, we luive a rrlalioii of tin* 
form 

f*' tx + fiiF* \ 

The center of the oseulating sphere of the trajectory in then 

J « 0, 

r = 

;/-(/; + yiri * 

y ss - ^ — (Of 4’ 4" 
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Here ?/"' enters as parameter, varying from curve to curve: 
eliminating it, we find the locus, lying in the plane X=0, to be 

aT^ + /HXl - + 7(1 - aZy + Z{hY + c(l aZ)} = 0. 

Uemr J6r anij pthsifional force on any surface, the oo^ trajectories 
starting from a given lineal element of the surface haw osculating 
spheres, at the common point, whose centers lie on a (general) conic 
in the plane normal to the elemenL 

''Phis <*()ui<' |>asseH through the center of curvature of the normal 
s(^ctiou of tlu‘ surfa.<‘e d(‘t<Tinined by the given element. If the 
<denu‘nt is in one of tlie principal directions of the surface, the 
<‘onic touches the normal to the surface. 

§§ 127 i:{(). Hiik (Jeneuae Field in Space of ?i-DiMENSiONS 

127. Any <lynami(nd system with n degrees of freedom maybe 
r<'pn\s(uit(al hy i\ particle in spa(‘e of n dimensions. For example, 
an arbitrary rigitl body in ordinary space is represented by a 
piirti(h‘ in six«(liiniMLsi(mal space, and the astronomical problem 
of thrcH^ IxKlii^s in the most general ease leads to a representative 
parti(’le in space of nine dimensions. 

For <’onservativ(^ forevs, or natural families, the general dis- 
<*ussion for any dimensionality has already been given (§ 69). 
We sludt not attempt a complete discussion for arbitrary posi- 
tional forces (corresponding to that given in Chapter I for two 
and three (lirnensions). The equations of motion for an arbi- 
trary field are 

j»l ss * * * , •?*«), ' ' '» a'n “ * * *j ^n)« 

We ctuifine otirselvc‘s to the simplest questions. If the initial 
posititm and initial direction are kept fixed, and only the initial 
sptT<l f is varied, what are the properties of the oo^ trajectories 
4 d)tiunedr The simi>lest geometric result is that r, (the rate of 
variation of the radius of curvature with respect to the arc 
kmgth) varicHaH a linear function of r. The locus of the centers 
tlu* osculating s|>heres is a straight line, just as in the case 
where n is three. 
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128. A g(Mit‘rul curve in n-spacc has sit each point an osculating 
plane, an oscuilating il-flat, ami so on up to an oscuhtting in— 1)- 

flat. It in obvious that our ^ ^ trajorlorios haw flu* sauu* os- 
culating plane sinec^ this is <ieteruunet! by the initial 

direction and the direclion of the force. It <*jin ^diown that 
the oseulatinjL*: .‘Wiat is also fixed; tin* f-flat \aries, i^eiierating ii 
peiual; the ridlat varies, ^reneratin^^ u cftiadrafie s\sttuu; and so 
on, with nuuT eoniplieatcal variatiiuis. 

129 . (^onsi<Ier next tin* eonuec-tion he! ween tin* vartons enr- 
vatures and tlu^ sptaal. 

In tfu" j)lan<' (a — 2) tlaux' is only our cairvuttire ji, aiul this 
varies inverst'Iy as tin* sc|nare of r. 

In space (n - 2) the first tairvalnre \aries as above, and 
the second etirvnture or torsion 7;, remains fixeil. 

If m == we huv(' tliree eurvatnres. dlie htus for 71 and 
are as above, whih* 

7;i ^’1 1 e:,r 


where Cj, r.2 an* csmstants (dejamdiuK 
initial lineal element). 

If n = o, W(* hn\‘e 71 ar % 7;, h 
for u!iy dimensions) aial 

73 = Vf 7 i fsr ’* 'f*' h 7a 


of fourse on tin* )^dven 

ifliest* forms are valid 

fit I d-.r } 
f/i i d,a’' i 


If a — t), 73 reinains tin* same, the numi*riifor in 71 is replaced 
hy tlie scjuare root <if a ja^Iymuniat iiU'oH tnit ami 7^, is ^iven 
I)y a rational foriimlin 

It is <*a.sy t(» write* down the a!enera! formidaH for tin* a I 
(*iir\atureH in n sfaua*. All i'xea'pt the first, seroud, ami the* 
last are irrational. These results are to he regarded as general- 
izations of the elementary faet fineluded in the fiiriniila for 
eentrifngal foret* r*jf), that the* ordinar}’ eiiruif un* varies as 1* 
IflO. By c*liininuting r from any two of the formulas, w<* <'an 
obtain purely geometric results. For example, tn spaee of four 
dimensions, 7, « /I + By^, wlawt^ A and /I dtiauid only em the 
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•(■oimnoii initial element. Hut in higher spaces 

7;. = V A -I- Byi + Cy^. 

'Phis is (he form reipiirt'd in particular in the application to the 
prohh'iii of three Ixxlies, simr the representative space has nine 
iliinensions. 


§§ 1,‘tl Intkkactixc I’autk'I.ks IN' THE Plane and in 

Space 

Idl. W(‘ eonsidiT tlu' motion of ■« + 1 particles, denoted by 
jt/, d/j, • ■ .l/„, moving in the plane under the action of any 

forei's depi'uding on the position of the particles. The dif- 

fmamtial eipiations of nxhion are then of the form 

-Il, J/h ■ ■ ■, -rn, Vn), 

!/ - II, . 1 -,, ;//i, ■ • ;r„, ?/„), 

•ih =•' //. .rj, !iu ■ ■ ■, 

III -■ i'li-r, 11, .ri, 111, ■ ■ •, ?/„), 

and so on, where the masses--whieh eannot be assumed to be 
unity as in the eusi^ (»f a single partiele- - are absorbed with the 
forces in the right hand terms. From these equations the fol- 
lowing propi'rties may be dedneed. 

(1) Civen tlx' phases of d/|, and the position and the 

<lireetion of M, a set of trajeetories of M is determined (one 

for each value of the speixl). The loci of the oseulating parabolas 
lie on a spei-ial ipiartie curve whose inverse with respect to the 
givi'ii point is a parabola tangmit to the given initial line (the 
point of contact, however, is usually not the given point). 

{2) If the spee<l of one of the remaining iiarticles, say Mu is 
varied, all the otln-r initial conditions being unaltered, the 
{larabolic locus just obtained varies. Its point of contact with 
the initial line remains fixed and all the «>' parabolas, one for 
each value <tf the speed, are homothetic with respect to the point 
of tangency. 
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(3) The normal eonstrueteO at the euinmon laiint tangeney 
cuts the parabola UKuin at a distanet* d \vhic»h varies in ,su<*h a 
way that the stpiare root of d (mui Ik* expressed as a IiiH*iir (*oin- 
bination of the scjuare roots of the ratlii of (*tirvalurt* (»f tin* cor- 
responding trajeete)nes d<*serlbed by tin* partic’les Mu - ‘s M n- 

(4) If we preserve the phases <4 the parti<4c*s Mu •**. »!/«» 
then, for each initial <lireeti(»n // (d M, wt* obtain, by (1), a 
certain parabolic* locus. Consider tin* relation betwe«*n the 
axis of this parabola and the initial direciion. It is found that 
the initial direetioti i/ always bisec‘ts tin* luigit* between the 
direction of the for(*e a(‘titig at tin* given p<ant niu! tin* elireeticm 
of the axis of the parabola. 

(5) Furthermore, the pt^int wlu're tin* parabt^a touelms t!ie 
initial line describes, whett t/ varies, a (pnirtie curve whose 
inverse with reHpe(*t to the given point is a <*(au<* passing tbrcnigh 
that point in the direetiem cd the force*. 

It is to be ()!)s<*rved that tin* stnt<*me!if (M) about the variation 
of d simplifies considerably in the <*ase <d iwti particles (that is, 
n = 1). In that (*ase d varies direetly as tin* raditts cd eurva- 
ture of the trajectory descTibed by Mi. 

132. A few eorrevsponding results f<»r tlie f*ase ed iiny munber 
of particles moving in spare are m bdlenvs: If the spt*e*d of M 
is the sole arbitrary parameter, the triij<*et<»rleH of M have 
the same os(*nlating plane; tin* teirsion varies ae*cording to a 
linear integral ftmetion cd tin* sciiinre ro<»t of the curvature; the 
locus of the centers of tin* os(‘ulnting spheres is a cubic c*urvi* of 
special type. 

If we assign the phases (d all the parti(*Ies except Mi and assign 
the position and direction <d Mu then the speed id d/|, or, in 
consequence, the curvature of the tniject(»ry desenbeil by J/|, 
is the only arlntrary parameter. There will then be md corre- 
sponding trajectories deserilHal by J/. Tln*se will of course start 
from the same point in tin* same direc’lioii with ii vmmmm os- 
culating plane and a common curvature, that is, they all biive 
contact of tlie second order. The torsion varies and so does tlie 
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center of tlu' osculating sphere. The simultaneous variation is 
controlh'd by the law that the distance from the center of the os- 
cidating sphere to the fixed center of curvature varies as a linear 
integral function of tlu' radius of torsion. An equivalent state- 
ment is that th<^ rat(‘ of variation of the radius of curvature 
per unit of the arc is exi)ressed by a linear integral function of 
the torsion. 

All t hese residts apply in particular to the three-body problem. 
The present application is more concrete than that indicated in 
§ IdO, since no higher space is here introduced.* 

§§ l.Tl Ml. Foucks Dkcknuing on the Timk. Trajectokies 
AND Space-Time Curves 

b'id. Hitherto the force has been assumed to be independent 
of the time; now we consider the generalization where the force 
depends in any way uiion the time as well as the position. Take 
the cas<> of a partiile moving in the plane; the equations of motion 
are then of the form 


(1) j" = y>(A y, <). y = 'Pi^,y,t)- 

From tlit'se, by differentiation and elimination, we may derive 

( 2 ) u'" * iy ' + Qy"'' + W\ 

where tlu* coefficients are functions of x, y, y', t, namely, 


P 

Q 


+ f/Vv — y'(.‘Px + y'vv) 

•sm ..... 

^ - y'<P 

— y'jpt 


If we are given the initial time, position and direction, that is, 
the initial value.H of t, x, y, y', there will be a certain set of « 

•Bincn the fomfi in the three-boUy problem are conservative, we may 
tleeomj>o«e the motions into natural families, and interpret each family in a 
flat spare of eight dimensions. The circles of curvature at a given point will 
meet again; eight of them will be hyperosculating, and these will be mutually 
orthogonal. Cf. $ 70. 
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trajectories, one for en(*h value of the initial specs!. Thv follcsw- 
ing propcs’ticNs arc' obtained: 

(1) W<‘ find that tlu'fcu'al lo(*us (that is» the* loens of thc'foei of 
the 00 ^ osculating parabolas) is a cpiartic* eurvc' \\hoNe iin tn’st* with 
rc'speet tci the giveue point is a parabola whic‘h is tangcnit to thc' 
given dirc'ction line {t!u‘ point of c‘(»ntac’t is nt»t usually at the 
given point). 

(2) As // varic's (,r, if, t being hedd lixtaii this pc»int of c*c»ntac’t 
describes a cubic* c’urve whose* iiivcTsc* is a c’onic’ passing ihrougli 
the given point in the* direeti<»n <»f tin* forcas 

(2) The initial diret'tion cd //' bisecUs the* atigb* la*tutH*n flu* 
direction of the* forea* and the dire*ction td tin* axis cjf tin* paralada 
de*scribe*d in (1), 

124. The total syste*in of traje'etories, for all initial e’onditions, 
consists of ocr* (nirve*s. Only in the* <’ase* whe*re* the* bu-ee* cha*s 
not depend upon the* time* doe‘s the* ssste^m eauisist of tra- 
jeetorie‘s. In the prop(*rtie‘S state*tl alane*. the initial time* is 
kept fixe‘(l. In a <‘ertain se*nse the*n the rc*stdts are* not pure‘ly 
ge*onu*trie: the‘y wonid ned appe»ar in a pladograph of the e«unplt»te* 
syste'in of trujt*ctont*s, "Hus sys(e*m will he re*prf*sente*d b\ a eer« 
taiti differential e‘(piation ed the* fourth order; hut it is iu»t pccssihle 
to carry out the* re*{|uisite* e‘Hininaticu»s in e\plit*it bu'nu and lu'iica* 
the derivation e»f pure*ly ge*onu*trie preip**^*tle*s inveth es e^sscuUially 
new diflieultie*s. A eoinple*te <*hnrne’tt*n7.ntioii is h<iwe\er c»h- 
tained, hy projt*etioii from spa^e <“urve*s, in §| lIHi, 1 tfi. 

Uif). Tlu*re is an intere*sting spe*e‘inl ease* in whii*li the t4iniina“ 
tion can l)e earrie*d out: nanrnly. the prol4<*in ed the* tnoiion of a 
partiele of vartahle mam in a positional fiedd ed biree. Hie time 
then appe*ars cudy through the* mass, .ho the <*e|Uiitieins «d iiitdioti 
are of the fe^rm 

GO fOU * <pU% //)t f{i}y ^ I/I. 

Ah the result of the elimination is eomplic‘iitt*ib wa* sliiill !ie*re 
consider only the case wliere the fuiulion /(M. representing the 
mass, is of one of the speeial ty|H*s (\ v\ (log t)\ Hie ec|iiii- 



VSl'KCTH OF DYNAMICS, 


113 


tioii of tlu' fourth onh'r rcjm'senting tlie trajectories is then 
fuimd to I)«‘ of tlu' form 

( t) .l.v'"‘+ Hu"' + C, 

whore ,f, /i, (' involve only .r, ?/, //', y". 

\N<‘ see that tin' fourtli ih'rivative is a quadratic function of the 
third di'rivative. 'Phis eat<‘f;or.v of equations of the fourth order 
arises in a mimlier of diffen'iit eonneetions, in particular in the 
inverse prohlem of the ealenliis of variations, as stated in § IIC. 
'Pin- eharaeferistie fjeomefrie property may in the present case 
In' slated as follows; 

If the partii'Ie. whow' mass varies aeeordiiiK to one of the four 
laws stated, Is proj('et('d into a field of force from a fixed initial 
position in a list'd dirt'etion at different times, with the initial 
spt'ed ftir I'lieh time so adjnstt'd as to cause the initial curvature 
of the frajt'etory to havt' a fixetl value, and if for each of the 
trajectories thus ohtaiiK'd we const met tlie osculating conic 
(having fivt'-point eontaet), the locus of the centers of these 
conies is a conic passing through the given conic in the given 
ilirection. 

Of course not every systi'in of <xi* curves having this property 
can lu' regarded as a trajei'tory system corresponding to equations 
of motion of the form considered. We do not, however, attempt 
a complete <’hara<’t<‘ri>:a(i<m. 

SjiiKT-dtiir Ciirrrs. When we integrate the equations 
of motion, either in the special ea.se where the forces depend only 
on the position 

( 1 ') / “■ >/), 1/ = i'U, !/), 

or in the general ease where tlu' force depends also on the time 

( I ) .(* tC-''. ,'/. I), il = lAC-f. y, 0, 

we ohtain .r and // I'Xprt'ssed as fuiu'tions of t and four constants 
of intc'gratitai. If we represent t by an ordinate perpendicular 
t<» the avz-plane, thus considering r, ij, i us rectangular coordinates 
id ' 
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in space, wc obtain a certain systinu ^ curvt‘s in tliat spncT 
whi(‘li wc (lcsi|>:natc as .v/^ncr-Z/mc carnw.* 

If we pro]c(‘t these (*urvt‘s ortlu»|^oimlty on tin* .r// p!iim\ we 
obtain the trajectories. In tlu^ KtnuTal east* (h thert* will he 
co'^ of these trajectories; Init in tlu* siH*eial east* wht‘n: tin* foret* 
is positional, only <30 '* trajeettn'ies arist*, siiua* tlu* sy>lc*in of spata*- 
time curves, whose number is still b lanv inhutts tin* ^nmp ttf 
translations alotig the Z-axis. 

If we project the spiUT-timc* enr\‘t*s ortlatgtjnally tm 
I)lane anti on the i/Z-plane, we obtain in <*ueh east* u sy,st<*m of 
plane curves. 

What are the projjerties of tlu*systi»m ^^^-'b^paet^-tinuMairvt'sy 
The following two pn^perties are eliiiraettunHtie; 

( 1 ) . Theoseulatiug planes (»f tin* Hpiiet*-timt* (mrvt‘s thnmgh 
a given point go throtigh a fixtal lint* paralh*! t«» tin* *r//-plniu*. 
(This liiu* is parallel to the direetit^u nt tin* fiu'ct* neting at tht» 
proje(‘te(l i)oint in the .r//-plaue.) 

( 2 ) . If the QCi“ space-time curves through the givmi point are 
ortlmgonally projinled on any plane perpetalitmhir to tin* ,ri/. 
plane, the ©o- plant* curves obtained are surh that tlu»M* which 
have tlie saint* tangent also have the Hunn^ enrvutnre, 

Another etnnph^te eharaeterixatimi may be gi\-eii an follows: 

(d). If th(‘ spiu*e-time c‘urveH through n gi\“en point are 
tyrthogonnlly pruj(*(*ted on t*itlier the //-plane to* the i/Z»plaiu*, 
the 00" plane eurvt*s ohtaiiual have their e«*nter^ of curvature 
loeatetl on a spetnul eulat* of the ftirin a Ur j P) or /' hitr \ fi. 
A corresponding euhie hieus will then neeesHari!\’^ arise by pro- 
jection on any plane perpendicular to tin* ///-plane. 

* It aiay he rcamrktnl timi if, in nruhleiu ili, tUr ftitee m nailiinlirtl hv n 
(•(awtiint (or, what is HiuiviUinif, the mmn of tht* jmrliili’ iiiiiliifihol to 
I /c), a ilmtiart system of 'Xi* s|mr<»»ti!me rttrves will he tihiuiaeii. 'Hie iiitaUty 
of 00® spaee curves, thus n*!alfHl to the plane |irohlem,n 

/ r^C/, I/, In li ** r4if, li, it, 

may !)e geaeratwl as trajectories in a three-ilimetwional jtiwtiionnl fielii i»f 
force. The curvm have the four elmrrnieri»fic pfo|M*rties of a space 
Hystern (§ U) ami the furtlmr iwculiarity that the liireetion of the foree in 
parallel to the /|/-j>lane. 
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i:^7. ('oiisidcr tlio oo^ curves in say the .rf-plane. These are 
the oirves rein-csentln^' graphically the relation between the 
al)scissii .)• and tlic time t. By eliminating y from the set (1), 
we obtain a relation of the form 

-1- Bx + O', 

when' .1, B, (' involve only .r, x, x and the independent variable 
t. TIk' fourth dt'rivative is thus always quadratic with respect 
to the third derivative. Hence, by § llO, we have this result; 

In the .rf-plane (or, more generally, in any plane perpendicular 
to the |)lam' .17/ in which the motion actually takes place), the 
eur\'es having any element of curvature in common are such 
that the locus of the centers f" of their osculating conics (con- 
st ruet<'(l at tlu' common j)oint) is a conic passing through the 
I'ommon point in tiu' direction of the common tangent. 

As in<li<'nted above, the 00 •• curves in the .ry-plane, that is, the 
trajectories, do not usually enjoy this simple property. Even 
in the ease where tlu; time enters only through the mass, the 
locus of the centers of the osculating conics may be of any 
degree of eomiilieation. Its shape depends on the law of vari- 
ation of the mass. Only for the .special laws stated at the bottom 
of page 112, together with certain combinations of them, is the 
equation of the trajectories of the quadratic type. 

I.'IS. It is possible to obtain additional general properties of the 
.rf-system, de.seribing how the locus conic, corresponding to a cur- 
vature element, changes when the element changes. For the co- 
efficients A, B, C determining the position of the conic have the 
following forms : A does not involve t, B is linear and integral in 
i, C is (pnidratic and integral in ±. Hence these results: 

If the curvature element is varied, at the given point 0, in such 
a way that the second derivative 2 is constant, so that only x 
varies, the center C" of the corresponding locus conic describes 
a new conic. 

At the same time a certain two-to-one correspondence arises 
between the initial direction of the element and the direction of 
the line joining 0 to the center C”. 
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TIIK PUINCKTON ViHAAMiVU M, 


A cleartT pi(‘tnr(* is }H*rhnps cihtaiius! hy <’lmuynn|X thr 
notation to correspond with the usual .r, //, notation for rec- 
tangular (*oordinut(‘s in spa<‘e* It is tlnni desirahh* to lay off 
the time on tlu' ,r-axis» siiua' this is tlu* indt^pmnhmt varinhle. 
The actual motion then takt'S plnc(* in the //t-plane, and the 
ditrerential eciuntions of motion are 




(fix. Ih z). 


iPz 

f/.r** 


\pU\ //. 


The curves in s{)aee *r, i/, z are then the space-! inn* curves. Their 
projections on the //s-phine are tlie trajiHlories t^xplicit 

properties have not been ilerived). Their projetlions on the ♦r//- 
plane (or on the ,rjs-plam% or on any plane parallel to tlie ^axis) 
are (airves whose properties luive just been stateii {§§ 1MT» l.'lsu 
The differential etpiatitm in the xf/-ptane is 

-f (^1 4- + (7i 'h TiH* f" 

where the etadHeients involve only a*, //. and 

MO, We have not attempted n complete direct eliiiraeleri/ation 
of the systinns of (‘urves arising in any one tif tlie i’oordinnte 
planes. Sitc*h a (‘haraeteri7,ation has lanveviT hern gi\‘en l § lOOi 
for the system of spiiee-tinie curves, Imlirectly this really 
solves all the prohlems. A system of curves in the plane can he 
regarded as trajectories of a for<‘e depending on time and pfwition 
if and only if the (nirves c*an he obtained hy orthtigtmal j>roJe<‘t ion 
from some system <»f « ^ emrves in spina* liaving the properties { 1 1 
and (2) of § h‘l6. If, furthermore, the* spiua* system is invariant 
under translation iieriiemlie’ular to the givtm plane, tlic plane* 
system, then eonsisting of only <*nrves, belongs to a pe»sh 
tional field- 

14L For any force depending <»ii time anel positiem 

^ I/, 0, y * ^(‘r, I/, 0* 

the number of space-time curves is always When we project 
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tlu'sp OJI tlu> .n/-pl(uu-. to ol)tain the trajectories, the number is 
usually X, ■«. 'l'l,o i, umber reduces to oo s if the force is positional 
but does not vanish; in the latter ease the trajectories are merely 
the 00* si might lines. 

In tlu' .r^plaiie the usual number of curves Is oo^ The only 
exi’eption arises when the function (p is free from the variable 
y. In Ibis ease the a-/-eurves all .satisfy the equation of second 
or(i('r J' t) and therefore their number is only oo®. Similar 

statemenfs hold of <'our,se for the ?/«-plano. 

(’onsidt'r, as a siitgh* ('xample, gravity, taken as uniform and 
acting in the vertical .ry-plane. The equations of motion are 

■Jr = 0 , y = g. 

The j-y/-eurves are 

.r = a/ + h, y = Igfi + ci + d, 

a eertain family of oo< parabolas in space. The Kf-curves are 
*»" straight lines. Tlie yt-curves are oo^ parabolas. The xy- 
eurves (that is, the trajwtorie.s) are oo^ parabolas 

y — + 7 . 

It is to he observed that if the gravity constant g is changed, 
the new proldem, whih' giving the .same trajectories, gives a dis- 
tinct family of ^•y/-eurves. If g takes all possible values, the 
totality of space-time curves obtained is formed of parabolas 
(namely, tho.se who.s<‘ axes arc parallel to the t-axis). These 
curves, in aeconlanee with the general statement made in the 
fo<»tnote on page IM. are the trajectories of a positional field 
in spaet', the generating force being constant and acting in the 
f-<lireetion. 

All the results can l>e extended so as to apply to the four- 
dimensional space-time curves depicting motion in ordinary 
spaet'. 



